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We investigate the nonequilibrium back reaction on the Schwarzschild black hole from the radiation field. The back reactions are
characterized by the membrane close to the black hole. When the membrane is thin, we found that larger temperature difference
can lead to more significant negative surface tension, larger thermodynamic dissipation cost, and back reaction in energy and
entropy as well as larger black hole area. This may be relevant to the primordial black holes in early universe. Moreover, our
nonequilibrium model can resolve the inconsistency issue of the black hole back reaction under zero mass limit in the
equilibrium case. In the thick membrane case, the nonequilibrium back reaction is found to be more significant than that in the
thin membrane case. The nonequilibrium temperature difference can increase the energy and entropy loss as well as the
thermodynamic dissipation of the black hole and the membrane back reactions. The nonequilibrium dissipation cost
characterized by the entropy production rate appears to be significant compared to the entropy rate radiated by the black hole
under finite temperature difference. This may shed light on the black hole information paradox due to the information loss
from the entropy production rate in the nonequilibrium cases. The nonequilibrium thermodynamic fluctuations can also reflect

the effects of the back reactions of the Hawking radiation on the evolution of a black hole.

1. Introduction

The Hawking radiation has been suggested to emerge near
the black hole event horizon with a thermal spectrum [1].
The radiated particles carry energy momentum so that the
radiation can have a back reaction on the black hole. One
way of quantifying this back reaction is to find a rational
renormalized energy-momentum tensor (0|T,,|0) and
regard it as a source. In this way, one can study the back reac-
tion by solving the semiclassical Einstein equation approxi-
matively as G, = —k(0| T, | 0) [2]. The back reaction
and/or quantum corrections will modify the Hawking tem-
perature and entropy (quantum corrections and back reac-
tion are often intertwined) [3-6]. However, we often have
poor knowledge about the source (0| T,,, | 0). Therefore, this
dynamical approach is often limited. On the other hand, a
thermodynamic approach can be used to study the black hole

back reaction problem without the direct use of (0] T}, | 0).

The thermodynamic approach has been applied to quantify
the back reaction to the Schwarzschild black hole [7, 8], Kerr
black hole, and Kerr-Newmann black hole [9, 10].

Both dynamical and thermodynamic approaches are
under a precondition: black hole is in equilibrium with the
radiation. However, due to a negative thermal capacity, it is
difficult for black hole to maintain the equilibrium unless
the black hole is in the box. A negative thermal capacity
can magnify the small temperature fluctuations, leading to
thermodynamic instability.

In this study, we investigate the nonequilibrium back
reaction of the radiation field on the Schwarzschild black hole
by considering both the thin membrane and thick membrane
cases. The nonequilibriumness is characterized by the tem-
perature difference between the black hole and the radiation
field, AT. We found that in general the nonequilibrium
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effects characterized by the temperature difference can
increase the energy and entropy loss as well as the entropy
production rate of the black hole and the membrane back
reactions. We uncover that the nonequilibrium back reaction
can lead to significant changes in the energy, entropy of some
primordial black holes created in the early universe for the
thin membrane. We also found that larger temperature dif-
ference can lead to more significant negative surface tension
and back reaction as well as larger black hole area. Moreover,
our nonequilibrium model can resolve the inconsistency
issue of the black hole back reaction under zero mass limit
in the equilibrium case. As the mass of the black hole My
— 0, the equilibrium dressed energy and entropy of the
black hole do not appear to vanish. By considering the non-
equilibrium scenario in the present case, we found that as
Mgy — 0, both My, .eq @0d Syeqeq Will vanish. This pro-
vides another way of resolving the issue of inconsistency of
the black hole back reaction under zero mass limit without
using the quantum correction. This leads to the conclusion
that our nonequilibrium model is more natural and physically
reasonable than the equilibrium model for the black hole back
reaction.

On the other hand, the associated Hawking temperature
T =1/8nMyy is divergent at zero black hole mass or size.
Both the equilibrium and the nonequilibrium scenarios have
a temperature divergence with or without the back reaction.
Due to the quantum uncertainty principle, the size of the
black hole cannot exactly approach to zero. This is bounded
by the large energy/energy-momentum fluctuations at the
small black hole size. Therefore, one can avoid such singular-
ity point where the radius of the black hole approaches zero
(r — 0) and the associated temperature approaches infinity
(T —> 0) when considering quantum effects. The quantum
corrections can give rise to well-behaved temperature and
entropy in the My — 0 limit [3]. For the thick membrane
case, we consider the case where the temperature varies uni-
formly in the membrane. The back reaction from the thick
membrane is found to be more significant compared to that
in the thin membrane case. Importantly, we quantified the
nonequilibrium thermodynamic dissipation represented by
the entropy production rate for both the thin membrane
and thick membrane which increases significantly as the
temperature difference increases. We show that once there
is a finite temperature difference, the nonequilibrium entropy
production rate appears to be significant compared to the
entropy rate radiated by the black hole. The nonequilibrium
entropy production rate can thus have an impact on the black
hole evaporation rate. This may be significant for black hole
information paradox due to the information loss by the
entropy production rate originated from the nonequilibrium-
ness characterized by the temperature difference between the
black hole and the radiation environment. We explored the
nonequilibrium thermodynamic fluctuations of the black hole,
which can reflect the effects of the back reactions of the Haw-
king radiation on the evolution of a black hole evaporation.

