Asian Journal of Advanced Research and Reports

16(1): 1-24, 2022; Article no.AJARR.84109
ISSN: 2582-3248

L]

A Study on the Sum of the Squares of Generalized
p-Oresme Numbers: The Sum Formula )~ _ "W, .

Yiiksel Soykan *

aDepartment of Mathematics, Art and Science Faculty, Zonguldak Biilent Ecevit University, 67100,
Zonguldak, Turkey.

Author’s contribution

The sole author designed, analyzed, interpreted and prepared the manuscript.

Article Information
DOI: 10.9734/AJARR/2022/v16i130444
Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and
additional Reviewers, peer review comments, different versions of the manuscript, comments of the
editors, etc are available here: https://www.sdiarticle5.com/review-history/84109

Received 05 November 2021
Accepted 09 January 2022
Original Research Article Published 10 January 2022

ABSTRACT

In this paper, closed forms of the sum formulas "} _, a:’“W,?LkH for generalized p-Oresme numbers
are presented. As special cases, we give sum formulas of Modified p-Oresme, p-Oresme-Lucas
and p-Oresme numbers. We present the proofs to indicate how these formulas, in general, were
discovered. Of course, all the listed formulas may be proved by induction, but that method of proof
gives no clue about their discovery.
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1 INTRODUCTION

p-Oresme numbers (see, for example, [1]) are defined by the recurence relation

1 1
Ont2 = Ony1 — —On, 00:0,01:5, p # 0.

p2

The case p = 2, which is called the Oresme sequence, {O, }.>0, was introduced by Nicole Oresme
(1320—1382) in the 14-th century. Oresme obtained the sum of the rational numbers formed by the
terms 0,4,2,3 & 5 & . 1 These numbers form a second order sequence and are defined by

the recurence relation ) )
Ont2 =0ny1 — Zon7 00 =0,01 = 3

In [2], Horadam presented a history and obtained an abundance of properties of these numbers.
Oresme numbers have many interesting properties and applications in many fields of science (see,
for example, [3,4,1,2,5,6]).

For 0 # p € R, a generalized p-Oresme sequence {W,, } >0 = {W,(Wo, W1)}n>0 is defined by the
second-order recurrence relations

1
Wn - Wn—l - 7Wn—2 (11)
p
with the initial values Wy = c¢o, W1 = ¢1 not all being zero.

The sequence {W,, },.>0 can be extended to negative subscripts by defining
W_n = p2W—(n—1) - p2W—(n—2)

forn =1,2,3, .... Therefore, recurrence (1.1) holds for all integer n.

Modified p-Oresme sequence {G } »>0, p-Oresme-Lucas sequence { H, } ,>0 and p-Oresme sequence
{On}n>0 are defined, respectively, by the second-order recurrence relations

Gosz = Gupr— %Gm Go=0,G1 =1, (1.2)

Hopo = Hopr— —Hn Ho=2H =1, (13)
p
1 1

Ont2 = Ong1— 500, Oo=0,01=—. (1.4)
p p

The sequences {Gr }n>0, {Hn}n>0 and {O, },>0 can be extended to negative subscripts by defining

an - p2G—(n—1) - p2G—(n—2)7
H . = p’H_ (1) —p H_(n2),
O, = pQOf(nfl) - p207(7L72)7

forn = 1,2,3,... respectively. Therefore, recurrences (1.2)-(1.4) hold for all integer n. For more
information on generalized Oresme numbers, see Soykan [7].

In the next section, closed forms of the sum formulas "7 _, W2, ; for generalized Oresme numbers
are presented. Sum of the squares of linear recurrence relations have been studied by many authors
and more detail can be found in the extensive literature, see for example, [8,9,10,11,12,13,14,15].
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2 THE SUM FORMULA S 2+172

k+j

The following theorem presents sum formulas of generalized p-Oresme numbers (the case r = 1,s =

~5).

Theorem 2.1. Suppose that p? # 4 so that p*> — 4 # 0. Let = be a real (or complex) number. For all
integers m and j, for generalized p-Oresme numbers (the caser = 1,s = — p% ) we have the following
sum formulas:

(a) If(1+ #xQ — a:Hgm)(pQ%x —1) = (27 = p*" Homax + p*™) (z — p>™) p~°™ # 0 then

L 951
g "Wkt = 2.1
LT T T (= 9)(p+ 2)(w — pPm) (22 — pi Hama + i) @1

where

O = (2—p"" Ham) (z—p") (p—2) (p+2) 2" T Wi+ —p*™) (0-2) (p+2) 2" T Wi+
(z—p*) (p—2) p" ™ (p+2)W}+(p*™ —z)(p—2) (p+2)aW]_,,, +2p 2" T4 2142 (Hyp p —
2)(a" — PP (WE + LW — WilVo)a

(b) If (z? — p*™ Hopax 4 p*™) (z — p2m) = (z —a)(x — b)(x — ¢) =0 for some

4m 4
Hop, 8m [J2  _ Apdm mHm_ 8m [J2  _ Apdm
a:p 2m + p2 2m P ,b:p 2 p2 2m 14 ,CZPZmGC

anda #b+#c,ie,x=ao0rx=>borx=c, then,

ikaQ o Qo
2B T T () 2 9) (p+ 2) (322 — 22 (pP7 Hom + 1) 2 + pi + po Hoyy)

where

Q = (p° = 4)((z — p" Ham)z" ™' + (z —p*™) (n+2) & — p"™ (n + 1) Hom)z" )Wy +
P —D((n+2)z —p* " (n+1)a" Wy + 0" (0> — W] — (p° — 4) (22 — P> )W}, +
2p72mn+4m72j+2(p2mH2m _ 2)(1}” + nr — p2mn)(W12 + pizWoQ _ W1WO)

(c) Ifp*"Hs5,, —4p"™ = 0 and (z* — p*"xHom + p*™) (z — p°™) = (z — a)*(z — ¢) = 0 for some

p4mH2m .
a= T,c:p%” € Canda # c then ifx = c then
zn:fﬂkW2k j = 2
£ T (p = 2) (p + 2) (302 — 2p*™ (pP" Hom + 1) @ + p*™ + p5™ Hayn)

where

Q3 = (P® = A)((z — p"™ Ham)a" ™ 4 (z —p™™) (n+2)x — p'™ (n + 1) Hom )z )W +
®* —4)((n+2)x — p*™(n +1))z" f,m,mﬂ + '™ (p? — 4)VVj2 — (p* —4)(2z — pZm)Wj{m +
2p—2mn+4mf2j+2(p2mH2m _ 2)(xn Lz — p2mn)(W12 + p%WOQ _ W1W0)

and ifx = a then

ikazk = Q4
k=0 e 2(p - 2)(11 + 2)(33: — p2m — p4mH2m)

where

Qq = (p°—4)((n+3) (n+2)2® —ap®™ (n+2) (n+1) (P> Ham +1)+p° " n(n+1) Hapm )"~ Wi+
(P =) (n+1)((2+n)z" —p* " na" YW,y — 20> —4) WS, +2n(n+1)p = 2mmtim=2712
(P*" Ham — 2)(WP + W5 — WiWo)a"
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Proof. Take r = 1,s = — and H,, = H, in Soykan [10, Theorem 2.1.]. Note that (z* — p""zHam +
p*™) (z — p°™) = (z — a)® = 0 can not be possible for some a = p*™ € C, m # 0, i.e., z = q,
4m
H2m

because otherwise we must have p®™ H3,,, — 4p*™ = 0, pT =p*™ and
P4mH2m 2m 1 2m 2m 2m
s P = 3P (p Hgm—2)20:>p Hyp —2=0

1 2m
= mex2<§) —-2=0

= (&)Y -1=0
(3)

in which the last equality doesn’t have any integer solutions m other than m = 0 (so = p*>™ = 1) for
the case p # 2.Here we used

T
« = 5,

2m
Hopp = 2a2m:2(%) )

In this case (i.e. m = 0,z = 1), we have >} _ W7 = (n+ 1) W7. O

Note that in the last theorem, the case p? # 4 so that p*> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p> — 4 = 0 is given in Soykan [16, Theorem 2.1].

