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Abstract

In this study, we define the binomial transform of the generalized fourth order Pell sequence
and as special cases, the binomial transform of the fourth order Pell and fourth order Pell-Lucas
sequences will be introduced. We investigate their properties in details.
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1 INTRODUCTION the fourth order Pell and fourth order Pell-Lucas
sequences. We investigate their properties in the

In this paper, we introduce the binomial transform  next sections. In this section, we present some

of the generalized fourth order Pell sequence properties of the generalized (r, s, ¢, u) sequence

and we investigate, in detail, two special cases (generalized Tetranacci) sequence.

which we call them the binomial transform of
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The generalized (r, s, t, u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci
sequence) {W,,(Wo, W1, Wa, Ws;r, s, t,u) }n>0 (Or shortly {W, },>0) is defined as follows:

Wn=rWn_1+sWp_o+tW,_3+ ’U,Wn74, Wo = Co, Wy = c1, Ws = c2, W3 = c3, N> 4 (11)
where Wy, W1, W, W3 are arbitrary complex (or real) numbers and r, s, t, u are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [1],[2],[3],[4],[5].[6],[7]. The sequence
{W,}»>0 can be extended to negative subscripts by defining

t s r 1
W_pn=—W_(n1)— —W_(n2y — —W_(n- —W_(n—
5 T W) = W) T Wo(nea)
forn =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integers n.

In literature, for example, the following names and notations (see Table 1 and Table 2) are used for
the special case of r, s, ¢, w and initial values.

Table 1. A few special case of generalized Tetranacci sequences

No Sequences (Numbers) Notation References
1 Generalized Tetranacci {Va} = {W,,(Wo, W1, W, W3;1,1,1,1)} [8]

2 Generalized Fourth Order Pell {Vo} = {W,(Wo, W1, Wo, W3;2,1,1,1)} [9]

3  Generalized Fourth Order Jacobsthal {Vo} = {Wn(Wo, W1, Wa,W3;1,1,1,2)} [10]

4 Generalized 4-primes {Va} = {W,,(Wo, W1, Wa, W3;2,3,5,7)} [11]

Table 2. A few special case of generalized Tetranacci sequences

No Sequences (Numbers) Notation OEIS[12] Ref.
1 Tetranacci {M,} ={W,(0,1,1,2;1,1,1,1)} A000078  [8]
2 Tetranacci-Lucas {Rn} ={W.(4,1,3,7;1,1,1,1)} A073817  [8]
3 fourth order Pell {P} = {W,(0,1,2,5; 2, 1,1} A103142  [9]
4 fourth order Pell-Lucas {QVY = {Wn(4,2,6,17;2,1,1,1)}  A331413  [9]
5 modified fourth order Pell {E,(f‘)} {W,(0,1,1,3;2,1,1,1)} A190139 [9]
6 fourth order Jacobsthal (I} = {W,n(0,1,1,1;1,1,1,2)}  A007909 [10]
7 fourth order Jacobsthal-Lucas {3(4)} ={Wx,(2,1,5,10;1,1,1,2)}  A226309 [10]
8 modified fourth order Jacobsthal (KM} = {Wa(3,1,3,10;1,1,1,2)} [10]
9 fourth-order Jacobsthal Perrin {Q,(f)} ={Wxr(3,0,2,8;1,1,1,2)} [10]
10 adjusted fourth-order Jacobsthal {SV} = {W,(0,1,1,2:1,1,1,2)} [10]
11 modified fourth-order Jacobsthal-Lucas {Rff)} ={W,(4,1,3,7;1,1,1,2)} [10]
12 4-primes {Gr} ={W,(0,0,1,2;2,3,5,7)} [11]
13 Lucas 4-primes {Hn} ={W,(4,2,10,41;2,3,5,7)} [11]
14 modified 4-primes {En} = {W,(0,0,1,1;2,3,5,7)} [11]

As {W,} is a fourth order recurrence sequence (difference equation), it's characteristic equation (the
quartic equation) is

zt—rz® —se —tzr—u=0 (1.2)
whose roots are «, 3, v, §. Note that we have the following identities
a+B+y+6 = 1
af+ay+ad+By+pBo+v = —s,
aBy+afd+ays+ Bys = t,
afyd = -—u.
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Generalized Tetranacci numbers can be expressed, for all integers n, using Binet’s formula

_ pra” p2" p3y" pad”
W = e ha—@=0) F-aB-NF -0 - -B -0 G- - e
where '
pr = Wis—(B+~+8)Wa+ (By+B6+~6)Wi — BryéWo,
p2 = Wis—(a+~v+ )W+ (ay+ ad +~v0) W1 — aydWo,
ps = Wi—(a+B8+)Wa+ (af+ ad + B0)W1 — aBéWo,
pr = Wis—(a+B+7)W2+ (af+ay+By)W1—afyWo.

Usually, it is customary to choose «, 3,v,d so that the Equ. (1.2) has at least one real (say «)
solutions. Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for
all integers n (see [13]).

(1.3) can be written in the following form:
Wy = Ar1a" + A28" + Azy™ + Asd"

where

A, = Ws — (B4 + 0)Wa + (By + 6+ v6)W1 — BydWo
(= B)la—)(a—0) ’

Ay — Wi — (a+7v+0)Wa + (ay + ad + y6)Wh — aydWo
(B—=a)(B—=7)(B—09) ’

A = Wi — (a+ B8+ W2+ (af + ad + BO)W1 — aBWo
(v —a)(y = B)(y = 9) ’

A, = Wi —(a+B+~9)Wa + (af + ay + By)W1 — aﬂ’yWO.

(6—a)(0—pB)(6—)

Next, we give the ordinary generating function >~ W,z™ of the sequence W,,.

n=0

Lemma 1.1. Suppose that fw, (z) = > W,z" is the ordinary generating function of the generalized

n=0

(r,s,t,u) sequence {Wy}n>o. Then, > W,a" is given by
n=0

= . (1.4)

i Woz" — Wo + (W1 — TWo)LE + (WQ —rWy — 8W0)332 + (Wg —rWsy — sW7 — tWo)JZS
— " 1—rx—sx? —txd — uzxt

We next find Binet's formula of generalized (r, s, ¢, u) numbers {W,, } by the use of generating function
for W,.

Theorem 1.2. (Binet’s formula of generalized (r, s, t,u) numbers)

o’ p" as" qad”

W, =

(@ A)o—)@—8) B-a)B-NB -8 (-a)y- -0 6 a)- A=)
where -

g = VV()O(3 =+ (Wl — 7"I/V0)Oé2 + (W2 —rWy — SWo)Oé + (Wg —rWo — sW7p — tWo),

q2 = V[/()ﬁ3 + (Wl — ’f’Wo)ﬁ2 =+ (W2 —rWy — SWo)ﬁ + (W3 —rWo — sW7 — tWo),

g3 = Wo’}/3 + (W1 —rWo 72 + (W2 —rWy — SWQ)’Y + (Wg —rWo — sW7p — tWo),

+

)
Qs = W053 -+ (Wl — TW0)52 (WQ —rWy — SWO)(S 4 (Wg —rWo — sW7 — tWo).