In Section 2, we firstly developed a thermodynamic
model for studying back reaction, and then, we mainly focus
on the thin membrane case. In Section 3, we consider the
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FiGURrE 1: The illustration of a model for back reaction with a
Schwarzschild black hole in a bulk volume surrounded by the
radiation field connected to a piston to the outside on the edge.

thick membrane case when the temperature varies uniformly
within the membrane. We found the back reaction to the
black hole mass, the entropy, and the nonequilibrium ther-
modynamic cost characterized by the entropy production
rate can be significant compared to that of the black hole
and its evaporation rate, respectively, under the finite tem-
perature difference. In Section 4, nonequilibrium thermody-
namic fluctuations of the black hole are studied, and we
found the more massive the black hole is, the weaker its back
reaction is. In Section 5, we give a conclusion for our study.

2. Back Reactions to the Black Holes: Thin
Membrane Case

2.1. Treat the Back Reaction as a Membrane: Equilibrium
Scenario. In this subsection, we briefly review the thermody-
namic approach to back reaction on the Schwarzschild black
hole at an equilibrium state [7, 8]. Let us consider a
Schwarzschild black hole in a large adiabatic bulk volume
filled with thermal radiation field, as shown in Figure 1.
One can approximately assume that the radiation field is
filled in the whole universe, and its temperature is unchanged
during the dynamical processes. The bulk is connected to a
piston in the asymptotically flat regime by a narrow tube.
The piston can do work on the radiation field.

The total volume change of the radiation field can be
described as 6V = 0Vyy + 0V ,,.0 Vi represents the volume
change of the black hole, and 8§V, represents the volume
change of the radiation field. Then, the total energy and
entropy of the system including the back reaction are E =
Mgy +Mp + My and S=Sgy + Sg + Sy, respectively. Mpy
represents the mass of black hole, which is also the energy
of black hole in the natural units. My =aT*V represents
the energy of radiation field where a represents a positive def-
inite coefficient and T = 1/8mMy,; represents the tempera-
ture of both the black hole and the radiation field.
Spy = 4M3,; represents the entropy of black hole, and Sy
=(4/3)aT’V represents the entropy of the radiation field
where V is the volume of the radiation field. M, and S, rep-
resent the energy and entropy of back reaction, respectively.

From the above definitions and analysis, one can easily
obtain that the change of the energy to be:

1

dE=dM,, - TdS,, - 3aT“alV
(1)

1 1

=dM,, - TdS,, - gaT‘*dVBH - 5aT‘*alvex.
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The above expression is obtained since the system is
assumed to be in an adiabatic bulk. The first law of thermo-
dynamics for such a system reads dE =—(1/3)aT*dV,,, so
dMy, = TdSy + (1/3)aT*dVy,.

The back reaction of the radiation field to the black hole
can be described by a 2-dimensional membrane with energy
M, and temperature T. The rational is as follows. The first
law of thermodynamics of the membrane reads

dM,, = TdS,, + odA, (2)

where A represents the area of the membrane and o repre-
sents the surface tension of the membrane. If 0dA = (1/3)a
T*dV gy, a natural inference is that the back reaction can be
viewed as a membrane with temperature T. Therefore, to
investigate the back reaction to the Schwarzschild black hole
from the thermal radiation under thermal equilibrium in the
curved spacetime, one can consider a thermodynamic system
composed of a Schwarzschild black hole, a thermal radiation,
and an effective two-dimensional thermodynamic mem-
brane near the event horizon in flat spacetime. The mem-
brane is formed by and physically equivalent to the back
reaction.

Let us assume that the membrane is near to the event
horizon, therefore A also represents the area of the horizon,
thus o = (a/247)T® and & is a dimensionless constant. The
two sides of the membrane are connected to the black hole
and radiation field, respectively. Moreover, this viewpoint
will greatly simplify the thermodynamics of curved space-
time. Now the system contains three subsystems: the black
hole, the membrane attached to horizon, and the radiation
field, so that one can easily derive the energy and entropy
of the membrane (or the back reaction) by using thermody-
namic relations. The free energy of the membrane is given
as Fi; = My, — TSy, whose differential form reads as

dF,, = -S,dT + odA. (3)

From the differential expressions of the energy and free
energy from the above expression with respect to the mem-
brane, one gets

4e a 1
= ——— My +Cg, Sy =2¢
H 3(87‘:)3 BH T “E>OH

a
8m)?

Cg and Cg are two integral constants. The energy and
entropy of black hole with back reaction become

+ Cs. (4)

4e a

Mdressed = MBH [1 +t 5 —5M;

+ Cp,
3 (87‘[)3 BH E

(5)
2 a -2
Sdressed = 4ﬂjw]i’»H L+ 4'973]\/1BH + CS’
(87)
respectively. At certain condition (choose the proper integra-

tion constant, i.e., C; = 0 and & = 3C,), the above expressions
for the energy and entropy considering back reactions exactly

correspond to the result of York’s [2]. There are two masses
now: a naked black hole mass (without back reaction) My
and a dressed black hole mass (with back reaction) My .qeq
=Mpy + My.