Note also that (2.1) can be written in the following form

En:kaQ o Q6
£ T (p = 2)(p + 2)(z — p*™) (22 — p* Hama + p*)

where

Qs = (p* —4)(x — p*™)(x — p"™ Hom)a" ' Wi i + (p° — 4)(x — p*™)a" W2 — (07 —
4)( = ") (@ =" Hapn)a W} — (07 = 4) (0 = 0" W7 - w2274 =202 (0 — ) (07 Hay —
(WL + LWe — wWiWo)z

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.1. Suppose that p*> # 4 so that p*> — 4 # 0. For generalized p-Oresme numbers (the
caser =1,s = —piz ) we have the following sum formulas forn > 0:

@ (m=1,7=0)
If (z —p?) (* — p*(p* — 2)z +pY) #£0, e,

p’(p> —2) + /pS(p? — 4)
2 b

p°(p° —2) — /pS(p? — 4)
2

r# x# oA

then

ika,f = ki

= (p* —4)(z — p?)(a® — p*(p* — 2)z + p*)
where
@ = (z—p*(p* = 2))(z — p)(P* — 2" W + (z — p*)(p* — D)z Wi_y + (z —p°) (0 —
Dp* Wi +p* (p* —2) (p* —4) (Wo—W1)?x+2p° 7" ((p* —2) = 2) (2" —p*") (WE + s WG = Wi Wo)z,
and
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if (z —p*) (> —p*(p* —2)z +p*) =0, ie,

~pP(p° —2) + /O (p? — 4) _pP(p° —2) — /PO (p? —9) o,
T = orz = orz =p’,
2 2
then
i A
k 2
YW =
2T TR T 2~ 0) (3% — 2p2(p? — D+ p(p? — 1))
where

A== 9)((z-p*(p*—2)a" ' + (z —p?) (n+2)x — (n+1)p? (p* — 2))a™ )Wy + (p* —
) ((n+2)z—p*(n+1)a" Wi _1+p*(p* —H)W§ —p* 2z —p°) (p* —4) (Wo — W1)>+2p° " ((p* —
2) = 2)(z™ + nz™ fp2")(W12 + p%WO2 — WailWo).

® (m=2j=0)
If (z - p4) (z? — p* (p4 —4p? + 2) z+p%) #0, ie,

p*(p* — 4p® +2) + VP02 — 4)(p? — 2)2 p*(p* — 40 +2) — VPO (Z — 4)(p® — 2)? 4
z 7# o o #Ept,
2 2
then
n
B
ko2
W5, =
,;0 2T (02 — ) (e — pt)(a? — pl(p? — 4p% + 2)z + pB)
where

@ = (z—p*(p* —4p% + 2)) (= — pH(P? — V2" T WE, + (z — pH(P? — V2" T WS, _, + (z - p4) (»* —)p*Wg +
(p* — 2)(p? — VP (P> Wo — Wo — p>W1)%a + 2p1 2747 (p2 — 4)(a™ — p*)(WE + p%w(? - W1Wo)z,

and if (z 7p4) (z2 — p* (p4 —4p? + 2) z+p8) =0andp? #2ie,

_ p*(p* — 4p® +2) + VP10 (p% — 4)(p? — 2)2 o = p*(p* —4p® +2) — VP10 (p% — 4)(p? — 2)2 o 4

re =1p
2 2 ’

(and p2 # 2) then
A

(% — 4)(3z2 — 2p*(p? — 1)(p? — 3)z + p¥(p? — 1)(p? - 3))

"
Z :ckW22k. =
k=0

where

A= (02 - (@ - pt0! - 4% + 20" 4 (2= pt) (n+ 2@ - p (T — 4P +2) (n+1)2™)WE, + (B -

H((n + 2z — ph(n + 1)2"W3, 5 + p2(@% — YW§ — (p? — )2z — pY)p* (P2 Wo — Wo — p?W1)? + 2p2~47

(P? — (=" +na” —pIM) (W + HWE — WiWo),

andif(z —p4) (z? — p* (p4 — 4p? +2) z+pd)=(z—4)(x+4)2=0,0 #p* =4andp® =2ie,

Pt —4p? +2) + VPO Z - D2 —2)2 _ p'(p" —4p? +2) — VPOPZ - 97 —2)2
2

2

andz # p* = 4 (andp® = 2, e, p = —V/2,p = V/2) then

fj(—@’“vvik -2

k=0 32
where
© = 64(—q)"~1! (n2 - 2) W2, 4+ (—)" T (n + 1)2 W2, + 16(Wo — 2W1)2 — n(n + 1) (—4)" 1 28=2n (w2 4
Iwg — wiwo).
€ (m=2,7=1)
If (T - p4) (x? — p* (p4 —4p? + 2) z +p%) #0, ie,

p*(p* — 4p® +2) + VP02 — 4)(p? — 2)2 p*(p* — 4p® +2) — VP12 — ) (p? — 2)? 4
z # T # zF P,
2 2
then
n
o
k 2
z" W. = s
kzzo AL T (02 _a) (@ — p*) (a2 — p(p? — 4p? + 2)z + pO)
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where
® = (- p*(p* — 407 +2) (= — pH)(P? — V"W, + (2 - pH) 02 — V" FIWE, 4 (v - p*) (02 - 0pPWE +

" = 2)(p* = 9pt(Wo — W1)2e + 210797 (p% — 4) (2" — pI") (WP + S WG — Wi W),
and if (1‘ — p4) (12 —pt (p4 —4p? + 2) T + p8) =0andp? # 2ie,

p*(p* — 4p® +2) + VP10 (p% — 4)(p? — 2)2 o — p*(p* — 4p® +2) — VP1O(? — 9)(p? — 2)? orm = ok

2 re =p-,

(and p? # 2) then
A

3 =P w2 = s
kX::O LT (2 — ) (322 — 2p3(p2 — D(P2 — 3)z + pB(p2 — D(p2 — 3))

where

A= (02 - 9@ - p (0" — 492 +2))a" ! + (2= p*) (n+ 22— p* — 4% +2) (n+ 1)W1 + (P —
((n+2)z — p*(n+1)2" W3, + 50> — YW — (p% — 9)(2z — pH)p*(Wo — W1)? + 2p10747 (p? — 2)(2™ +
na™ — pt) (W + p%wg - W1Wp),

andif(z 7174) (a:2 —pt (p4 — 4p? +2) z+p8) = (z — 4)(14»4)2 =0,z #pt=4andp® =2ie,

p*(p* — 4p® +2) + VIO (p% — 4)(p? — 2)2 _ pt(p* — 4p? +2) — /p1O(p% — (2 — 2)? _
2

2

—4,

andz # p* = 4 (andp? = 2, ie.p = —V/2,p = V/2) then
n

)
(*4)kW221c+1 =25
= 32
where
©=64(-)""1 (n? = 2) W, 11 + (~)" T (n+ D2 WE, ;| +16(Wo — W1)? — n(n + 1) (—4)" 1272 (WE +
IWE — wiWo).
@ (m=-1,j=0)
If(p2e — 1)p~ 222 — (p2 —2)p~ 22+ p~ %) #£0, ie,

(P? —2)p7 2 +\/(p2 — 4)p~2 . (P? —2)p™2 = \/(p? — 4)p~2 -
x£p 7,

T # , T
2 2

then
o

3 Fw?, = s
2 T e e e - R e T

where
®=(a—p*™) (P2~ D" W2, L+ (@ - P2 - 2p D@ —p D) - )" TIW2 4 (o - p72) (0 - WE +

(P72 = 2)(? — DeWP + 20" 2 (P2 — (@ —pTI(WE + S WE — Wi Wo)e

andif (p?z — V)p~2(z2 — (p2 = 2)p 2z +p~ %) =0, e,

(P> —2)p 2 + W o (> —2)p72 — /(02 —4)p~2 2
r = xr =

orx =p
2 2 ’

then
A

i szEk = s
= (P2 —4)(322 — 2(p2 — 1)p~2z + (p2 — 1)p~*)

where
A= (P2 —4)((n+2)z—p 2(n+1))2" W2, 1 +(p*>—2) (p* (n+3)22 —pZ2(p? —1) (n + 2)+(p*> —2) (n+1))p " *z" W2 +
PP - OWE — (0% — )22 — pT W 4+ 207" T2 (P2 — D@+ na” = pTEN(WT 4+ HWE — Wi Wo).
(€) (m=-2,j=0)
If (ac — p74) (ac2 — (p4 - 4p2 + 2)p74x + pig) #0,ie,