11



Soykan; ACRI, 21(6), 9-31, 2021; Article no.ACRI.75817

Note that from (1.3) and (1.5) we have

Ws — (B4+~y+0)Wa+ (By + B+ v5)W1 — BydWo = Woa® + Wy — 7"W0)oz2 + (We —rW1 — sWo)a
+(Ws — rWa — sW1 — tWh),
Wi — (a+7+8)Wa+ (ay 4+ ad +48) W1 — aydWo = WofB® + (W1 — rWo)B° + (Wa — rW1 — sWo) 8
+ (W3 — rWa — sW1 — tWp),
Ws — (a+B+0)Wa+ (af +ad + B8W1 —aBdWo = Woy® + (W1 — rWo)y® + (Wa — rWi — sWo)y
+(W3 —rWy — sWp — tWO),
Ws — (a4 B+ 7)Wa+ (af 4+ ay + By)W1 — ayWo = Wod® + (W1 — rWo)é> + (Wa — rW1 — sWo)é

+(W3 —rWse — sW7p — tWo).

Matrix formulation of W,, can be given as

Whts ros t u\" [/ Ws

Wate | | 1 0 0 0 Wo (16)

Wit o 01 0 O Wi '
W, 0 0 1 0 Wo

For matrix formulation (1.6), see [14]. In fact, Kalman give the formula in the following form

W 01 0 0\"/ W

Watr | | 0O 0 1 0 Wi

Waez | | 0 0 0 1 Wo

Wits r s t wu W3

Next, we consider two special cases of the generalized (r, s, ¢,u) sequence {W,} which we call
them (r, s, t,u) and Lucas (r, s, t,u) sequences. (r,s,t,u) sequence {G,}.>0 and Lucas (r,s,t,u)
sequence {H,}.>o are defined, respectively, by the fourth-order recurrence relations

Gn+4 = TGn+3 + SGn+2 =+ th+1 + an,
Go = 0,Gi=1,Go=7,Gs=71"+s5,
Hyys = rHpyz3+sHupo +tHpp1 +uHy,
Hy = 4,H1:r,Hz:28+r2,H3=r3+35r+3t.

The sequences {Gr }»>0 and { Hy, }»>o can be extended to negative subscripts by defining

t s r 1
Gopn = —G_m_1)— ~G_tn_oy— —G_(n_ ~G_(n-a), 1.7
y O T G2 = Gy F G (g (1.7)

t s r 1
H_ = ——H_ n— - —H_ n— - —H_ n— ~H_ n—2) 18
N " (1)~ (n-2) = (n—3) + u (n—4) (1.8)

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.7) and (1.8) hold for all integers n.
For more details on the generalized (r, s, ¢, u) numbers, see Soykan [5].

Some special cases of (r, s, t, u) sequence {G.,(0,1,r,72+s; 7, s,t,u)} and Lucas (r, s, ¢, u) sequence
{H,(4,7,25 + 7% 13 4 3sr + 3t; 7, 5,t,u)} are as follows:

1. Gn(0,1,1,2;1,1,1,1) = M,, Tetranacci sequence,

2. H,(4,1,3,7;1,1,1,1) = R,, Tetranacci-Lucas sequence,

3. G.(0,1,2,5;2,1,1,1) = P,, fourth-order Pell sequence,

4. H,(4,2,6,17;2,1,1,1) = Qn, fourth-order Pell-Lucas sequence,

12
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5. G»(0,1,1,2;1,1,1,2) = S,,, adjusted fourth-order Jacobsthal sequence,
6. H.(4,1,3,7;1,1,1,2) = R,, modified fourth-order Jacobsthal-Lucas sequence.

For all integers n, (r,s,t,u) and Lucas (r,s,t,u) numbers (using initial conditions in (1.3) or (1.5))
can be expressed using Binet’s formulas as

G an+2 ﬁn+2 ,yn+2 5n+2
" @-Ala-N@=0  B-aB-16-9 (- -H0O-0 G-ab-F0—-1)
H, = a"+p"++"+4",

respectively.
Lemma 1.1 gives the following results as particular examples (generating functions of (r, s, ¢, u),

Lucas (r, s, t,u) and modified (r, s, ¢, u) numbers).

Corollary 1.3. Generating functions of (r, s, t,u), Lucas (r,s,t,u) and modified (r, s, t,u) numbers
are

oo
x
E Gpx" = .
. 1—rz — sx2? —te3 —uxt’
-
[e o)
ZH n 4 — 3rz — 2s2? — ta?
nZ =
1—rz — sx? —tx3 —uxt’

n=0

respectively.

The following theorem shows that the generalized Tetranacci sequence W,, at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.4. Forn € Z, for the generalized Tetranacci sequence (or generalized (r, s, t, u)-sequence
or 4-step Fibonacci sequence) we have the following:

1

W—n - 6(_u)_n(_6w3n + 6HnW2n - 3H727,Wn + 3H2an + WOH137, + 2W0H3n - 3WOHnH2n)
1 1 1
= (=) TN (Way — HyWan + 5(H;i — Hop)W,, — 6(1{5‘; + 2H3,, — 3H2, H, ) Wo).

Proof. For the proof, see Soykan [15, Theorem 1.]. O
Using Theorem 1.4, we have the following corollary, see Soykan [15, Corollary 4].

Corollary 1.5. Forn € Z, we have

@) 2(—u)" TG, = —(3ru® 4+ 2 — 3stu)?G3 — (25u — t2)2°G? 3G — (—7t* — tu + 2rsu)?G2 1 ,Gr
— (—st® 4+ 25%u + 4u® + rtu)?>G2 L1 Gy + 2(3ru® + 3 — 3stu) ((—2su + t2)Grps 4+ (—rt? —tu+
2rsu) G+ (—st® +252u+4u +rtu) G 1) Ga +2(25u—12) (—rt? —tu+2rsu) Grt3 G2 Gr -+
2(2su — t2)(—st? 4+ 25%u + 4u? 4+ 1tu) Gnt3Gni1Gn — 2(—st2 + 252w + 4u? + rtu) (—rt? —tu +
2rsu)Gn4+2Gny1Gn — 2Gsput + uz(—qu + 13 Gong3Gn + u?(—rt? — tu + 2rsu)Gant2Gn +
u2(—st2+252u+4u2 +7tu)Gont1Gr —242 (2su—t2)G2nGn+3 +2u? (—rt2 —tu+2rsu)GonGria+
2u2(—st2 + 282 + du® + 7tu)GonGny1 — 3u2(37“u2 + 13— 3stu)GanGhr.

(b) H—n = % (7u)_n (H'?L + 2H3n - 3H2an) .

13
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Note that G_,, and H_,, can be given as follows by using Go = 0 and Hy, = 4 in Theorem 1.4,
%(—u)*"(—wgn + 6HpGap — 3H. G + 3H2nGn),

% (—uw)™" (H}) + 2H3p — 3Hap Hy) |

respectively.