Now the temperature ambiguity may appear. Which one
of the above masses is related to the equilibrium temperature
of the system or further, the temperature of the black hole?
Reference [7] shows that only the naked mass of the black
hole determines the equilibrium temperature of the system.
According to T = (1/8tMpy, ), one can rewrite it as

1 4 a
T~—[1+ —— M—2 ) 6
SﬂMdressed l 3 (87-[)3 dressed] ( )

If e=((ky+12)7%/10)a”", it is exactly what York
obtained [2]

ky+12
384077 dressed | *

(7)

1
8M, dressed

We have reviewed the discussions on the effectiveness of
thermodynamics approach to back reaction. The main idea is
to consider back reaction as a membrane attached to the
black hole and study the thermodynamics of the system,
rather than directly calculating through the semiclassical Ein-
stein equation G, = —k(0| T, | 0). In other words, one can
just study the back reaction of the black hole through an
effective membrane in flat Minkowski spacetime without
considering the gravity or curved spacetime explicitly, giving
equivalent thermodynamics. However, if we take a limit
Mgy — 0, it appears that My, eq and Sy eqseq d0 NOt vanish.
This creates an obvious inconsistency issue here with the
nonzero back reaction when the black hole is not present
any more. In what follows, we show that this inconsistency
issue of the black hole back reaction under zero mass limit
in the equilibrium scenario can be resolved by considering
nonequilibrium effect. Therefore, a natural question becomes
then: what is the effect of the membrane (back reaction) in
nonequilibrium case between the black hole and the radia-
tion field?

2.2. Nonequilibrium Surface Tension. To consider the more
general nonequilibrium cases, let us assume that the radia-
tion field has the temperature T, and the black hole (hori-
zon) has the temperature Tpyy, while the temperature of the
membrane is Tp;. If we consider that the membrane is then
and very close to the black hole surface, we can set T =
Tpy- In this study, we consider near but away from the equi-
librium case. We assume that the black hole, the membrane,
and the radiation field have the same temperature at the
beginning Tpy =T = Tg. As the time passes by, Ty and
Ty can become different (caused by the thermodynamic fluc-
tuations and by black hole evaporation from the Hawking
radiation), but T(; and Ty approximately keep the same,
Ty = Tpyy. We also assume that three subsystems (black hole
and the membrane and the radiation field) are all at local
equilibrium although the whole system is not at equilibrium.
The irreversible processes caused by the heat or radiation



transfer energy can emerge between the membrane and the
radiation field. Therefore, one obtains:

dMBH = TBHdSBH’ (8)
dM,, = T, dS,, + odA, (9)
dMj = TpdSy — PAV. (10)

Here, My represents the energy of the black hole, My
represents the energy of the back reaction, and M, represents
the energy of the radiation field. P = (1/3)aT%, P represents
the pressure of the black body radiation, T represents the
temperature of the radiation field, a represents a positive def-
inite coefficient, and o represents the equivalent tension coef-
ficient on the membrane. Equation (8) is derived from the
first law of thermodynamics of black hole [11].

In a large adiabatic bulk, the total changes of the energy
(internal energy) of the whole system are given as:

d(Mgy + My + My) =-PdV,. (11)
From (8), (9), and (10), by using T = Ty
PAdVyy = Ty (dSpy + dSy +dSy) — ATdSy + 0dA.  (12)

Here, AT = Ty — Tg. Assuming that the underlying pro-
cess is adiabatic, then, the total change of the reversible
entropy is (dSpy + dSy + dSg) = 0. Therefore, equation (12)
turns into

oo PdVyy + ATdS,  (1/3)aTpdVyy + (4/3)aTRATdV

dA dA

(13)

Here, dV =dVyy +dV,,. Consider the situation that
dV ,, is far less than dVyy (it is reasonable as long as box is
very large). In this way, we can omit dV .. We can see that
in ordinary units

—ahcTy  ahcTHAT

o= - . 14
24nkp Ty 6k Ty (14)

Figure 2 shows the variation of the tension coefficient
with respect to the temperature difference. The tension coef-
ficient o has a negative value. The tension coeflicient of the
membrane of the black hole decreases (the absolute value
increases) as the temperature difference increases as shown
in Figure 2. When AT =0, we recover the result of equilib-
rium state in [7].

We found that the larger the mass of the black hole, the
smaller the absolute value of the surface tension coefficient,
namely, the weaker the back reaction is. For various masses
of black holes, the surface tension coeflicients have the same
trend as the temperature difference increases, o always
decreases as shown in Figure 2. The absolute value becomes
larger, indicating that the larger the temperature difference
is, the more significant the surface tension is and therefore
more significant the effect of the membrane is, i.e., back reac-
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FIGURE 2: Shows the relationship between the tension coefficient of
the membrane of the black hole and temperature difference with an
initial temperature 5.6 x 103 k (for the rational, we choose such a
high temperature, see below).

tion is more prominent. The surface tension coefficient is
negative. This indicates that if the area of the membrane
becomes larger, the free energy of the membrane is reduced.
Due to the existence of the temperature difference, the abso-
lute value of the tension coeflicient in the nonequilibrium
scenario is significantly larger than that in the equilibrium
state. While the Hawking radiation has a tendency to shrink
the area of the black hole horizon, the back reaction has a ten-
dency to enlarge the area. This might be why the surface ten-
sion coeflicient is negative. The negative tension coefficient
may also be expected due to the intrinsic gravitational inter-
actions with negative heat capacity.