—4

" — 4% + 201 + /(02 — 0)((p? - 2)2p=0 D V% = 4) (02 - 2)2p=5 )
, T » T p )

2 2

then
D

i cFw2y = ,
i=0 (P2 —4)(z —p~4) (22 — (p* — 4p? 4+ 2)p~ 4z 4+ p—8)
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where
®=(z-p H2 - "W, o+ (@ - 0 P+ 2p D@ - p H? - 2" T IW2,, 4 (2 - ) 0 -
DpTIWE + (0 = ) (0% — Da(=Wo + p7 W)t 4 29 AP — )@ — p (W 4 L WE — WaWo)e

and if (:c — p74) (22 = (p* —ap® +2)p Yz +p~8) =0,andp? # 2ie,

@* — 4p® + 2p~* + /(02 — (@2 — 2)2p—0 " — 4% + 2)p~* — /(0% — ) (0% — 2)2p—6 4
- 2 ore = > orz=p~ ",

(andp? # 2,ie,p # —V/2,p # /2) then

n
A
kyir2
E "W =
k=0

(P2 — ) (32 — 2(p2 — 1)(p2 — 3)p~4z + (p2 — 1)(p2 — 3)p~8)’

where

A= - D+ —p A+ 1)a" W2y, 1h + (02 = (@ — (p* — 4p? + 2p " 4 (o = p74) (n+2) 2 -
(" —4p® +2)p™* (n + D)z™MW2,5, +p 2 — HOWE — (0® — 1) (22 —p~)(=Wo +p*W1)?p~* + 20" T (p?
H(@" +na™ —pT (W + S WE — W1Wo),

and if (:c — p74) (ac2 — (p* —4p? + 2)p’49: +p 8 = 61—4(4:1: — DAz +1)2 =0,z #p *= i andp? = 2ie,

' -4+ 2pTt + V% — (% - 2)2p=5 @t —ap? +2p7t - V#? — 0)((p? - 2)2p=6 1

2 2 4

andz #p~* = % (andp® = 2, ie,p = —v2,p = V2) then
" Nk, e
> (*Z) Woak = 5>
k=0

where
n n—1 _ n—1
=4 (7i) (n+1)2W2,, o+ 1 (7%) (n2 72) W2, +(Wo — 2W1)2—n(n+1)22n—1 (7%) (w24
W — 2W1 Wo).
) (m=-2j=1)
If (z — p74) (z2 — (p4 —4p? +2)p~dz+p8)#£o0,ie,

@ =12 +2p 7+ P 0@ - 2% 0 (f -+ 2Tt - /07 - (- 2% ° 4
,x # , T £ P,
2 2
then
P

(P2 —4)(z —p~*)(22 — (p* — 4p® + 2)p~ 4z +p~8)’

> k 2
Dot Wiiyy =
k=0

where
=(@-p HP*-V"TW2, s+ (@— - +2)p N —p P — D" TIWE, L+ (w - 1774) ®* -
Dp EWE 4+ (07 — ) — T H(=Wo — Wi + 7 W) %e +2p* 0 — ) (" — pT AW + HWE - Wi W),

and if (z - p_4) (7;2 — (p4 - 4;02 + 2)17_47; +p_8) =0, andp2 # 2ie.,

(0" — 4p? +2)p~ 1 +/(p? — 0)((p% — 2)2p~6 (' —4p? +2)p~* — /(02 — 4)((p2 — 2)2p~6 .
= 2 orx = 2 orr =p s

(andp? # 2, ie,p # —V2,p # V/2) then

N _ A
;f W2kt = 2 a2 202 —D(? 8 et (02 - D(E — 8)p- )

where

A= @2 - D((n+2)z—p 1)) W2y, 5+ (02— ) (@ - (P —4p2+2)p~ D2 4 (2 —p 1) (n+ Do — (" -
4p?+2)p~* (n+1)a™)W2,,  +p B2 —OWE — (p% — ) (22 —p~)p T H(—Wo — W1 +p2W1)2 +2p*" O (p% -
4)(z" + na™ — p~ iy (W2 + p%wg — W1 W),

and if (z — p_4) (z2 — (p* —4p? +2)p 2z +p %) = 6%1(41 — Dz +1)2=0,z#£p %= % andp? =2ie,

e a2 02— (2 - 228 0 - 2 - 02 - (2 22 1

2 2 4
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andz #p~* =1 (andp® = 2,ie,p = —v2,p = V2) then
i ( 1)kw2 )
- —2k+1 = 5
k=o ~ 4 2
where
n n—1
0=-4(-1)"m+12W2y, 5+ 1 (-3)" (0 —2) W2h s + (Wo — W12 —n(n+ 122" "2@WE + WE -
1\n—1
2W1 Wo) (71) .

Note that in the last proposition, the case p® # 4 so that p*> — 4 # 0 is considered. The sum formulas
for the case p* = 4 so that p> — 4 = 0 is given in Soykan [16, Proposition 2.1].

From the above proposition, we have the following corollary which gives sum formulas of modified
p-Oresme numbers (take W,, = G,, with Go = 0,G1 = 1).

Corollary 2.2. Suppose that p® # 4 so that p* — 4 # 0. Forn > 0, modified p-Oresme numbers have
the following properties:
@ (m=1,j=0)

If (a: — pg) (22 —p?(p*> — Dz +p?) #£0, ie,

p’(p® —2) + /P (p®> — 4) x#pQ(p2—2)— po(p? —4)

x # T # P’

then

where

P = (z—p°’(p* = 2)(x - p*)(p* — Ha""'G} + (z — p*)(P? — 2" TG —pTH(P?
4)(p*" (x + p°) — 2p°a")x,

and

if (z —p*) (> = p*(p* —2)z+p*) =0, ie,

_ PP =2+ VPP (2 - 4) PP’ —2) — VP (p? — 4)

2
5 orx = 5 orzx =p?,

xT

then
A

k ~2
G =
;)x TP 4B - 22 (07 — D +p'(p? - 1))

where
A= —4)((x-p*(p* - 2)z"" + (2 —p?) (n+2)z — (n+ 1)p* (p* — 2))2™)G}, + (P* —
4)((n+2)z —p*(n+ 1)z"Gor_y +p 2" (p* — 4)(—p*" (2x + p°) + 2p*(n + 1)a™).
(b) (m=2,j=0)
’f(x - p4) (a2 — p* (p4 —4p? + 2) z+p%) #£0, ie,

p*(p* — 4p® +2) + VP02 — 4)(p? — 2)2 p*(p* — 4p? +2) — VP12 — 1) (p? — 2)2 4
o # Lo o # pt,
2 2
then
N ka2 A
> 276Gy = 2 (22 _ pd(pd 2
i—o (p? — 4)(z — p*) (22 — p4(p? — 4p? + 2)z + p®)
where

@ = (z — pt(p* — 4p? +2))(x — p*)(p? — V2" TGS, + (x — p)(P? — V2" TGS, _, —p TR — (™ (= +
p?) — 2pta")a,
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and if (oc — p4) (z2 = p* (p4 —4p% 4+ 2) z +p8) —0andp? # 2ie,

p*(p* — 4p® +2) + VPO (2 — 9)(p? — 2)? o = p*(p? —4p® +2) — VP1O? — 9)(p? — 2)? o
2

2

rac:p4,

(and p? # 2) then
A

n o
,;zzo T (2 — (322 — 2p4(p2 — 1)(p2 — 3)z + p3(p2 — 1)(p2 — 3))

where
A= @2 =)@ - p (0 —4p? +2)2" T 4 (o = p*) (0 +2) 2 = p* (0 — P2 +2) (n + 1))2™)G3,, + (P2 — )((n +
2)z — pt(n +1))2"G3, 5 +p " TE®? — ) (—p" (22 + p*) + 20t (n + 1)),

andif(:c —p4) (z? — p* (p4 — 4p? +2) T +p8) = (z — H(z+4)2=0,z#p*=4dandp? =2ie,

PPt —4p° +2) + VPIOZ - D)% —2)7 _ p*(p* —4p® +2) - VIO —H(? 27
2

z =
andz # p* = 4 (andp® = 2, e, p = —V/2,p = V/2) then
n
€]
> (HFaEs = =
k=0

where
© =64(—4)"" 1 (n2 - 2) G2, + (—)" T (n+1)2 G2, 5 +16(Go — 2G1)2 — n(n + 1) (—4)"~ 1 28-2n,