In this paper, we consider the case r = 2,s = 1,t = 1,u = 1 and in this case we write V,, = W,,. A
generalized fourth order Pell sequence {V,.}.>0 = {Va(Vo, Vi, V2, V3) }n>0 is defined by the fourth-

order recurrence relations
Vn = 2Vn71 + Vn72 + an?: + Vn74

with the initial values Vo = ¢o, Vi = ¢1, Va = ¢2, Va3 = ¢3 not all being zero.

(1.9)

The sequence {V, },>0 can be extended to negative subscripts by defining
—n==V_(ne1) = Vo(no2) = 2V_(n—3) + V_(n_u)
forn =1,2,3,.... Therefore, recurrence (1.9) holds for all integer n.

As {V,} is a fourth order recurrence sequence (difference equation), it’s characteristic equation (the
quartic equation) is
-2 — P —x—1=0

The approximate value of the roots «, 5, v and ¢ of Equation (1.10) are given by

(1.10)

a = 2.592052792,
B = —0.6631378984,
v = 0.03554255298 — 0.76191078774,
6 = 0.03554255299 + 0.76191078774.
Note that we have the following identities:
at+B+y+d = 2
af+ay+ad+By+po+y6 = -1,
afy+afd+ays+Byd = 1,
afyd = -1

The first few generalized fourth order Pell numbers with positive subscript and negative subscript are
given in the following Table 3.

Table 3. A few generalized fourth order Pell numbers

Vo Von

Vo VO

W -V -Vi-2V,+V;
Va Vs +3V2 -V,

Vs =2V +5Vo+ V1 — VW

2Va+Vo+Vi+ Vg
5V3 + 3V + 3Vi 4+ 2V,
13V5 4+ 8V + 7V1 + 5V)

Vs —4Vs +2V1 + 4V,
4V — 9Vp — 2V — 4V
—2V3 +6V2 — 3Vi 4+ 2V,

34Vs 4+ 20V5 + 18V1 + 13V,

88V3 + 52Vo + 47V + 34V,
262V3 + 155V, + 140V; + 101V,
693V3 + 410V2 + 370V1 4+ 267V,

S0 0o Uk w R oS

—6V3 + 16V2 + 21 — 7V
Vs =8V +7Vi + 17V
13V3 —29V> — 5V — 18V
—4V3 + 11V, — 9V + 17V

14
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(1.3) can be used to obtain Binet’s formula of generalized fourth order Pell numbers. Generalized
fourth order Pell numbers can be expressed, for all integers n, using Binet’s formula

V. — pra” n p2B" 3" n pad”
"Ta=-B)la=(a=08) (B-a)(B-7)(B- 5) (Y=—a)y=B)(v—=9) (6—a)(0— B)Ef 1-&)
where '
o= Va—(B+7y+8)Vat (By+B0+78)Vi — BryoVh,
p2 = Va—(a+v+0)Va+ (ay+ad+~9)Vi —aydVh,
p3s = Va—(a+B+6)Va+ (af+ ad+ B6)Vi — aBdV,
pa = Va—(a+B+7)Va+ (af+ay+B7)Vi —aByVo.

Now we define three special case of the sequence {V;,}. Fourth-order Pell sequence {P{"}, > and

fourth-order Pell-Lucas sequence {Qn >}n>0 are defined, respectively, by the fourth-order recurrence
relations

Py, = 2P(4)3+P£‘22+P‘4>1 +pPW, pW =0 pPW=1pP"=2pP" =5 (112
Qs = 200+ QL+ QM+, QY =4,V =2,Q5Y =6,Q{" =17, (1.13)

The sequences {P,§4>}n>o and {Qﬁf }n>0 can be extended to negative subscripts by defining

@ _ (4) (4) 4) (4)
an - _P—(n—l) P —(n—2) 2P —(n—3) + P—(n—4)
4 _ (4) (4) (4) (4)
QL = -QC (n—1) - Qz (n—2) 2Q- (n—3) +Q—(n—4)

forn =1,2,3, ... respectively. Therefore, recurrences (1.12)-(1.13) hold for all integer n.
In the rest of the paper, for easy writing, we drop the superscripts and write P, and @,, for PY and
) respectively.

Note that P, is the sequence A103142in [12], E,, is the sequence A190139 in [12]. Next, we present
the first few values of the fourth-order Pell and fourth-order Pell-Lucas numbers with positive and
negative subscripts:

Table 4. The first few values of the special fourth-order numbers with positive and
negative subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
P, 0 1 2 5 13 34 88 228 591 1632 3971 10293 26680 69156
P, 0 O 0 1 -1 0 -1 4 —4 2 -7 17 —18 17
Qn 4 2 6 17 46 117 303 786 2038 5282 13691 35488 91987 238435
Q- 4 -1 -1 -4 11 -6 2 —22 43 —-31 34 —111 182 —170

Next, using (1.11), we present the Binet formulas of fourth-order Pell and Pell-Lucas numbers.

Corollary 1.6. Binet formulas of fourth-order Pell, Pell-Lucas and modified Pell sequences are

an+2 /Bn+2 ,_Yn+2

5n+2

(@=Bla—@—0)  B-aB-DB-09)  -a)lr—BFH -0
Qn — Oén+,6n+"}/n+5",
respectively.

15
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Next, we give the ordinary generating function 3 V,,z" of the sequence V..

n=0

Lemma 1.7. Suppose that fv, () = > V,a" is the ordinary generating function of the generalized

n=0
fourth-order Pell sequence {V,}n>0. Then, > V,a™ is given by
n=0
i n Vot (Vi —2Vo)z + (Vo — 2Vi — Vo)a? + (Vs — 2Va — Vi — Vp)2®
Vax" = .
1—-2z—22% — a3 — gt

(1.14)

n=0
The previous Lemma gives the following results as particular examples.

Corollary 1.8. Generated functions of fourth order Pell and fourth order Pell-Lucas numbers are

- T
Pz" =
Zo " 1—2z— 22— 23 —a¥’
n—
o0
ZQ n 4—633—2332—333
x =
" 1—2z— 22— 23 — ot

n=0

respectively.

2 BINOMIAL TRANSFORM OF THE GENERALIZED FOURTH
ORDER PELL SEQUENCE V/,

In [16, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers
(an), its binomial transform (a,,) may be defined by the rule

n
n n .

An = i, With inversion a,, = (=1 ay,
a Z <i>a a ; <z>( )" ta
or, in the symmetric version

N ~(n i+1 P . ~ (n i+1 A

n = -1 i, with inversion a,, = J(=1 i

a ZZ:; <z>( )" a a ; <z>( )"a

For more information on binomial transform, see, for example, [17,18,19,20] and references therein.
For recent works on binomial transform of well-known sequences, see for example, [21,22,23,24,25,26,27,28,
29,30,31,32,33].

In this section, we define the binomial transform of the generalized fourth order Pell sequence V;, and
as special cases the binomial transform of the fourth order Pell and fourth order Pell-Lucas sequences
will be introduced.