2.3. The Reversible Entropy Changes of the Membrane and the
Black Hole against Temperature Difference. The differential
expression of the free energy on the membrane is given as

dFy =-SudTyy + 0dA. (15)
Syis the entropy caused by the exchange of matter and

energy between the membrane and the two sides. From
(15), according to the Maxwell relation, we can get

d T4h3 3
st—( g >A: it Al (16)
aTBH 327T2T4BHkB

Sy is the reversible entropy differentiating from T’ (tem-
perature of the black hole in equilibrium state) to Ty (tem-
perature of the black hole at nonequilibrium state). Black
holes of various masses have the same trend as the tempera-
ture difference becomes larger, and the reversible entropy
gradually decreases. Because of the temperature difference,
the back reaction is distinctly different from the equilibrium
case. The power emitted causes the mass to decrease at the
rate dMpy/dt = —(hc*/G*)(a/M3;;), where a is a numerical
coefficient. For Mpy; > 10"g, a=2.001 x 107, for 5 x 10'g
<« Mpy; < 107g, @ =3.6 x 107* [12]. We can obtain Sgy; = —
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FIGURE 3: (a) shows the relationship between the reversible entropy of membrane and temperature difference with an initial temperature
5.6 x 10°%k (it was only in the very early universe that such high temperatures were possible). Black holes of various masses have the same
trend as the temperature difference becomes larger, and the reversible entropy monotonically decreases. (b) shows change of entropy of

the black hole with an initial temperature 5.6 x 10 k.

(87aky/h) Ty > Spy = —64maGaTyh/ Ty, That means the
reversible entropy change of the back reaction is not signifi-
cant compared to the black hole’s, for a black hole with such
mass. From (16), the total entropy of the black hole with the
membrane (only consider reversible part) is Sy egeq = f1¢°/16
nGky T3 (1 + aTyh* GI2nc? Ta k). If the back reaction has
a significant effect, it requires the mass of black hole to be

around the magnitude of |/ h'c4a/128Gr’ky = 1.4 x 107%kg,

When the mass of black hole is much larger than 1.4 x 1071
kg, the entropy of the black hole is much larger than the
reversible entropy on the membrane, so the effect of back reac-
tion is weak. For a primordial black hole (PBH, suggested by
Hawking [13]) with the minimum mass whose mass is M =

VhelG =2.17 x 10~%kg, which is formed in the early universe
and evaporated rapidly over a very short life, its back reaction
is more prominent.

Figure 3(a) shows that the reversible entropy of the mem-
brane decreases as the temperature difference increases while
Figure 3(b) shows that the entropy of the black hole decreases
as the temperature difference increases. Thus, the nonequi-
librium effects characterized by the temperature difference
can reduce the reversible entropy of the black hole. The back
reaction of the membrane to the black hole on the entropy
change is relatively small.

2.4. The Energy Changes of the Membrane and the Black Hole
against Temperature Difference. From equation (9), we can
derive that

aTyi’ aTyi’ AT
482 T ks, 24m2 T ks,

(17)

do
Mpy=- (m) TyyA +0A =

The energy of the black hole with the membrane is:

ch
8nGky Ty

aTh*c
My + Mgy = — o —
482 Tyyky

_ Ch s aTp’G  aTR*GAT
8 Gy Ty 6nc T ks 3ncATauks |

(18)

anJPc3 AT
24m2 Ty ks,

Figure 4(a) shows that the energy of the membrane
monotonically decreases as the temperature difference
increases. Figure 4(b) shows the energy of the black hole also
decreases as the temperature difference increases. The non-
equilibrium effect characterized by the temperature differ-
ence can reduce the reversible entropy and the energy of
the black hole. The back reaction is relatively small compared
to the black hole energy change.

It is easy to check if the back reaction has a significant
effect; it also requires mass of the black hole to be around

\/hictal128GrPky =~ 1.4 x 107 %g. We

can conclude that only small mass primordial black hole
can have a more significant back reaction. The energy and
reversible entropy of the back reaction relative to the energy
and entropy of the black holes can be measured by oc1/M3,;;
the more massive the black hole is, the weaker its back reac-
tion is. Moreover, in our nonequilibrium scenario, we can
resolve the inconsistency issue of the black hole back reaction
under zero mass limit appeared in the equilibrium scenario.
For example, if we take a limit Mp; — 0 (ie., Ty — 00),
M gressed a0d Syreseq Will naturally vanish in our nonequilib-
rium model. We see that the nonequilibriumness can influ-
ence the evolution and back reaction of the black hole. Our
nonequilibrium model is more natural and physically

the magnitude of
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FIGURE 4: (a) shows the energy of membrane monotonically decreases as the temperature difference increases. (b) shows the relationship
between the energy of the black hole and the temperature difference with an initial temperature 5.6 x 10>°k.

reasonable than the equilibrium model for the black hole back
reaction and evolution.