© (m=2;=1)
If (a: — p4) (xz - p4 (p4 - 41)2 + 2) x +p8) #0,ie,

P —4p® +2) + VPO T — 4 (p% - 2)? Pt (" — 40 +2) — VPO ? — 4)(p% — 2)? 4
x # T F# T FEDP,
2 2
then
n
>
k ~2
z" G = s
kZ::o FRELT (92 — a)(z — p*) (22 — pA(p? — 4p2 + 2)z + pB)
where

@ = (z—p*(p* —4p +2))(z —pH)(P® — 02" TGS, + (2 — PN (P2 — 02" T GE,_ —p (P — )(p*" (22 -
2pta + 2p8a 4 p8) — 2pBan ),
and if (z — p4) (a:2 —pt (p4 —4p? + 2) T+ ps) =0andp? # 2ie,

Pt —ap? +2) + VPP - D7 =22 et et - 4?4+ 2) - VRO -7 -2

re =p-,
2

(and p? # 2) then

3 G2 = A s
kZ:O PR (p2 — 4)(322 — 2pA(p% — 1)(p — 3)z + pB(p% — 1)(p — 3))

where
A= @2 — )@ —p (" =297 +2)2" 1 + (2 = p?) (n+2) 2 = p? (0? = 497 +2) (n + 1))2")GF, 1 + (2 — D ((n +
2z —pt(n+ 1))2"G3, 1 + 207" — )P (—x — % +p?) + PO (n + 1)2™),
andif(z — p4> (a:2 —pt (p4 —4p? + 2) T +p8) =(z—4)(z+ 4)2 =0,z #pt=4andp® =2ie,
pr(p* —4p? +2) + VPO (2 —4)(p? — 2)2  pr(p? —4p? +2) — /PO (p2 — (% — 2)?

o= = =4,
2

andz # p* = 4 (andp? = 2, ie.p = —v/2,p = V/2) then

n

€]
k ~2

—4)"G = —,
kE:O( ) Gapqa 32

where
© =64 (—4)n~1 (n2 - 2) i1 + ()" T (n + 1)2G3, 1 +16(Go — G1)? — n(n + 1) (—4)" 127727,
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d) (m=-1,j=0)
If(p2e — 1)p~2(x% — (p2 —2)p~ 22 +p~ %) #£0, ie,

(P% —2)p~2 +/(»2 — 4)p—2 7& (»? = 2)p~2 — /(p2 — 4)p—2

—2
T #EFp T,
2 2

o #

then
o

p2 —4)(z — p~2) (a2 — (p2 — 2)p— 2z + p~4)’

n
> ka2, =
k=0 (

where
O =(z—p AP -)" TG, 1+ (e—@®-2)p D) (z—p D)(@*-)2"TIG%, +(p® —)p 2 (2p°"2" —pPz— 1)z

and if (p?z — 1)p~2(z? — (p2 —2)p 2z +p %) =0,ie,

(P —2)p72 +4/(p% — 4)p~2
T = orx

2 2

_ (P? —2)p™2 = \/(p2 — 4)p~2 5

orx=p °,

then

"Gl = — 2 2 —2 2 —4y’
=0 (p? —4)(8x2 — 2(p2 — D)p— 2z + (p2 — 1)p—4)

where
A= =D+ 2e —p 2+ 1)"G,y + 0% — D@+ 3)22 — p22(? — 1) (n+2) + (0% — 2(n +
D)p~42"G2, + (p? — 9)p~2(2p°" (n + 1)a™ — 2px — 1)
© (m=-2,j=0)
If (z — p74) (22— (p* —4p® +2)p Yz +p~8) #£0, ie,

" — 4% + 2)p~* + \/(0? — )((»? — 2)2p~6 * — 4% + 2)p~* — /(02 — (% — 2)2pO 4
, T # , T AP,
2 2
then
N k2 @
D @Gy = 2 ) 1 2 1 8’
P (p? —4)(z —p~4) (22 — (p? —4p? + 2)p~ 12 + p~8)
where
2= (z—p NP -9)a"T1C2 5, h+(@— (" - 47 +2)p" (@ —p T H(P? - 12" TGy, + (7 —)p (2" " -
ple — D
and if (z — p_4) (12 — (p4 —4p? + 2)p_4z +p_8) =0, andp? # 2ie,
(P — 4p? +2)p~ 1 +/(p2 — ) (% — 2)2p—6 (' —4p? +2)p~* — /(02 — 4)((p2 — 2)2p~6 .
T = orx = orx =p N

2 2
(andp? # 2,ie,p % —/2,p # /2) then

zFa? .= A 5
kzzo T (92— 9)(322 — 2(p2 — 1)(p% — 3)p—dw + (p2 — D(p2 — 3)p—F)

where
A= = D((n+De—p A (n+1)2"G2y, p + B — D@ — (* —4p? +2p D" 4 (2 —p7H) (n+2) 2 —
(' —4p® +2)p~* (n+1))2™)G2 5, + (®® — Hp~ (20" (n + D)™ — 2p%z — 1)

and if (:c - p74) (22 — (p* —4p2 +2)p 2z 4+p %) = 61—4(432 — DAz +1)2 =0,z #£p %= i andp? =2ie,

ot —ap® +2pT + \/(p2 -2 -2)2p=6 (" —4p® +2)p " - \/(p2 —9((p2-2)?p 5 1

= B

2 2 4

andz #p~* =1 (andp® =2, ie.p = —v2,p = V2) then

where
0=-a(-1)" "+ 1262, 0+ 1 (-1)" (n2 - 2) G2, Halnn+ 122" (1) + 1)

10
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® (m=-2,j=1)
If (z — p74) (22— (p* —4p® +2)p Yz +p~8) #£0, ie,

(" — 4p? +2)p~ 1 + /(02 — ) (02 — 2)2p=6 . (0t —4p? +2)p~ 1 — /(02 — 2)((p? — 2)2p~6
2 o 2 ’

—4
s

z#p

x

then
P

n
k ~2

27 Glopqq = ’

,é) + (P2 —4)(z —p~4) (22 — (p? — 4p2 4+ 2)p~ 42 4 p~8)

where

@ =(z—p )p*-0)2" TG, g+ (2~ (" —4p* +2)p” (@ —p ) (P® )2 TG, L+ (07 )P P (P (p—
12 (p + 1)222 + p*(p* — 4p? + 2)z + 2p*nH6amtl _ 1)

and if (:c — p74) (ac2 —(p* —4p? +2)p Yz +p8) =0,andp? # 2ie,

@* — 4p® + 2)p~* + /(02 — (@2 — 2)2p~0 (' —4p® +2)p~* — /(02 — 4)((p? — 2)2p~6 a
2 ore = 2 orz =p~*,

xr =

(and p? # 2,ie,p # —V/2,p # V/2) then

- szQ = A R
kz—:o TEREL T (2 —4) (322 — 2(p% — 1)(p% — 3)p— 4z + (p2 — 1)(p® — 3)p~3)

where
A= @2 =)+ —p Hn+1)2"G2 0, 5+ (% — (@ = (* = 4p* + 2)p~ D2 4 (o = p~ ) (n+2)2 -
@* —4p® +2)p™  (n+1))2™)G% 5, 1 + 0% — Dp ¥ (=2pz(p — D2 (p + 12 + 2p*" T2 (n + 12" + p* — 4p® +2)

and if (:c — p74) (22 = (pr —4p® +2)p a4+ p~8) = 61—4(490 — 1Az +1)2 =0,z #£p %= % andp? = 2ie,

e -1+ 2p 02— (@2 - 2208 0l -4 + 2 — 02 — (02 - 2)2p0 !