Definition 2.1. The binomial transform of the generalized fourth order Pell sequence V,, is defined

by
bo=Vu=>" <Z’>V

=0

16
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The few terms of b,, are

50
b = 21;@%:%“/1,
()

2
by = Yy

7

3
- <3>%=%+3v1+3v2+v3.

Translated to matrix language, b,, has the nice (lower-triangular matrix) form

bo 100 0 0 --- Vo
b1 110 0 O Vi
b 1 2 1 0 0 Va
b3 = 13 3 1 0 V3
ba 1 4 6 4 1 Vi

As special cases of b, = V,,, the binomial transforms of the fourth order Pell and fourth order Pell-
Lucas sequences are defined as follows: The binomial transform of the fourth order Pell sequence

P, is
~ n ’rL
and the binomial transform of the fourth order Pell-Lucas sequence @, is

wx (i)

=0

Lemma 2.1. Forn > 0, the binomial transform of the generalized fourth order Pell sequence V,,

satisfies the following relation:
_ n
b1 = Z (z) (Vi + Viga).

=0

Proof. The proof follows from the following well-known identities:
7 7 t—1
n+1 n n
= =1 = 0.
Remark 2.1. From the last Lemma, we see that

buyr =bu+ <’Z> Visi,
i=0

g

17
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The following theorem gives recurrent relations of the binomial transform of the generalized fourth
order Pell sequence.

Theorem 2.2. Forn > 0, the binomial transform of the generalized fourth order Pell sequence V,,
satisfies the following recurrence relation:

bn+4 = 6bn+3 — 11bn+2 + 9bn+1 — 2b, (21)
Proof. To show (2.1), writing
bnta =71 X bpys + 51 X bpypo + 11 X b1 +ur X by,

and taking the values n = 0, 1, 2, 3 and then solving the system of equations

by = 11 Xbz+s Xby+t1 Xbi+u Xb
bs = 711 Xbs+s1 Xbz+t1 Xby+u Xby
be = 11 Xbs+ 81 Xbs+1t1 Xbzs+ur X b
bz = 71 Xbs+s1Xbs+t1 xXbs+ur Xbs

we findthat ry = 6,51 = —11,¢1 = 9,u; = —2. 0

The sequence {b,}.>0 can be extended to negative subscripts by defining

9 11 6 1
bn = 557(%1) - 757(%2) + 557(%3) - 557@74)

forn =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

Note that the recurence relation (2.1) is independent from initial values. So,

Pn+4 = 6ﬁn+3711ﬁn+2+9ﬁn+1 72ﬁn7
Qnia = 6Pnys—11Pyyo+9P, 11 —2P,.

The first few terms of the binomial transform of the generalized fourth order Pell sequence with
positive subscript and negative subscript are given in the following Table 5.

Table 5. A few binomial transform (terms) of the generalized fourth order Pell sequence

n bn b_n

0 Vo Vo

1 Vo+ W1 1 (3Vo —2Vi +3V5 — V%)

2 Vo +2V1i + Vs 2 (15Vo — 10V3 + 25V, — 9V3)

3 Vo+3Vi+3Va+ Vs 1 (89Vo — 50V1 + 159Va — 59V5)

4 2Vo +5Vi 4+ TVa +6V3 = (535V0 — 278Vi + 953Va — 357V3)

5 8Vo + 13V4 + 18V5 + 25V 2 (3193V) — 1626V; + 5655V% — 2123V3)

6 33Vo + 46V1 + 56V + 93V3 2 (18983Vp — 9638V + 33545V, — 12597V53)

7 126Vo + 172V4 + 195Va + 335Vs i (112729V — 57242V + 199095V — 74763V3)

128

The first few terms of the binomial transform numbers of the fourth order Pell and fourth order Pell-
Lucas sequences with positive subscript and negative subscript are given in the following Table 6.
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Table 6. A few binomial transform (terms)

n 0 1 2 3 4 5 6 7 8 9 10 11

Py, 0 1 4 14 49 174 623 2237 8037 28874 103724 372589
P 0o 1 _5 _27 _ 157 _ 931 _ 5533 _ 32867 __ 195165 _ 1158755 _ 6879709 _ 40845795
—n 2 1 8 16 32 64 128 256 5 1024 2048
Qn 4 6 14 45 162 591 2141 7713 27722 99576 357649 1284630
1) 4 9 37 207 1233 7359 43777 260031 1543937 9166527 54422657 323114559

—n 2 4 16 32 64 12 256 512 24 2

(1.3) can be used to obtain Binet’s formula of the binomial transform of generalized fourth order Pell
numbers. Binet’s formula of the binomial transform of generalized fourth order Pell numbers can be
given as

Cs =

Cy =

. C167 N 20
T (61— 02)(00 = 03)(01 — 01) (62— 601)(62 — 03)(62 — 6)
Cs05 C,0%

03— 01) (05 — 02)(05 — 02) " (02 — 01) (01 — 02) (01 — 03)

(2.2)

T

by — (02 + 03 + 04)bz + (0205 + 0204 + 0304)b1 — 020304bo
(Vo +3V1 +3Va + V3) — (02 + 03 + 04) (Vo + 2V1 + Vo) + (0203 + 0204 + 0304) (Vo + V1) — 020304V0,
bz — (01 + 03 + 04)bz + (0103 + 0104 + 0304)b1 — 010304bo
(Vo +3V1 4+ 3Va + V3) — (61 + 03 4 04) (Vo + 2V1 + V) + (0103 + 0104 + 0304) (Vo + V1) — 010304Vp,
bs — (61 4 02 + 04)ba + (0102 + 6104 + 0204)b1 — 016204b0
(Vo +3Vi+3Va+ V3) — (01 4 02 + 04) (Vo + 2V1 + Vo) + (0102 + 60104 + 0204) (Vo + V1) — 010204 V0,
b3 — (61 + 02 + 03)ba + (0102 + 6163 + 0203)b1 — 616203b0
(Vo +3Vi +3Va+ V3) — (61 + 02 4 63) (Vo + 2V1 + Va) + (6102 + 0105 + 0203) (Vo + V1) — 610205V0,

Here, 61, 6-,65 and 6, are the roots of the quartic equation z* — 62® + 1122 — 9z + 2 = 0. Moreover,

where

and y;

2
6 = —% +/ % — h1 = 3.59205279238617
V& — by = 0.336862101632639

2
9 91

—Z= —4\/Z=—h
2 4
2

03 = 7952 +1/ % — ho = 1.03554255299060 + 0.761910787728518%

2
g2 92

—== — h
2 4

\/ == — h2 = 1.03554255299060 — 0.761910787728518:

g = —3—vV-2+4+mn
g2 = —3+vV-2+4+mny

Y1 Yi
= - -2
fa 2 4

2
_ow Ui
hy = 2—|— 1 2

1/3 1/3
S+ (f% + %) - (% + ,/%) as the greatest real solution of the resolvent

0 =

04

cubic equation

y® — 11y° + 46y — 65 = 0.
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Note that
01 +02+03+60s = 6,
0102 + 0103 + 0104 + 0203 + 0204 + 0304 = 11,
010203 4 010204 + 010304 + 02030, = 9,
0102030, =

For all integers n, (Binet's formulas of) binomial transforms of fourth order Pell and fourth order Pell-
Lucas numbers (using initial conditions in (2.2)) can be expressed using Binet’s formulas as

- (61 — 1)%07 N (02 — 1)%03
(61— 62)(61 — 03) (61 — 04) (02 — 61)(02 — 63)(02 — 04)
. (65 —1)202 (04 — 1)267
(03 — 01)(03 — 02)(03 — 04) (02 — 01)(0a — 02) (04 — 63)’
Qn = 67 +05+65+067,

respectively.