2.5. The Entropy Production Rate of the Membrane and the
Rate of Entropy Change for the Black Hole against
Temperature Difference. For a black hole with an ideal black
body temperature Ty at the horizon immersed in a radia-
tion field with a temperature T, the entropy production rate
per unit surface area per unit time on the black body surface
caused by temperature difference and the thermal radiation is
given as @ = —(4/3)wT5 + (4/3)w Ty + wTk — wTay/ Ty @
is the Stefan-Boltzmann constant [14, 15]. The entropy pro-
duction rate formula above can be understood as the total
entropy production from the system (the black hole) and
environment (the radiation field). The last two terms repre-
sent the difference between the input radiation energy flux
and the output black hole energy flux giving rise to the
entropy production of the black hole. The first two terms rep-
resent the difference between the input black hole entropy
flux and the output radiation field entropy flux giving rise
to the entropy production of the radiation field. Let us
assume that the thermal radiation process relevant to the
black hole only occurs near the horizon, and the entropy pro-
duction of the surface of the black hole per unit time is dS,/
dt = ©®A, where A is the area of the horizon. We can approx-
imately estimate the increase of irreversible entropy. Accord-
ing to Tpy = h®18nGhkyMypy and A = 1671(G* M3z, /c*), then,
we can obtain the nonequilibrium entropy production rate
to be:

s, Wlw ( 4 T Th - Thy 19)
dtogpcr2 \ 3 R 3TE T )
47TkBTBH BH

Black holes under various masses have the same trend of
the changes as the temperature difference becomes larger. As
the temperature difference becomes larger, the nonequilib-

rium thermodynamic dissipation quantified by the entropy
production rate as well as the entropy change rate of the black
hole increases significantly.

Importantly, we found that once there is a finite temper-
ature difference, the additional entropy change caused by the
radiation energy transfer of the total system in a unit time is
significant as shown in Figure 5. Furthermore, as seen clearly
in Figure 5, the nonequilibrium effect characterized by the
temperature difference can enhance both the dissipation cost
rate of the membrane and the entropy change rate of the
black hole.

For the entropy change of the whole system, the effect of
the irreversible nonequilibrium entropy production rate
from radiation energy transfer appears to be significant com-
pared to the rate of the entropy change of a black hole at a
finite temperature difference as shown in Figure 5. The non-
equilibrium entropy production rate can thus have an impact
on the black hole evaporation rate. This may provide some
insights towards the black hole information paradox since
there can be significant information loss due to the entropy
production rate in the nonequilibrium cases from the tem-
perature difference between the black hole and the radiation
environment.

3. Nonequilibrium Black Hole
Thermodynamics and Back Reaction of the
Thick Membrane

Now let us consider the case that the membrane is thick.
When the membrane has a thickness, one has to take into
account the changes in the temperature on the membrane,
from the near black hole side at Ty where Ty is the black
hole temperature to near radiation field side T, where T} is
the environmental radiation field temperature surrounding
the black hole and the back reaction membrane. If the mem-
brane is not very thick, then, it is reasonable to consider the
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FIGURE 5: Shows the variation of the irreversible entropy production
rate (red line) and the rate of entropy change of black hole (green
line) with temperature difference with an initial temperature
2.73k. We find entropy production rate is significant compared to
the rate of entropy change of a black hole at a finite temperature;
it also holds for other black holes with different mass.

situation where the temperature is linear in the length. The
change in the temperature within the membrane is related
only to the distance r to the black hole and not to the angle
assuming isotropic for simplicity. For the system not too far
from equilibrium and we can assume that the temperature
within the membrane is linear in distance and can be
expressed as T =Ty + (r—rpy)(Tg — Ty )/L, where L is
the thickness of the membrane, ryy; is the black hole radius.
We assume local equilibrium to be maintained as each layer
of a sphere with radius r so that local equilibrium thermody-
namics can apply, although the overall system is in nonequi-
librium state.

3.1.  Nonequilibrium  Thermodynamics under  Local
Equilibrium Assumption. For a general thermodynamic sys-
tem, the second law applies: dS>dQ/T (dS is the entropy
change of the system, dQ is the heat exchange between the
system and the environment while T is the temperature),
which can be generalized to the open system as dS=d,S +
d;S, where d,S represents the change in entropy of the
exchange of matter and energy between the system and the
environment while d;S represents the change in entropy
caused by the irreversible processes within the system. Let
us consider the following situation. The overall system is in
nonequilibrium state while its small subsystem is still in local
equilibrium and the equilibrium thermodynamic laws still
hold for the subsystems, Tds=du, where s, T, and u are
entropy, temperature, and energy of the subsystem, respectively.
Therefore, for the whole system, S= [sdV, U= [udV.

In the simple process of heat transport, the local change
of the internal energy is equal to the thermal heat flux in
and out of the subsystem: du/0t = —Ve] , where ] is the heat
flow per unit area per unit time. Therefore, ds/0t = (1/T)(0
u/ot) = —1/TV-Iq = —V-Iq/T + Iq-VI/T. In the general cases,
under local equilibrium for the subsystems, the entropy

change rate is determined by 0s/0t = -Ve]J +©, where J is
the entropy flow per unit area per unit time and © is entropy
production rate per unit volume [16]. The entropy change
rate of the whole system is given as dS/dt =d/dt [sdV = |
(0s/0t)dV = [(-Ve] +©)dV =~ § JdA+ [ ©dV. The first
term is the entropy flow from the outside through the surface
of the system per unit time. The second term is the sum of the
entropy production of all the subsystems per unit time. Com-
paring the heat transport case with the general entropy
change formula under local equilibrium assumption with 0s
/0t =—-Ve] +0©, we can see that J = ]q/T and © = ]q-V1/T.