2 2 4

andz #p~* =1 (andp? =2, ie,p = —v2,p = V2) then
Z": ( 1)kG2 €]
4 —2k+1 — 2 ’

k=0

where
0= —4(-4)" (41?2 oia+ § (1) (v - 2) G2apir F 2 022 ()" 41

Note that in the last corollary, the case p? # 4 so that p*> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p> — 4 = 0 is given in Soykan [16, Corollary 2.2].

Taking W,, = H, with Hy = 2, H; = 1 in the last proposition, we have the following corollary which
presents sum formulas of p-Oresme-Lucas numbers.

Corollary 2.3. Suppose that p* # 4 so that p> — 4 # 0. Forn > 0, p-Oresme-Lucas numbers have
the following properties:
(@ (m=1,=0)

If (z —p°) (z° — p*(p* — 2)x +p*) # 0, i€,

e 4P (p —2)+2\/p6(p2—4)7x7ép (p —2)—2 pﬁ(p2—4)7x7épz7

then
[0}

<
D U ) e Py

where

11
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¢ = (z - p2(p2 — 2))(55 — p2)(p2 _ 4)1:n+1H3L + (CL‘ _ p2)(p2 _ 4)xn+1H371 + p72n+4(p2 _
(" (P*(Bx — 4) — z(z +4)) — 2(p* — 4)a" ),

and

if (z —p?) (@ —p*(P* — 2z +p*) = 0, ie,

_ P =+ V-4 P’ =2) = VPP —4)

)
T 5 3 orx =p°,
then
Zka’fz 2 2 2 /: 102
puart (p? = 4)(3a® — 2p*(p* — Dz + p*(p* — 1))
where

A= =z = p*(p* = 2))2" ' + (2 = p°) (n+2) @ — (n+ 1)p* (p* — 2))a") H} + (p* —

4)((n+2)z —p*(n+1))a"Hyy +p~ " (p® =) (p*" (=22 +3p° —4) =2 (n + 1) (p” — 4)a").
(b) (m=2,5=0)

If (z — p4) (1:2 —pt (p4 —4p? + 2) T+ pg) #0,ie,

p(p* — 4p? +2) + /10 (p% — 4)(p? — 2)2 p*(p* — 4p® +2) — VP12 — 9)(p? — 2)? 4
x # ,x # T FE P,

2 2

then
P

N kg2
Z x H2k =
fromr (p?2 — 4) (= — p*) (22 — p*(p* — 4p2 + 2)z + pB)

where

P = (@—p*(p* —4p® +2)) (@ — p)(P* — )" T HS, + (2 — p*)(p® — )2 T HS, o+ TP —4)(p* (4% —
pta? — 4z? + 8ptz — 12p%x 4+ 3pBz — 4pB) — 2p0(p? — 1)zt

and if (z - p4) (12 - p4 (p4 - 41)2 + 2) T+ p8) =0 andp2 #2ie,

Pt —4p? +2) + VPO (2 — 4)(p? — 2)? orm — p*(p* — 4p® +2) — VPIO? — 9)(p? — 2)? o 4
2

2 re =p-,

(and p? # 2) then
A

(p%2 — 4)(322 — 2p%(p? — 1)(»? — 3)z + p3(p? — 1)(p? - 3))

“ k 2
> @V Hyy, =
k=0

where
A= =Dz —p*p* = 407 +2)2" T 4 (2 = p*) (n+2) 0 — p* (0 — 4p? +2) (n + 1)2™)HE,, + (P2 — D((n +
2)z —pt(n+1)a"H3, 5 +p "4 (p? — 4)(p?" (—8z + 8p2z — 2ptx + 8p? — 1295 + 3p8) — 2p5 (p? — 4)(n + 1)z™)

andif(z 7p4) (z? — p* (p4 — 4p? +2) z+pd)=(z—4)(x+4)2=0,0 #p* =4andp® =2ie,

_ et —4p? 1+ + VPO D2 22 ptet —4p® +2) — VPO - (% - 2)?
2

= —4,
2
andz # p* = 4 (andp® = 2, ie,p = —v/2,p = V/2) then
n
)
> (—aFHg = —
=0 32
where
©=64(—4)"" 1 (n% —2) HE, + (—)" ! (n+ D2 HE, 5 — n(n+1)27 278 (—gn-1
€ (m=2,5=1)
If (ac — p4) (z? — p* (p4 —4p? + 2) T +p8) #0,ie,
Pt —4p? +2) + VpIO(p? — 4 (p? - 2)2 pip?t —4p? +2) — VpIO(p? — H(p? - 2)? 4
z # sz # T FED,

2 2

then
o

(P2 — 4)(z — pA) (22 — p4(p* — 4p2 + 2)z + p8)’

0o
2

D aVHy =

k=0

12
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where

@ =(z-plp? —4p? +2))(z — pN) (P2 — 02" HE, | + (z - pN) (P2 — 2" T HE, | —p " HR? — ) (I (22 +
6pta — 2p%x + pB) + 2p* (p? — 4)2" 1)

and if (:c — p4) (z? — p* (p4 —4p® 4+ 2) z+p8)=0andp® #2ie,

p*(p* — 4p? +2) + V10 (p% — 4)(p? — 2)2 o — p*(p* — 4p® +2) — VP12 — 9)(p? — 2)? o 4
2

re =p-,
2

(and p? # 2) then

N kg2 _ A
kgox Hapg1 = (p2 — 4)(322 — 2p3 (p2 — 1)(p2 — 3)z + p5(p2 — 1)(p2 — 3))

where
A= @2 =)@ ptp* =407 +2)a" T 4 (o = p*) (0 + 2) 2 = p*(p* = 4p? +2) (n + D)a™) HE, 1 + (02 — D((n +
2a - p*(n+ )2 Hy,_y = 27T — (' (@ + 3p* - %) + 91 (07 — D) (n + 1)a™)

andif(z —p4) (12 —p4 (p4 —4p2 +2) T +p8) = (z — 4)(14—4)2 =0, ;ép4 = 4andp2 =2ie,

Pt —4p° +2) + VPO — 9% —2)7 _ p (! —4p® +2) - VPO —H(pZ 27

= = s

2

andz # p* = 4 (andp® = 2, ie.p = —V/2,p = V/2) then
n

©
kg2

—4)"H5, =
3:0:( ) Hapq1 32°

where
© =64 (—4)""1 (n2 - 2) HZ, 1+ ()™ (n+ D2 HE, ) + 27274227 f2n(n + 1) (7).

d (m=-1,7=0)
If(p?x — 1)p~2(2% — (% —2)p 2z +p~*) #0,ie,

. (P —2)p 2 +/(p2 — 4)p~2 . (P —2)p™2 —\/(p% —4)p~2

2 2

—2
T FEp T,

then
o

3 FH?2, = s
kz::U TR 2 - )z —p2) (a2 — (p2 — 2)p 2z +p—4)

where

D= (z—p 2)P? -2 T H? |+ (- *-2)p D (z—p ) -z HE, - (p® - )p (P02 + 4p’z -
3pia + 2p2n T2 (p2 — 4)2" 1 4 4)

and if (p?z — 1)p~2(z? — (p?2 —2)p 2z +p %) =0, ie,

@ =2p 2+ (p? —p2 e — (P> —2)p™2 —\/(p? — 4)p—2 s

orx =p
2 2 ’

then
A

e HZ ) = — 2 2 —2 2 —4y’
=0 (p? —4)(3z2 —2(p2 — 1)p—2z + (p2 — 1)p~*)

where
A=@ —)((n+2z—p *(n+ ))"H2, 1 + (@ - H@n +3)2 - p?2(p® — D(n+2) + (p* - 2)(n +
Y2 HZ, 4+ (p? — p (=207 (®% — D) (n + 1)z" — 2pz + 3p® — 1)
e (m=-2,j=0)
If (m — p_4) (z2 — (p4 - 4p2 + 2)p_4z + p_g) #0,ie,

—4

" — 4p? +2)p~ 4 + /(02 — 9)((»? — 2)2p=6 ;) " — 4p? + 2)p~* — /(02 — 9)((r? — 2)2p~©
,T

T » T s
# p 2 #p
then
n
S tnty, - :
= (p?2 —4)(z —p~*) (22 — (p* — 4p2 +2)p~ 4z +p~8)
where