3 GENERATING FUNCTIONS AND OBTAINING BINET FORMULAE
OF BINOMIAL TRANSFORM FROM GENERATING FUNCTION
The generating function of the binomial transform of the generalized fourth order Pell sequence V,, is

a power series centered at the origin whose coefficients are the binomial transform of the generalized
fourth order Pell sequence.

Next, we give the ordinary generating function f, (z) = > b,z of the sequence b,,.
n=0

Lemma 3.1. Suppose that f;, (z) = ioj bnx™ is the ordinary generating function of the binomial
n=0
transform of the generalized fourth order Pell sequence {V,,},>o0. Then, fv, (x) is given by

. Vo + (Vl — 5V())l' 4 (V2 — 47 + 6V0)£L'2 —+ (V3 — 3V + 2V — 3V0)£L'3
N 1— 6z + 1122 — 923 + 224 ’

fo, (2) (3.1)

Proof. Using Lemma 1.1, we obtain

bo + (b1 — 6bo)x + (ba — 6b1 + 11bg)x? + (bg — 6b2 + 11b1 — 9bg) x>

fou (@) 1—6x + 1122 — 923 + 224
_ Vo+ (Vi —5Vo)a + (Vo — 4V4 + 6Vp)a® + (Vs — 3Va + 2V4 — 3Vp)a®
- 1 — 6z + 1122 — 923 + 224
where
bo = Vo,
b = Vo+ V7,
b = Vo+2Vi+ Vo,
bs = Vo+3Vi+3Va+ Vs
O
Note that P. Barry shows in [34] that if A(z) is the generating function of the sequence {a»}, then
1 T
S(@) = AT )
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is the generating function of the sequence {b,} with b, = >~ (")a.. In our case, since
1=0

Ay Vot (Vi = 2Vo)o 4 (Ve = 2Vi — Vo)a? 4 (Vs — 2Vs — Vi — Vo)

1—-2z—22 — 23— gt

see Lemma 1.7,

we obtain

1 T
S@) = A=)
V0—|—(V1—5‘/0)$+(V2—4‘/1+6V0)I2+(V3—3V2+2‘/1—3V0)I3

1—6x+ 1122 — 923 + 224

The previous lemma gives the following results as particular examples.

Corollary 3.2. Generating functions of the binomial transform of the fourth order Pell and fourth order
Pell-Lucas numbers are

iAmn _ x — 222 + 23
—" T 1= 6r 4+ 11a? — 923 4 221
i@ R 4 — 18x + 2222 — 92°
= 1= 6r + 1la? — 922 4 22t

respectively.

4 SIMSON FORMULAE

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,, }, namely,
Foip1Fy oy — F2 = (—-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.

This can be written in the form
Fn+1 Fn _ n
Fn anl o ( 1) ’

The following theorem gives generalization of this result to the generalized Tetranacci sequence
{W,.}.

Theorem 4.1 (Simson Formula of Generalized Tetranacci Numbers). For all integers n, we have

Witz Wiyo Wit W Ws W, Wi Wo

Whte Wiasa Wy, Wio-1 — (—1)"u" Wy W4 Wo W-_1 (4.1)

Wit W Wno1 Wp_o Wi, W W_1 W_o )
Wn  Wpot Whoo Wy_3 Wo W_1 W_y W_3

Proof. (4.1) is given in Soykan [35, Theorem 3.1]. O

Taking {W,} = {b»} in the above theorem and considering b,,+4 = 6bp43 — 11bs12 + 9bpt1 — 2bn,
r=06,s = —11,t = 9,u = —2, we have the following proposition.
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Proposition 4.1. For all integers n, Simson formula of binomial transforms of generalized fourth
order Pell numbers is given as

bnt3  bnt2  bnt1 bn, bz b2 b1 bo

bnt2  bnt1 bn ba-1 | gn ba b1 bo b1

bn+1 bn bn—l bn—g b1 bo b_l b—2
bn  bn—1 bn—2 bn_3 bo b-1 b_2 b_3

The previous proposition gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson formula of binomial transforms of the fourth order Pell and
fourth order Pell-Lucas numbers are given as

En+3 §n+2 AT/lj-l Aﬁn

€n+2 Pl+1 APn E’n—l — 2n—3

Pn+1 Pn Pnfl Pn72 ’

P, P..1 Pn_o n—3

Qn+s Qniz Qnir Qn
Q\n+2 Qﬁ«kl AQn Q\nfl — _1423 % 2n73’
Qﬁ+1 AQn anl Qn72

Qn anl Qn*2 Q’ﬂ*-{;

respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of binomial transforms of generalized fourth order Pell, fourth
order Pell and fourth order Pell-Lucas humbers. First, we present a few basic relations between {b,, }

and {P,}.

Lemma 5.1. The following equalities are true:

(@) 4b, = (35Vo — 14Vi + 65Va — 25V3) Pays + 4(=50Vo + 20Vi — 91Vo + 35V3) Py + (325V —
134V4 + 571Va — 219Vi) P 5 — (209Vy — 98V + 367Va — 139V5) P, 4o,

(b) 2b, = (5Vo — 2V4 + 13Va — 5V5) Poya + 2(—15Vo + 5Vi — 36Va + 14V3) Py + (53Vo — 14V; +
109Va — 43V3) Poya — (35Vo — 14V4 + 65V — 25V3) Py,

(€) bn=0BVa—Vi1 — ‘/Zi)ﬁn+3 +£4V1 — Vo —17Va + 6V3)ﬁn+2 + (5Vo — 2V1 +26V2 — 10V3) Ppy1 +
(2Vi — 5V — 13Va + 5V3) Py,

(d) by = (Vo= 2Vi — Vo) Pasz + (5Vo + 9Vi — TVo + Va) Py + (14V3 — TV3 — 5Vo — AVB) P, + (2Vi —
6‘/2 + 2‘/3)Pn71-

(€) bn = (Vs—3Vi—Va—Vo)Puy1+ (6Vo+15Vi +3Va —4V3) Py + (3Va — 16V4 — 9V + 2V3) P 1 +

(2Vo + 4V4 — 2V2) Py _o.