3.2. Nonequilibrium Black Hole Thermodynamics under
Local Equilibrium Assumption. In our model, for both ends
of the membrane, the input energy flows per unit time and
per unit area are given as Jpy = wTgyy from the black hole
and Jp=wTy from the radiation field, w is the Stefan-
Boltzmann constant. The outward radiation along the radius
is in the positive direction. The radiation energy flow in the
membrane is ], = wTgy; —wTy. Although we assume the
local equilibrium at each layer of the radius 7, the system
overall is in nonequilibrium state with temperature distribu-
tion varying in space. The energy flows are assumed mostly
through the radiation rather than thermal conduction in
our study.

The rate of the exchange in entropy between the back
reaction membrane system and the environment per unit
area in the membrane is given as §, = —V-]q/T = (]q/TZ)VT
= ]q(AT/TZL), where VT = dT/dr = AT/Lis from our setting
T=Tgy+(r—rgg)(Tp—Tpy)/L and AT =Ty — Tpy here.
The radiation energy flow in the membrane ], = wTgy —w
T} is constant analogous to a case of an electric current J q
moving through a resistance of length L under a voltage is
V(1/T). The entropy production rate per unit area is given
as §;=0 =] V(1/T)= —]q(AT/TZL) > 0. Since the energy
flux J 4 1s a constant in the membrane, we can check that
the system entropy of the membrane does not change and
is therefore in steady state. Since the total entropy production
rate per unit area of the membrane system and the environ-
ment is the sum of the system entropy is equal to the entropy
change rate of the system and its exchange with the environ-
ments (same as the environmental entropy change) per unit
area according to the nonequilibrium thermodynamics, the
entropy production rate is equal to the entropy exchange rate
with the environment or the environmental entropy change
rate. For the whole membrane system, we can obtain the total
entropy exchange between the membrane system and the
environments as S, = [35,dV = [§,4nr’dr. Suppose the
thickness of the membrane is much less than the radius of
the black hole, L « rpy;. Then, we can obtain approximately
S, = Ay [ $5,dr =] Agy (1 Ty — 1 Tg) = J WP 1an TR kg (1/
Ty — 1/Tg), where the area of the black hole is given as
Apy = B34 T3 ks For a black hole at temperature 2.7k,
its radius is given as rpy = hc/4n Tk, = 6.68 X 10 m, so
the thickness of the membrane should be less than 10~m
at least such that 477(rgy + L)? = dmry, + 4nL> + 8rrpyL ~ 4
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FIGURE 6: (a) and (b) The energy and entropy loss per unit time of “naked” black hole and “dressed” black hole varying with the temperature

difference with an initial temperature 2.73 k. Here, AT = Ty — Tg-

niryy. Also, the total entropy production rate of the mem-
brane system is approximately given as S;= [5,dV = (] qhz
1A TE k) (1 Ty — 1/ Tgy) > 0.

3.3. The Rate of Energy and Entropy Change of the Back
Reaction on the Black Hole against Temperature Difference.
We now explore how the entropy change of the black hole,
the energy change, the mass change of the black hole, and
the mass or energy of the membrane change with respect to
time, Spyy = ~wTayAgy = —wh* A Tyy/4nky, where wTay is
the entropy flow from black hole and My = —JppApy = —@
W AT Anks, My = —(wThyAgy — T4 x 4m(rgy + L)),
where the energy flux Jpy :wT4BH is from the black hole
and the energy flux Jp =T} is from the radiation field.
Using the assumption that the thickness of the membrane
is much less than the black hole radius, we obtain M =
(T2 /41 — TH/AT TR W P lkp,

Let us assume that the expression of Sgj; and My, above
are approximately valid for the “naked” black hole, and the
back reactions of the entropy rate and energy rate from the
membrane are given as S, and M, respectively. After consid-
ering the back reaction, the effective or dressed entropy rate
and energy rate of the black hole are given as Sy, .q = Sy +
Sptt> Mressed = My + Mgy, respectively.

When AT =0, the energy and entropy loss per unit
time of “dressed” black hole is equal to that of the “naked”
black hole’s as shown in Figures 6(a) and 6(b). The system
is in equilibrium. When the temperature difference is
larger, the system becomes more nonequilibrium. Com-
pared to the thin membrane case, we find that the thick
membrane can lead to more significant back reactions on
the black holes. In both Figures 6(a) and 6(b), we see that
the energy and entropy change rate of a dressed black hole
after taking into account of the back reaction are larger
than that of the “naked” black hole, and the distances

between the green line and red line increase as AT
increases. This shows that the back reaction on the energy
rate and entropy rate of the black hole is more significant
as the temperature difference increases. The evaporation
rate of the dressed black hole when taking into account
of the thickness of the membrane back reaction is larger
than that of the “naked black hole.” On the other hand,
from both Figures 6(a) and 6(b), the nonequilibrium
effects characterized by the temperature difference can
enhance the energy and entropy loss rate of the black hole
and the membrane back reaction.