13
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O =(z—p HP?-2" T HZ, o+ (@— ' -4 +2)p (e —p (P2 — )" T HZ, + (2 —)p 2 (—p8(p® -
2)2932 Jr1)4(3104 _ 12p2 +8)x — 2p4n+6<p2 _ 4>zn,+1 — 1)
and if (z — p74) (z? — (p4 —4p? +2)p dz+p8) =0,andp? £ 2ie,

@* — 4p” + 2)p~* + /(02 — )(@2 - 2)2p~0 (' —4p? +2)p~* — /(02 — 4)((p2 — 2)2p~6 a
2 ore= 5 orz=p ",

(andp? # 2,ie,p % —V/2,p # /2) then

“ k 72
D> aHZ,,
k=0

xr =

A
T (2 — ) (322 — 2(p2 — 1)(p2 — 3)p~—dz + (»2 — 1)(p2 — 3)p—8)’

where
A=@ = 0)((n+2e—p (n+1)2"H2 5 o+ (0% — (@ — (0? —4p? +2)p 2" T+ (2 = p~) (n+2) 2 —
(p* —4p® +2)p~* (n + 1))z H2 5, + (p? — Op~ 5 (—2p2"p*" (p% — 1) (n + 1) — 2p*(»? — 2)%x + 3p* — 12p? +8)

and if (1‘ — p74) (z2 — (p* —4p? +2)p 2tz +p %) = 6%1(41 — Dz +1)2 =0,z #£p *= i andp? =2ie.,

e — a2 02— (2 - 228 -+ 2 - 2 - (2 228 1

2 2 4

x

andz #p~* = % (andp® = 2,ie,p = —v2,p = V2) then
£ (1)
k=0
where
o=-a(-1)" (m+1?H2,, L+ 5 (-1)" T (R -2) B2y, —nmt 22 (1)
M (m=-2,j=1)
If (z — p_4) (12 — (p4 —4p? + 2)p_4z +p_8) #0,ie,

(' —4p® +2)p~* + /(2 — 0)((p% — 2)2p~6 (' —4p? + 2)p~ 1 — /(2 — 4)((p% — 2)2p—6 .
z # T # YT FED T,
2 2
then
n

> zkH32k+1 = ki )

P (P2 —4)(z —p~4) (22 — (p* — 4p?2 + 2)p~ 4z 4+ p~8)
where

@ =(z—p HP?—Dz" T HZ, g+ (z—(p*—1p®+2)p ) (@—p NP0 HZ, |+ —D)p 2 (—pP (% -
3)222 4 pt(p? — 4p? + 2z — 2pI"HA(p? _ )zl _ 1)
and if (7‘ — p74) (mz — (p4 - 4p2 + 2)p74m + pig) =0, andp2 #2ie,

(p* —4ap® +2)p~ " + \/(;n2 - 4)((p? - 2)2p~6 (p* —4p® +2)p~* — \/(p2 —4)((p? —2)2p~© _a
z = 3 orx = 5 ore =p 4,

(and p? # 2, ie,p # —V/2,p # V2) then

= k 172
D HIy =
k=0

A
(P2 — ) (32 — 2(p2 — 1) (p2 — 3)p~4z + (p2 — 1)(p2 — 3)p~8)~

where
A= @ —((n+22—p 4+ 1)a"H2,, 5+ 0% — H((@ = (" —4p* + 2" Ha"H 4 (2 —p ) (n+2) 2 -

2
(* = 4p? + 2)p™* (n+ 1)a™ H2 5,1 + (0% — Dp S (=207 (0% — D(n+ Dz — 2p* (p2 = 3) @ +pt —4p% +2)

and if (z — p74) (z? — (p4 —4p? +2)p dz+p 8 = é(4z — DAz +1)2 =0,z #£p %= % andp? = 2ie,

B ) R A i I i I e i R L I i o S

2 2 4

andz #p~* = % (andp® = 2, ie,p = —v2,p = V2) then
" 1Nk, e
> (=3) Haein =2
k=0

where
o=-a(-1)" m+1?HZ g+ 5 (-3)" T (R = 2) B2y A n (e )22t (S 1)

14
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Note that in the last corollary, the case p® # 4 so that p? — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p> — 4 = 0 is given in Soykan [16, Corollary 2.3].

From the above proposition, we have the following corollary which gives sum formulas of p-Oresme
numbers (take W,, = O,, with Oy = 0,0, = %).

Corollary 2.4. Suppose that p* # 4 so that p*> — 4 # 0. Forn > 0, p-Oresme numbers have the
following properties:
(@ (m=1,7=0)

If (a; — p2) (z? —p?(p* — 2z +p*) #£0, e,

l’7ép2(p?72)+2 P-4 e -2) - CalCalul) R}

then

where

P = (z—p°(p° —2))(x —p*)(P* —D)z" 'O} + (z — p*)(p* — D" Oh_y —p TP (p? - 4)
(P*" (z +p*) — 2p°2")z

and

if (a: — p2) (2?2 —p?(p*> — Dz +p?) =0, ie,

PP —2)+ /PP (p? — 4) PP —2) — /PO (p? —4) e
= 5 orx = 5 orx =p-,

xT

then
A

ZxkOi = 4
= (p? — 4)(322 — 2p*(p* — Dz + p*(p* — 1))

where
A==z —p*(p* = 2))2" " + (2= p?) (n+2) 2z — (n+ 1)p* (p° - 2))2")O} + (p° —
((n+2)z = p*(n+1)z" 0% +p~ " 2(p* — 4)(—p*" (22 + p*) + 2p*(n + 1)a")
(b) (m=2,5=0)
If (z — p4) (z2 — p4 (p4 - 4p2 + 2) T+ pg) #0,ie,

p (0" — 4p° +2) + Vp10(p% — 4)(p% - 2)° P! —4p® +2) — VPIO(? — ) (p? - 2)? 4
T # , T # , T £ D,

2 2

then
i

n
> @F03, =
= (p?2 — 4)(z — p*) (22 — pt(p* — 4p2 + 2)z 4 pB)

where

P = (v —p(p* —4p” + ) (@ — pH(P* — H2" 103, + (@ — p") (P — D" O3, _, —p TR -~ D (@ +
pt) — 2pta™)z

and if (z — p4) (z?® — p* (p4 —4p? + 2) z+pd)=0andp? #2ie,

rz:p4,

T =

Pt —4p? +2) + VP2 - D7 -7 et - p? +2) - VPO — D - 2)7
2 2
(and p? # 2) then
n © 2 A
> 205 = 2 2 10,2 2 2 2
= (p?2 — 4)(322 — 2p%(p? — 1)(p? — 3)z + p3(p? — 1)(»? - 3))

where

15
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A= =) (@ —p' 3" —4p? +2)2" T + (2 = p) (n+ 2o —p (p* — 497 +2) (n + 1))2™)03,, + (P2 = ) ((n +
2z —p*(n +1)e" 03, _o +p "0 (0% — 4)(—p*" (22 + p*) + 2p* (n + 1)2™)

andif(z 71)4) (:52 7p4 (p4 - 4p2 +2) z+p8) = (z — 4)(z+4)2 =0,z # p4 = 4andp2 =2ie,

_ et -+ )+ VPR -9 - 27 et —4p” +2) - VPO — 9% —2)7
2

= —4,
2
andz # p* = 4 (andp® = 2, ie,p = —v/2,p = V/2) then
n o
> (—vkos = —
E—0 32
where
© =64(—)""1 (n? —2) 03, + ()" (n+ 12 03,,_, +p~ 2272022 4 n(n+1) (")
€ (m=2,j=1)
If (z — p4) (1:2 —pt (p4 —4p? + 2) T+ pg) #0,ie,
(0 —4p® +2) + VPO — 4)(p® — 2)? p*(p* — 4p® +2) — VP02 —4)(p? — 2)2 4
z # T # x#E D,
2 2
then
i F 0341 = °
= + (p?2 — 4) (= — p*) (22 — p*(p* — 4p2 + 2)z + pB)
where

@ = (z—p*(p* —4p® +2)) (@ — p1)(p? —0)2" 103, |1 + (x —p")(P? —4)2"TT0Z, _, —p T T2(p? — ) (" (p® +
2p6a: - 2p4r + zz) - 2p6z"+1),

and if (z - p4) (:52 - p4 (p4 - 4p2 + 2) T +p8) = Oandp2 #2ie,

_ Pt ) VT2 - D =22 pt et - 4p® +2) - VTR - )07 - 27 4
2

= re =p-,
2

(and p? # 2) then

" A
k ~2

E " O = s

St TR T (02 Z ) (322 — 2pt (p? — (P2 — B)z + p®(p2 — 1)(p? — 3))

where
A= @2 =)@ pt(p* =497 +2)2" T+ (o = p?) (n+ 2) 2 = p? (pF = 497 +2) (n + 1))2™)0F, 1 + (02 — D ((n +
2z —p*(n+1)2" 03,y +2p~ T2 - ("™ (—z — p® + p*) + PO (n + Da™),

andif(z 7p4) (z? —pt (p4 — 4p? +2) z+pd)=(—-)(z+4%>=0,cx #£p*=4dandp? =2ie,

_ et — 4 )+ VPO D62 - 2)2  ptet —4p® +2) — VPO — (% - 2)?