Proof. Writing R
bn :aXPn+5+b><Pn+4+CXPn+3+dXPn+2
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and solving the system of equations

bo = a><135+b><134+c><ﬁ3+d><132
by = axPs+bxPs+cxPyi+dxPs
by = a><137+b><136+c><135+d><ﬁ4
by = a><138+b><137+c><136+d><135

we find that 4a = 35Vp — 14V; + 65V5 — 25V, b = =50V, + 20V; — 91V, + 35Vs, 4¢ = 325V, — 13417 +
571Va — 219Vs, 4d = —(209Vp — 98Vi + 367Va — 139V3).
The other equalities can be proved similarly. O

Now, we give a few basic relations between {5, } and {Q.}.

Lemma 5.2. The following equalities are true:

(@) 5692b, = —(5869Vp — 3134V; + 11787Va — 4419V3) Qs + 4(8441V, — 4280V; + 16622V5 —
6261V3)Qnia — (55839Vy — 26074V; + 105333Va — 39965V5)Qn 15 + (36947Vo — 18006V +
66789V2 — 25209V5)Qn 1 2.

(b) 2846b, = —(725Vo—842V1+2117Va—T735V5)Qn4a+2(2180Vy — 2100V +6081Va—2161V3)Qpry5—
(7937Vo — 51004 + 19647Va — 7281V3)Qn 42 + (5869V — 3134V; + 11787Va — 4419V5)Qp1.

(C) 1423b,, = (5Vo+426Vi —270Va +44V3)Qn s + (19Vo — 2081V + 1820Vs — 402V3) Q12 — (328Vo —
2222V + 3633V — 1098V5)Qn i1 + (725V0 — 842V + 2117Va — 735V5) Q0.

(d) 1423b, = (49Vo + 475V 4 200Va — 138V3)Qnio — (383V0 + 2464V1 + 663Va — 614V5)Qny1 +
(T70Vo + 2992Vi — 313Va — 339V3)Qn — 2(5Vo + 426V1 — 270V + 44V3)Qn—1.

(e) 1423b, = —(89Vy — 3864 — 537Va + 214V3)Qn i1 + (231Vo — 2233V4 — 2513Va + 1179V3)Qn +
(431Vp + 3423V + 2340Va — 1330V3)Qn_1 — 2(49Vo + 475V + 200V5 — 138V3)Qn_2.

Next, we present a few basic relations between {Q,.} and {P,}.

Lemma 5.3. The following equalities are true:

4Q, = TTP.is —444P, 4 + 735P, 5 — 4T9P, 1,
2Qn = 9Pusa — 56Pnys + 107Pys — T7Py,
Qn = —Puys+4Poi2+ 2P — 9P,
Qn = —2P.i2+13P,,1 — 18P, + 2P, 1,
Qn = P.i1+4P, —16P, 1 +4P, o,
and
5692P, = 1655Qn+5 — 9364Qn+4 + 15233Qn+3 — 10473Qn 2,
2846P, = 283Qn+a — 1486Qn+3 + 2211Qn+2 — 1655Qn11,
1423P, = 106Qn13 — 451012 + 446Q 11 — 283Q,
14238, = 185Qns2 — 720041 + 6710, — 2120,_1,
1423P, = 390Qu+1 — 1364Q, + 1453Q,—1 — 370Qn—o.
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6 ONTHE RECURRENCE PROPERTIES OF BINOMIAL TRANSFORM
OF THE GENERALIZED FOURTH ORDER PELL SEQUENCE

Taking 1 = 6,51 = —11,t1 = 9,u1 = —2 and H,, = @n in Theorem 1.4, we obtain the following
Proposition.

Proposition 6.1. Forn € Z, binomial Transform of the generalized fourth order Pell sequence have
the following identity:
1

bfn = 6 X 27”(_61)377, + 6@\nb2n - Béibn + 3@\2nbn + bO@i + 2b0@3n - SbOQ\nQ\Zn)

= (_1)7’"‘71(_2)7”([)371 - @\71,6271 + %(@i - Q\Zn)bn - %(@i + 2@377, - 3@2n@n)b0)

Using Proposition 6.1 (and Corollary 1.5 (b)), we obtain the following corollary which gives the
connection between the special cases of binomial transform of generalized fourth order Pell sequence
at the positive index and the negative index: for binomial transform of fourth order Pell, fourth order
Pell-Lucas numbers: take b, = P, with Py = 0, P = 1, P, = 4, Py = 14, take b, = Qn with
Qo = 4, Ql: 6,02 = 14, Q3 = 45, respectively. Note that in this case we have H,, = = Qn. Note also
that G, # Pn.

Corollary 6.1. Forn € Z, we have the following recurrence relations:

(a) Recurrence relations of binomial transforms of fourth order Pell numbers (take b, = P, in
Proposition 6.1):

an = X 2771(_6?371 + 6Qnﬁ2n - 3Qiﬁn + 3Q2nﬁn)

Il
o

e PPN ~ 1 ~
—1)7" TN (=2) T (Pan — QnPon + 5(@3 = Q2n) Pn).
(b) Recurrence relations of binomial transforms of fourth order Pell-Lucas numbers (take b, = @n in

Proposition 6.1 or take H,, = Q., in Corollary 1.5 (b)):

Q\fn = % x 27" (@i + 2@371 - 3@271@”) .

7 SUM FORMULAE

7.1 Sums of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with positive subscripts.

Proposition 7.1. Ifr =6,s = —11,t = 9,u = —2 then forn > 0, we have the following formulas:

(a) ZZ:O bk = bnt+a — Bbp4s + 6bpny2 — 3bp+1 — bs + Hba — 6b1 + 3bo.
(b) Yh_obok = 55(14banto — 69bani1 + 107b2n — 30b2n—1 — 15bs + T6ba — 96b1 + 5Tho).
(C) EZ:O b2k+1 = %9(1562n+2 — 47b2n+1 + 96bs,, — 28boy,_1 — 14b3 + 69by — 78b1 + SObo)
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Proof. Take r = 6,s = —11,t = 9,u = —2in Theorem 2.1 in [36] (ortake x = 1,r = 6,s = —11,t =
9,u = —2in Theorem 1 in [37]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take b, = P, with P, = 0, P1 =1, Pz =4, P3 = 14).

Corollary 7.1. Forn > 0, we have the following formulas:

(@) X" P = Puia—5Puis+6Puio — 3P, 1.

(b) 7 Pok = 55 (14P2yi2 — 69Poni1 + 107Pon — 30Pan—1 — 2).
(€) 7o Port1 = 5 (15Pons2 — 47P2ps1 + 96 P2y — 28Pan—1 + 2).

Taking b, = @n with @0 =4, @1 =6, @2 =14, @3 = 45 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.2. Forn > 0, we have the following formulas:

(a) ZZ:O @k = Q\Wﬁ‘r‘l - 5@n+3 + 6@n+2 — 3@n+1 + 1.

(b) >0 o Qak = 35(14Q2n12 — 69Q2n11 4 107Q2, — 30Q2n—1 + 41).
(€) > o Qors1 = %(15@%&2 — 47Qan 11 + 96Q2n — 28Qan 1 — 12).