3.4. Energy and Entropy Change of the Black Hole due to the
Back Reaction against Temperature Difference. We would
not only like to see how significant the rate of the back reac-
tion but also the back reaction of the membrane itself is on
the black hole. To do so, we need to compare the contribu-
tion of the entropy and energy from the membrane towards
the black hole. Let us estimate the time scale given the
entropy and energy rate of the membrane above. The
response of a black hole to a perturbation will be dominated
by a set of damped oscillations called quasi-normal modes.
The quasi-normal mode frequency corresponds to a natural
frequency of a black hole. It is divided into two parts: the real
part represents the oscillation, and the imaginary part repre-
sents damping [17]. For large damping, i.e., for a large imag-
inary part of w, the real part of the frequency approaches a
nonzero value, and the imaginary part becomes equally
spaced. It is given as Mw =0.04371235 +i(n + 1/2) [18].
The constant real part of the quasi-normal frequency can
be approximated as w,y,, = In 3 */81GM. Thus, the natural
time scale can be estimated as 7 = 27/w gy, = 167*GM/In 3
¢ =2mh/ln 3 kg Tyy.

In the time interval 7, AS, = S,7 = Iqh362/2 In 3k, Thy(1
[Ty = 1UTg), AS;=] 712103k T (/T = 1UTgy), A
Spy = —wh’c?/2 In 3k3, AMyy = —wh’ A Tyy/2 In 3k, AMy,
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FIGURE 7: (a) and (b) show AM;/AMyy, AS,/ASyy varying with the temperature difference with an initial temperature 2.73 k, respectively.
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FIGURE 8: (a) shows the variation of the irreversible entropy production rate (red line) and the rate of entropy change of the black hole (green
line) with respect to the temperature difference with an initial temperature 2.73 k. (b) shows the entropy change caused by irreversible entropy
production (red line) and the entropy change of the black hole caused by radiation (green line) against the temperature difference with an

initial temperature 2.73 k in time interval 7.

= —(WTgy/2 — WTH/2 T3, )P A /In 3 k;. We measure the back
reaction as AS,/ASpy = (Tgy — T)(1/ Ty Ty — 1/Thy) and
AM/AMpy; = 1 — T/ Tyy. In the case of thick membrane,
the energy and entropy change of back reaction during cer-
tain periods are dependent on the temperature difference.
When AT =0, the system is in equilibrium, AM; = AS,
=0 in both Figures 7(a) and 7(b). According to
Figures 7(a) and 7(b), both AMy/AMyy and AS,/ASzy
increase as the temperature difference increases. The back
reaction becomes more significant as temperature difference
increases. Also, for a black hole with a mass Mpy > 5 x
10'*g, the effect of thick membrane (S, = J i*c?/4n Tk,
(1/Tpy — 1/Tg)) is much more significant than that of thin
membrane (S = —w?h*GTx/4m*ky Tgyc) under finite tem-
perature difference. Under an infinitesimally small tempera-
ture difference, the effect of a thick membrane is similar to
that of a thin membrane; they are both weak. Therefore,
we can conclude that the back reaction from the membrane

to the black hole can be significant in terms of the energy
(mass) and entropy change. The nonequilibrium effect char-
acterized by the temperature difference can enhance the
back reactions in terms of the energy (mass) and entropy
change to the black hole.

3.5. Nonequilibrium Entropy Production and Entropy Change
of the Black Hole against Temperature Difference. For irre-
versible nonequilibrium entropy production, once there is a
finite temperature difference, the additional entropy change
caused by the radiation energy transfer of the total system
in a unit time can be significant as shown in Figure 8(a).
It can be quantified by AS;/ASpy = (Tgy — T3) (1 Tpy T -
U Tgy)-

Figure 8(a) shows the variation of the irreversible entropy
production rate (red line) and the rate of entropy change of
black hole (green line) with respect to the temperature differ-
ence at initial temperature 2.73k. We found as the
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temperature difference increases, both the entropy produc-
tion rate and rate of entropy change of the black hole
increase. This indicates that the nonequilibrium effects char-
acterized by the temperature difference can increase the dis-
sipation cost rate and entropy change rate of the black hole.
We also find that the entropy production rate is significant
compared to the rate of entropy change of the black hole at
a finite temperature difference. This also holds for black holes
with different masses. Figure 8(b) shows the entropy change
caused by irreversible entropy production rate (red line) and
the entropy change of the black hole caused by radiation
(green line) with the temperature difference at initial temper-
ature 2.73k in time interval 7. Notice that the green line in
Figure 8(b) is a constant. This is due to the underlying
assumption that the entropy (area) of a black hole radiating
out in time interval 7 is quantized from the quasi-normal
mode frequency expression [19]. This shows 7 as a natural
time of the black hole. We found as the temperature differ-
ence increases, both the entropy production and entropy
change of the black hole increase. This shows that the non-
equilibrium effects characterized by the temperature differ-
ence can increase the dissipation cost and entropy change
of the black hole. The entropy change caused by irreversible
entropy production is significant compared to the entropy
change of a black hole caused by radiation at a finite temper-
ature difference. This also holds for black holes with different
mass. The nonequilibrium entropy production rate can thus
have an impact on the black hole evaporation rate.