N 2 2

—4,

andz # p* = 4 (andp? = 2, ie.p = —V/2,p = V/2) then

n

€]
kA2

S (a0 =—,
k:()( )" O2p 41 32

where

© =64 (—4)n~1 (n2 - 2) 02,41 + ()" (n 4+ 1)2 03, + 272742227 an(n + 1) (—4)™)).
d (m=-1,j=0)

If(p2e — 1)p~2(x% — (p2 —2)p~ 22 +p~ %) #£0, ie,

% —2)p 2 + /(2 —4)p—2 . % —2)p2 — /(p2 — 4)p~2
x

s

2 2

—2
z # T FEp T,

then

@ Oy = 2 —2Y (g2 2 —2 —4y’
E=0 (p?2 —4)(z —p~2)(z? — (p? = 2)p~ 2z +p~*)

where
@ =(x—p 2)(p?-4)a" 102, L +(@— (> -2)p ) (z—p (P> —z"T10%  +(p2—4)p *(2p* 2" —pPz— 1)z

16
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andif(p2ac — 1)p72(a:2 — (p2 — 2)p72x + p74) =0,ie,

@ =2p 2+ /(P —p2 e — (P> —2)p2 —\/(p% —4)p~—2 .

orx =p
2 2 ’

then
A

i mkoik = ,
= (p?2 —4)(3z2 = 2(p% — Vp~ 2z + (p2 — 1)p~*)

where
A= (@ -((n+2z—p 2(n+1)2"0% 1 + @ - D + 3)2? — pa@® - 1) (n+2) + (p? — 2)(n +
1))p~*2m02, + (p? — 9)p~ (2% (n + )a™ — 2p2z — 1)
(e (m=-2,35=0)
If (ac — p74) (ac2 — (p4 - 4p2 + 2)p749: + pig) #0,ie,

(" — 4p +2)p~* + /(02 — 9)((p? — 2)2p—6 . ¥t =42 +2p~ = /02 - (> —2)%p O

—4
x # 2 2 T FEDP T,
then
2 ka2 @
D> @t0y = ,
=0 (p?2 —4)(z —p~*) (22 — (p* — 4p%2 +2)p~ 4z +p~8)
where
O =(z—p HP*-0)2"T10%,, o+ (@— ' —4p?+2)p V(@ —p ) (P? 02" T102,, + (® —)p~ O (2p? " -
ptz — Dz
and if (z — p74) (z2 — (p4 —4p? +2)p dz+p8) =0,andp? £ 2ie,
" — 4% +2)p~* + /(02 — (@2 — 2)2p~6 " — 4% + 2)p~* — /(0% — 2)((0? — 2)2p—6 4
T = orx = orr =p s

2 2
(andp? # 2,ie,p % —/2,p # /2) then

- ko2 _ A i
P T Ve T e e e T P

where
A= = )((n+2)z—p~H(n+1)2"0%,, o+ B? - (@ — (p* —4p* +2)p™ 2"+ (2 = p~) (n+2) 0 —
(p* —4p® +2)p~* (n 4+ 1))2™) 02,5, + (% — 9)p~ % (2p*" (n + 1™ — 2p*x — 1),

and if (z - p_4) (z2 — (p* —4p? +2)p 2z +p %) = 6%1(41 — Dz +1)2 =0,z #£p *= i andp? =2ie,

-4+ 2p T+ V(2 — 4)((p? - 2)2p—6 @' —4p? +2)p7 V(02 — 4)((p? - 2)2p=6 1

="

2 2 4

andz # p~* = § (andp® =2, ie,p = —v2,p = V2) then

where

©=—4(-1)" (n+ 1202, 1+ 1 (-1)" " (n2—2) 02,5, + 4 2@ 0+ 1) (=1)" + 1)
M (m=-2,j=1)

If (z - p"‘) (2 — (p* —4p? +2)p Yz +p~8) £ 0, e,

" — 4% + 20~ + /(02 — 0)((p? - 2)2p=0 D V% — ) (02 - 2)2p=5
2 o 2

—4
T FED T,

then
o

n
k2

z O = >

2 O T G S - B = 4 T D )

where
&= (z—p HP?-0)z"T10%,, s+ (z—(p*—1p>+2)p N (@—p M (P> -0 T 02, + (P —1p M (—pP(p—
D2(p + 1)%e® +p* (0" — 4p? + 2)z + 2p* " H 0T 1),

17
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and if (ac — p74) (ac2 — (p* —4p? + 2)p74$ +p %) =0,andp> #£2ie,

0t -4 +2p 7t 4 /02 — (92 — 2)2p—O ore — " —4p? + 2)p~* — /(02 — 2)((p? — 2)2p—6
N 2 = 2

orx = p_4,

(and p? # 2,ie,p # —V/2,p # V/2) then

n
A
k ~2
O = s
,;2 PR (p2 — (322 — 2(p2 — 1)(p2 — 3)p—daz + (p2 — 1)(p? — 3)p—8)

where
A= = )((n+2)z—p~H(n+1)2"0%,, 5+ B? - (@ — (p* =49 +2)p 2" T + (2 = p~) (n+2) 0 —
(0" —4p® +2)p™* (n + 1))2™)O02 5, 1y + (0® = Dp~ 0@ T (n + D" —2p* (0 — D (p + D7z + p* — dp® +2),

and if (ac — p74) (ac2 — (p4 - 4p2 + 2)1)7430 + pig) = 61—4(432 —1)(4z + 1)2 =0,z # p74 = % andp2 =2ie,

G 2 2 - (@2 -2 -2 = 02 - (2 - 2296 1
- 2 - 2 4

andz #p~* = % (andp® = 2,ie,p = —v2,p = V2) then
2": ( 1)ko2 e
- —2k+1 = 5
k=0 4 2
where
—1
0=-1(-1)"(n+1)20%,, 5+ % (1) (n?=2) 0%s 1 +p 2(n(n+ 22 (=1)" + 1),

Note that in the last corollary, the case p® # 4 so that p? — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p> — 4 = 0 is given in Soykan [16, Corollary 2.4].

Taking = = 1 in the last three corollaries we get the following corollary.