7.2 Sums of Terms with Negative Subscripts

The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with negative subscripts.

Proposition 7.2. Ifr =6,s = —11,t = 9,u = —2 then forn > 1 we have the following formulas:

(a) ZZ 1 b_p = —b_ n43 + 5b_ n+2 — 6b7n+1 + 3b_,, + bz — 5ba + 6b1 — 3bo.
(b) Zk 1 b_op = @( 14b6_ on+2 + 69b_ on+1 — 78b_2y + 30b_2,_1 + 15b3 — 76bs + 96b1 — 57b0)
(C) Zk 1 b_oky1 = ( 15b_an4+2 + T6b_2p4+1 — 96b_2y, + 28b_2y,,—1 + 14b3 — 69b2 + 78b1 — 30b0)

Proof. Take r = 6,3 = —11,t = 9,u = —2 in Theorem 3.1 in [36] or (or take x = 1, = 6,5 =
—11,t =9,u = —2in Theorem 8 in [37]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take b,, = P, with Py =0, Py = 1, P, = 4, Ps = 14).
Corollary 7.3. Forn > 1, binomial transform of fourth order Pell numbers have the following properties.
(a) ZZ 1 }3—16 = *ﬁfn+3 + 5}37n+2 — 613—n+1 + 3ﬁ7

(b) >0, Poy = = 55(— 14P_ 5,40 + 69P_2,41 — T8P_2, + 30P_2,_1 + 2).

() >r ., Pf2k+1 = 29( 15P_ on42 + 76D In41 — 96DP_oy, + 28P_gn_1 — 2).

Taking b, = Q, with Qo = 4, Q1 = 6, Q2 = 14, Qs = 45 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.4. Forn > 1, binomial transform of fourth order Pell-Lucas numbers have the following
properties.

(a) ZZ:I @—k = _@7n+3 + 5©7n+2 - 6@7n+1 + 3@771 -1
(b) > Q2= %(—14Q on+2 +69Q _2n4+1 — T8Q—2n + 30Q_2n—1 — 41).
(c) Ek 1 Q 2k+1 = ( 15Q 2n4+2 + 76Q 2n+1 — 96Q on + 28Q 2n—1 + 12)
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7.3 Sums of the Squares of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with positive subscripts.

Proposition 7.3. Ifr =6,s = —11,t = 9,u = —2 then forn > 0, we have the following formulas:

(@) i bk = 55(3b54+1470;, +3+334bn+2 42by, 4 36y 4 4+50bp 1 2bp 1 4+12bp 1 1671 4—408by 1 2bp 3+
3205410043 — 13205 41bn 2 — 1702 1 — 303 — 147b3 — 334b7 + 1703 + 42bobs — 50b1 b3 — 12bobs +
408b1bs — 32bobs + 132b0b1)

(b) Zk o bk+1bk = @( 3bn+4+27bn+3+159bn+2 12bn+1+13bn+3bn+4—21bn+zbn+4+46bn+1bn+4—
114by, y2bp i3 — 90by11bnss — 13byy1bnyo + 3b3 — 2703 — 15967 + 1207 — 13babz + 21b1b3 —
46bobs + 114b1bs + 90bgbs + 13b0b1)

(€) Sj_ brabi = g5 (~26b%04 — 4047 15 — 5366712 — 1046741 + 21965 rs — 298buobys +
18665, +1bn44 + 984bs+2br 43 — 577br41bp 43 + 5646y, 416042 + 26b3 + 404b2 + 536()2 + 104b0 —
219b2b3 + 298b1b3 — 186bgbs — 984b1bs + 577bobs — 564b0b1).

(d) 37 o brrsbr = 55(—90b% 4 4 — 145267 4 5 — 2277b2 4 5 — 360b3 4 1 + 76Tbpt3bpta — 10650y 12bpta +
597bnt1bnta + 3714bny2bnis — 1830bn41bnys + 2046b, 4 1bn o + 90b3 + 145203 + 2277b3 +
36003 — 767babs + 1065b1 b3 — 597bobs — 3714b1bo + 1830bgba — 2046bob1 ).

Proof. Take r = 6,s = —11,t = 9,u = —2in Theorem 2.1. in [38] (or take x = 1,r = 6,5 = —11,t =
9,u = —2in Theorem 3.1. in Soykan [39]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take b,, = P,, with P =0, P, = 1, P> = 4, P; = 14).

Corollary 7.5. Forn > 0, we have the following formulas:

(@ X7, Pk = (?,P,f+4 + 147Pf+3 + 334P,%+2 42ﬁn+313n+4 + 50P,12Pnya + 12Pny1 Poys —
408Pn+2Pn+3 +32P, 41 Poys — 132P, 11 Poyo — 17P2, | +10).

(b) >r OPkHPk = 5(— 3P§+4 + 27P,%+3 + 159133+2 - 12Pn+1 +13P,43P0a — 21P 0Py +
46D 11 Py — 114P, 42 Prys — 90P, 11 Poys — 13P, 11 Prys + 19).

() 37, ijﬁzjk =4 (—2EP3+£— 404P§+3A - 53§Pn+2 - 1()4APn+1A +219P, 3P4 — 298P 12 Py s+
186 P11 Prta + 984 P, 2Py — 577 Pny1 Prys + 564 P, 11 Pryo + 68).

(d) S0, PesrsPe = 55(—90P2, ,—1452P2, 3—2277P2, 5 —360 P2 1 +767Pyt3 Pt a—1065P, 42 Poyat
597Ppy1Ppia + 3714P, 1 2 Pris — 1830P, 11 Prys 4 2046 Py 1 Pry2 + 251).

Taking b, = @n with @0 =4, @1 =6, @2 = 14, @3 = 45 in the last proposition, we have the following

corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.6. Forn > 0, we have the following formulas:

(@) Y5 Qf = 55(3Q0 14 + 147Q% 45 + 334Q7 15 — 42Qn+3Qna + 50Qn+2Qna + 12Qn 41 Qs —
408Qn+2Qn+3 + 32Qu11Qnts — 132Qn11Qni2 — 17Q% 1 — 191).

(b) oi_o @1 Qk = 55(=3Qh 14 +27Q7 43+ 159Q7 12 — 12Q7 41 + 13Qn+3Qn+4 — 21Qn42Qna +
46Qn+1Qn+a — 114Qn12Qn 13 — 90Qn11Qn+3 — 13Qn+1Qns2 — 621).

(€) > ro Qk+2Qk = 55(— 26Qn+4—404Qn+3—536Qn+2—104Q +1+219Qn+3Qn+4 298Qn+2Qn 44+
186Qn+1Qn+4 + 984Qn+2Qn+3 — 577Qn11Qn+3 + 564Qn11Qn2 — 2076).