This indicates that there can be significant entropy or
information loss under the nonequilibrium conditions charac-
terized by the temperature difference between the black hole
and the radiation environment. This extra loss of the entropy
or information may give some insights towards the under-
standing the source of the black hole information paradox.

4. Nonequilibrium Thermodynamic
Fluctuations of the Black Hole and
Back Reaction

The power emitted causes the mass of the black hole to
decrease at the rate dMpy/dt = —(hc'/G?)(a/M3y). So, if
the black hole is massive enough, i.e., its mass exceeds 5 x
10'g,the loss rate of these quantities is almost constant,
and the evaporation process may be approximated by a non-
equilibrium quasi steady-state, provided that the time scale of
any realistic measurement is much shorter than the time
scale of the process (ocMjy;) [20]. It is easy to check that
for My > 10'g, the characteristic decay time is of the order
of the age of the universe. The electromagnetic radiation and
its back reaction on the metric were considered in a stochas-
tic Langevin approach [21]. The results yielded a lower limit
on the statistical variations of the metric itself, which could be
thought as the “seismology” of the spacetime’s geometry, as a
consequence of the back reaction. In this spirit, one can con-
sider the stochastic equation Mpy = —a/M%; + SM,where &
M represents a spontaneous thermal fluctuation of My,
such a thermal fluctuation in the black hole should be
reflected in the fluctuations of the background metrics and
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thereby may be regarded as reflecting the effects of back reac-
tion of the Hawking radiation to the evolution of a black hole
evaporation within a phenomenological level [21, 22].

By using the Landau-Lifshitz theory [23], for a general
fluctuating dissipative system, x; = =} ;I'; X; + 6, x; is a gen-
eral flux and X; is the thermodynamic force conjugate to the
flux x;, I';; is phenomenological transport coefficients which

is defined as I';; = 0x;/0X), and 0x stands for fluctuations.

The entropy production rate can be given as $=-Y %X,
from the nonequilibrium thermodynamics. Because the
entropy of the Schwarzschild black hole is not concave, the
above expression must be modified as $= Y, + (x,X,) (for
more details see [20]). Therefore, for the Schwarzschild black
hole, S = Mpy/ Ty = —87ma/Mypy, My can be interpreted as
the flux or current and 1/Tpy can be interpreted as the ther-
modynamic driving force conjugate to the flux Myy. Then,
the second order moments in the fluctuations of the fluxes
can be expressed as (6x;0%;) = (I';; + I';;)0;.

Now one can derive that (M SM) = 0c(47'rM]33H)71 from
Ty = 0My/0(1/Tyy) and (888S) = (0S/0Mpy)* (SM SM)
= 16maMpy;, where S = 4mM3,,. The second order moments
reflect the fluctuation intensity of the black hole, namely,
the intensity of the back reaction. Therefore, we can also con-
clude that the more massive the black hole is, the weaker its
back reaction is. This argument holds for a black hole with
mass exceeding 5 x 10'*g, since we can consider the evapora-
tion of the black hole as a nonequilibrium quasi steady-state
process only in this situation.

5. Conclusion

In this study, we developed a nonequilibrium thermodynam-
ics model for investigating the back reaction of the Hawking
radiation on the Schwarzschild black hole. In our study, two
scenarios are considered: the thin membrane and the thick
membrane. The thin membrane formed has a negative ten-
sion coeflicient. We found that larger temperature difference
can lead to more significant negative surface tension and
back reaction as well as larger black hole area. The thin mem-
brane has the tendency to expand to counteract the tendency
of the Hawking radiation for reducing the black hole area.
We showed that the more massive the black hole is, the
weaker its back reaction is based on a nonequilibrium ther-
modynamic approach of the thin membrane. We also con-
firm this using a phenomenological fluctuation analysis. We
conclude that at the nonequilibrium state, the back reaction
may contribute to the change of the entropy and energy for
the primordial black hole. The larger temperature difference
between the black hole and the radiation environment gives
rise to more significant back reaction. Moreover, our non-
equilibrium model can resolve the inconsistency issue of
the black hole back reaction under zero mass limit in the
equilibrium case. Our nonequilibrium model appears to be
more natural and physically reasonable than the equilibrium
model for the black hole back reaction and evolution. We
also study the thick membrane assuming the thickness of
the membrane is much less than the radius of the black hole
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such that the temperature can be viewed to vary uniformly in
the membrane. We find that the thick membrane shows
more significant effects on back reactions compared to the
thin membrane.

Importantly, we also quantified the nonequilibrium ther-
modynamic dissipation represented by the entropy produc-
tion rate. We showed that the entropy production rate
increases significantly as the temperature difference increases
for both the thin membrane and the thick membrane. We
found that in general the nonequilibrium effects character-
ized by the temperature difference can increase the energy
and entropy loss as well as the entropy production rate of
the black hole and the membrane back reactions. We show
that once there is a finite temperature difference, the non-
equilibrium entropy production rate appears to be significant
compared to the entropy rate radiated by the black hole. The
nonequilibrium entropy production rate can thus have an
impact on the black hole evaporation rate. This may have
impacts on the black hole information paradox due to the
significant information loss from the entropy production rate
under nonequilibrium scenarios (temperature difference
between the black hole and the surrounding radiation
environment).
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