Corollary 2.5. Suppose thatp® # 4 so thatp® — 4 # 0. Forn > 0, modified p-Oresme numbers and
p-Oresme-Lucas numbers and p-Oresme numbers have the following properties:

1. modified p-Oresme numbers:

(@) Ifp? #1 then

n - ®
2= @ D)

where
P = (—p'+2p*+1)(1-p*)(p* —4)Gh+ (1 -p*)(P* )Gy —p "M (P* =) (P*" (14
p°) —2p°)
and ifp® = 1 then
S G =326+ Gy 20— 1),
k=0
(b) Ifp? 1 then

T (P-4 (1—p") (207 +1) (2" — 2 + 1)

where

= (—p° +4p° —2p* + 1)(1 — p")(p* —4)G3, + (1 —p*)(p* — 4)G3,_o —p "3 (p* —
4)(p*" (1 + p*) — 2p*)

and if p? = 1 then

< 1
Zng = §(2G§n + G5, o+ 2n—1).
k=0

18
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(c) Ifp* # 1 then
(0]

Gori1 =
kZ:O FHT -1 —pH) 207+ 1) (2" — 202 + 1)

where
@ = (—p*+4p° —2p" + 1)1 —p")(P* —4)G5 11 + 1 —p")(P* —4)G3 1 —p " (p* —

4)(p* (1 = 2p* +2p° +p%) — 2p°)
and ifp® = 1 then
~ 1
Z ng+1 = §(2G§n+1 + ng—1 + 2n).
k=0

(d) Ifp® #1 then
@

2= @

where
= (1-p )" -
and ifp® = 1 then

DG, +2p (1 —p )P - )G, + (p° —4)p 2 (2p*" —p* — 1)
= 2 1 2 2
> G = 3G +26Y 20 - 1),
k=0

(e) Ifp? #1 then
> .
— (P*=4)A—p )1 —(p* —4p> +2)p~* +p~®)

where
P=(1-p )P —4)G 2+ (1 —(p* —4p" +2p A —p ) (P* - 4G22, + (p° —
Hhp~t(2p™ —p* - 1)

and ifp® = 1 then

- 1
Z G%Qk = g(GQ,Q,,H,Q + 2G272n + 2n — 1)
k=0

() Ifp? #1 then
zn:G2 2k+1 = e
T (2 -4 (1L—p (1 - (0 — 4> +2)p 4 p7F)

where
D=(1-p (P —4)G%2 3+ (11— —4p* +2)p (1 —p ) (P* —4) G201 + (P —

Hp P (—p’(p—D*(p+ 1)* +p'(p* — 4p® +2) + 2p"" 0 — 1)
and ifp? =1 then

n

1
> Gl = g(c:%%+3 +2G? g1 + 20+ 1).
k=0

2. p-Oresme-Lucas numbers:

(a) Ifp* # 1 then
)

2= G @ D

19
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where
®=0p -1)p —49p*—2p> - DH, + (1 —p*)(p> —DH:_1 +p " —4)(8 —
2p? — p*"(p* +5))
and if p* =1 then

n

1
> Hi= g(QHZ + H._y +6n+3).

(b) Ifp? #1 then
u )

D Ha = (P2 —4)(1 — p*) (1 — p*(p* — 4p* + 2) +p®)

where
®=1-p'(p* —4p>+2))(1—p"(p* —DH3, + (1 —p"(p* —4)H3, o +p " (p* —

4)(p*"(—p® — 12p° + Tp* + 4p® — 4) — 2p°(p* — 1))
and if p?> =1 then
< 1
Z H3), = §(2H22n + H3, 5 +6n+3).
k=0

(c) Ifp* # 1 then

n (D
ZHS}CH: 2 4 1( 4 2 )
= (p* —4)(1 —p*)(1 — p*(p* — 4p*> + 2) +p®)

where
®=(1-p'(p* —4p* +2))(1—p (P> — ) Hsp 1 + (1 —p")(p* —4)H3, 1 —p " (p* -

4)(p"" (1 + 6p* — 2p° + p®) + 2p* (p* — 4))
and if p? = 1 then
- 1
2H22k+1 = §(2H22n+1 +H3 1+ 6n).
k=0

(d) Ifp? #1 then
- o

2= =@

where
d=(1-p)p"—4H?, 1 +2p A —p )P* —4H2, — (p° —4p°(° + 4p* —
3pt +2p"" 2 (p* —4) + 4)
and ifp® = 1 then
~ 1
D HZy = S (HZ, 0+ 2H2,, + 60+ 3).
k=0

(e) Ifp* #1 then
S = :
— (P*=4)A—p )1 - (p* —4p*+2)p~* +p~?¥)

where
D=(1-p P - 4H25 o+ (1 - (p" —4p° +2)p" (1 —p~ ) (p* -4 HZs, + (p° —
Hp~ 2 (—p*(p® — 2)% +p(3p" — 12p* +8) — 2p" O (p” — 4) — 4)

and if p? =1 then

= 1
k=0

20
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(f) Ifp* 1 then
zn: HZ 51 = ‘134 1
— P*—=4)(1 —p=*)(1 — (p* — 4p? + 2)p=* + p~¥)

where
P=(1-p (P —DH? 15+ (1 — (" —4p" +2)p (A —p ) (P* — D) H? 211+ (p° —
Dp (= (p* =3 +p'(p* —4p” +2) — 2" (P* —4) - 1)
and if p? =1 then
Z H? 2k+1 = H ont3 T 2H? ont1 + 61— 3).
3. p-Oresme numbers:
(@) Ifp* #1then
7T (2 — )1 - p?) (22 + 1)
where
O = (—p*+ 20> + 1)1 — pH)(®P* — 402 + (1 — pH)(®* — 4)02_1 — p~ " T2(p* — 4)

(" (1+p%) — 2p?)
and ifp* =1 then
> o= é(zoi +05 1 +2n—1).

k=0
(b) Ifp* # 1 then
S 03, = 2
2. 0% = G A= (1 — g — 4P 4 2) 4 )
where
®=(1-p'(p* —4p> +2))(1 —p*)(p> —4)03, + (1 —p*)(p* — 403, —p~ """ 0(p* —

4)(p* (1 +p*) — 2p")
and ifp® = 1 then
ZO% = 202n+02n 2 +2n—1).

(c) Ifp? #1 then

> Ohu = ¢
LT (02— 4)(1 - p) (1 - pA(p* — 4P + 2) + pd)

where
P = (1-p'(p" —4p* +2))(1 = p")(p* = 403,11 + (1 -
4)(2p4p4n _ 2p6p4n _ p8p4n _ p4n + 2p ) —4n

and ifp® = 1 then

pH(P* — 403, +p*(p* —

202k+1 = 2O2n+1 + O2n 1+ 2n).

21
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(d) Ifp? # 1 then

n

d

k=0
where

D

p=2)(2p2 +p~*)

P=1-p P> —4)02, 11 +2p *(1—p (P’ —4)0%, + (p* —4)p *(2p"" —p* — 1)

and ifp? = 1 then
1

i 0%y =
k=0

3

(e) Ifp® # 1 then

(0% 11 +20%, +2n—1).

)

> O =g
k=0

where

p? —4) (1 —p=)(1 = (p* —4p> + 2)p~* +p~8)

P=(1-p P —4)0%s 10+ (11— (" —4p" +2)p A —p H(P* — 4025, + (p° —

4)p—6(2p4n _ p4 _ 1)
and if p? =1 then

k=0

(f) Ifp* # 1 then

1
Z 02,2]c = g(ozgn+2 + 202,2,,1 + 2n — 1)

)

2 0%t = GE gy =i -

where

(p* —4p? +2)p~* +p~8)

P=(1-p (P’ -4)0%s 3+ (11— (' —4p* +2)p (1 —p ) (p* —4) 025,41 + (p* —
Dp M (—pPlp—1)*(p+1)° +p* (" — 4p* +2) + 2p"1° — 1)

and if p* = 1 then

n 1
Z 0272k+1 - 5(032n+3 + 2027277,«&»1 + 2n + 1)
k=0

Note that in the last corollary, the case p? # 4 so that p*> — 4 # 0 is considered. The sum formulas for
the case p? = 4 so that p> — 4 = 0 is given in Soykan [16, Corollary 2.5].

3 CONCLUSION

Recently, there have been so many studies of the
sequences of numbers in the literature and the
sequences of numbers were widely used in many
research areas, such as architecture, nature,
art, physics and engineering. In this work, sum
identities were proved. The method used in this
paper can be used for the other linear recurrence
sequences, too. We have written sum identities
in terms of the generalized p-Oresme sequence,
and then we have presented the formulas as

22

special cases the corresponding identity for the
modified p-Oresme, p-Oresme-Lucas and p-
Oresme numbers. All the listed identities in
the corollaries may be proved by induction, but
that method of proof gives no clue about their
discovery. We give the proofs to indicate how
these identities, in general, were discovered.

We can summarize the sections as follows:

e Insection 1, we present some background
about generalized p-Oresme numbers.
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e In section 2, summation formulas have
been presented for the generelized p-
Oresme numbers. As special cases,
summation formulas of modified p-
Oresme, p-Oresme-Lucas and p-Oresme
numbers have been given.
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