(d) R0 @uesQu = 55(—90Q7 44— 1452Q7 1 5—2277Q7 12 —-360Q7 11 +767Qn+3Qn+4—1065Qn+2Qua+
597Qn11Qnsa + 3714Qn12Qn i3 — 1830Qn+1Qnrs + 2046Q 11 Qn 2 — 7146).
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8 MATRICES RELATED WITH BINOMIAL TRANSFORM OF GENERA-
LIZED FOURTH ORDER PELL NUMBERS

We define the square matrix A of order 4 as:

6 —11 9 =2
1 0 0 O
A= 0 1 0 0
0 0 1 0
such that det A = 2. From (1.1) we have
brts 6 —11 9 -2 brio
btz | [ 1 0 0 o0 brt1
brn+1 I ) 1 0 0 b ’ (8.1)
bn 0 0 1 0 bn_1
and from (1.6) (or using (8.1) and induction) we have
brts 6 —11 9 —2\" [/ bs
bnto _ 1 0 0 0 b
buy1 | O 1 0 o0 b
bn 0 0 1 0 bo
If we take b, = P, in (8.1) we have
Pois 6 —11 9 -2 Pois
Phyo o 1 0 0 0 Pni
P, 0 0 1 0 P,
We also, for n > 0, define
T P B 9XR S B2 S B 25, L, P
B, = sz? Z?ilcl% Ey 9350 =) =k, Pk 235 k=9 ?ika Pik _szig ?:ch Ek
k=9 Zl:k2 gk Es 9352 Zz =k, Pk 235 Zl:k4 Pik _221@:(% Zl:k3 Ek
Z;o ?;k P:. E4 92 Z ;l;k Py *222;0 ?;k Py
and
b1 —11by, +9b,,1 — 2by_2 9b,, — 2bp_1 —2b,
C _ bn _llbnfl + gbn72 - 2bn73 gbnfl - an72 _2bn71
" bnfl _11bn72 + 9bn73 - 2bn74 9bn72 - an,3 _2bn72
bn—2 _11bn—3 + 9bn—4 - 2bn—5 9bn—3 - 2bn—4 _2bn—3
where . . .
By X M P+ 9350 M P - 23005 7;513

By _ 11X 1Pk+92 27;3%—22* e B
Es —113%7% :327:{ Ek+92 :4Z?;ki Pe =237 Z? :Pk
By —11 ZZ:O Z?:k Py +922:0 Z?:k Py _22 k=0 Z?:k P

By convention, we assume that

—5 —5 N 59 —4 —4 N 9 -3 -3 1 -2 =2 N -1 -1 N
DI) DI ) SU IS SIS 3) SL ') 3) By A
k=0 l=k k=0 l=k k=0 l=k k=0 l=k k=0 l=k
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Theorem 8.1. For all integers m,n > 0, we have
(a) B, =A"
(b) C1A™ = A"C,.
(€) Chim = CnBm = BnCh.
Proof.

(a) Proof can be done by mathematical induction on n.
(b) After matrix multiplication, (b) follows.

(c) We have
6 —-11 9 -2 b —11bp—1 +9bp—2 — 2bp,—3  9by—1 — 2by_2
AC _ 1 0 0 0 bn—1  —11bp—_2 4+ 9bp_3 — 2bp—a  9Ybp_2 — 2b,_3
et 0 1 0 0 bn-z  —11bp_3+9bp_a — 2bn-5 9bn_3 — 2b,_4
0 0 1 0 bn73 _11bn74 + gbn75 - anfﬁ 9b7L74 - 2bn75
bn+1 —11by, +9bp—1 — 2bp_2 9b,, — 2b,_1 —2bn,
_ bn _11bn71 + 9bn72 - an,'g, 9bn71 - 2bn72 _2bn71 _ C
o bn—l 711bn—2 + 9bn—3 - 2bn—4 9bn—2 - 2bn—d 72bn—2 o

bn72 _11bn73 + gbn74 - 2bn75 9bn73 - 2677.74 _2bn73
i.e. Cr, = AC,,_1. From the last equation, using induction, we obtain C,, = A" ~'C;. Now
Crpm = A™T"710 = A"TA™CL = AV ICLA™ = Co B,

and similarly
Crntm = BnCh.

O

Theorem 8.2. Form,n > 0, we have

m—+1m-+41 m m m—1m—1 m—2m—
busm = ba D > Pitba (—11 Pet+9y > Pi-2) Z ) (8.3)
k=0 l=k k=0 l=k k=0 I=k k=0 I=k
m m m—1m—1 m m
thos (gzzz—zz $ 1) P
k=0 l=k k=0 l=k k=0 1l=k

Proof. From the equation Cy, ., = C, B, = B, Cy, we see that an element of C,, ., is the product
of row C,, and a column B,,. From the last equation, we say that an element of C,, ., is the product
of a row C,, and column B,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices C),+.., and C,, B,,. This completes the proof. (I

Corollary 8.3. Form,n > 0, we have

m+1m-+41

ﬁn-&-m - ﬁnzzﬁk+ﬁn—l<_llzZAk+gz

k=0 l=k
whea(s3
k=0
N m-+1m-+41
Qn+m = Qn Z Z k +Qn—1 (11

k=0 I=k —k
Qn_o <QZZ Kk — 2 ﬁk) @7%3221-

k=0 l=k k=0 I=k

LMS

[\D

[]s IM
v
SN~—

l\D

o

&

_2bn71
—2b,_2
—2b,—3
_2bn74



Soykan; ACRI, 21(6), 9-31, 2021; Article no.ACRI.75817

Remark 8.1. Note that Theorem 8.2 can be simplified by using the formula

Z Py = ﬁn+4 - 513n+3 + 6ﬁn+2 - 313n+1

k=0

which is given in Corollary 7.1 and the other formulas such as

m—+1 m—+1

S P=P > 1=F((m+1)—k+1)=(m—k+2)P.

=k =k

and

S Pe=(m—k+1)P.
=k

9 CONCLUSIONS

In the literature, there have been so many
studies of the sequences of numbers and the
sequences of numbers were widely used in many
research areas, such as physics, engineering,
architecture, nature and art. We introduced the
binomial transform of the generalized fourth order
Pell sequence and as special cases, the binomial
transform of the fourth order Pell and fourth
order Pell-Lucas sequences has been defined.
For applications of binomial transform, one
can consult the on-line encyclopedia of integer
sequences [12]. Just search for “applications of
binomial transform” and follow the links provided.

e Insection 1, we present some background
about the generalized 4-step Fibonacci
numbers (also called the generalized

Tetranacci numbers).

In section 2, we define the binomial
transform of the generalized fourth order
Pell sequence.

In section 3, we give Binet's formulas
and generating functions of the binomial
transform of the generalized fourth order
Pell sequence.

In section 4, we present Simson
formulas of the binomial transform of the
generalized fourth order Pell sequence.

In section 5, we obtaine some identities of
the binomial transform of the generalized
fourth order Pell sequence.

In section 6, we present recurrence
relations of binomial transforms of
generalized fourth order Pell numbers

29

e In section 7, we present sum formulas of
the binomial transform of the generalized
fourth order Pell sequence.

e In section 8, we give some matrix
formulation of the binomial transform
of the generalized fourth order Pell
sequence.
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