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The purpose of the present paper is to study the applications of Ricci curvature inequalities of warped product semi-invariant
product submanifolds in terms of some differential equations. More precisely, by analyzing Bochner’s formula on these
inequalities, we demonstrate that, under certain conditions, the base of these submanifolds is isometric to Euclidean space. We
also look at the effects of certain differential equations on warped product semi-invariant product submanifolds and show that

the base is isometric to a special type of warped product under some geometric conditions.

1. Introduction

Bishop and O’Neill [1] evaluated the geometry of manifolds
having negative curvature and noticed that Riemannian
product manifolds do have nonnegative curvature. As a
result, they came up with the recommendation of warped
product manifolds, which are described as follows.
Consider two Riemannian manifolds (L;, g,) and (L,,
g,) with corresponding Riemannian metrics g, and g, and
Yy : L, — R be a positive differentiable function. If x and y
are projection maps such that x: L, x L, — L, and y : L,
x L, —> L,, which are defined as x(m, n) =m and y(m, n)
=nV(m,n) €L, xL,, then, L=L, xL, is called warped
product manifold if the Riemannian structure on L satisfies

9(E.F) =g, (x.E.x,F) + (v ox)’g, (v.E.y.F), (1)

for all E, Fe TL. The function y represents the warping
function of L' x L,. The Riemannian product manifold is a
special case of warped product manifold in which the warp-
ing function ¥ =1. The study of Bishop and O’Neill [1]
revealed that these types of manifolds have a wide range of
applications in physics and theory of relativity. It is well

known that the warping function is the solution of some par-
tial differential equations; for example, the Einstein field
equation can be solved by the approach of warped product
[2]. The warped product is also applicable in the study of
space time near black holes [3].

On the other hand, the analysis of differential equation
on Riemannian manifolds yields some important geometric
and isometric intrinsic properties. It is well known that cate-
gorization of differential equation has a major influence on
the global analysis of Riemannian manifolds. Tanno [4]
explored various aspects of differential equations on
Riemannian manifolds in 1978. The approach of differential
equations was used by the authors [5, 6] to describe the
Euclidean sphere. These calculations demonstrated that a
nonconstant function A on a complete Riemannian manifold
(U", g) satisfies the differential equation as follows:

VA +kg=0, (2)

if and only if (U", g) is congruent to Euclidean space R",
where k is constant.

Furthermore, under some geometric conditions, Garcia-
Rio et al. [6] proved that the Riemannian manifold is isomet-
ric to the warped product U X (R, where U is a complete
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Riemannian manifold, R is the Euclidean line, and f is the
warping function. Moreover, warping function f is the solu-
tion of the following differential equation:

&f B
e +u,f =0, (3)

if and only if there exists a nonconstant function ¢ : U"
— Rwith an eigenvalue A, < 0, which satisfies the following
differential equation:

A+ ¢ =0. (4)

The categorization of differential equations on
Riemannian manifolds turns into an attractive research
subject that has been explored by various researchers, for
example, [7-11].

Al-Dayel et al. [7] recently investigated the effect of the
differential equation (3) on the Riemannian manifold
(L", g) using the concircular vector field, showing that the
Riemannian manifold (L", g) is isometric to the Euclidean
manifold R”. By using the gradient conformal vector field,
Chen et al. [12] discovered that the Riemannian manifold
(L", g) is isometric to the Euclidean space R". However, it
has been shown in [13] that the complete totally real subma-
nifold in CP" (complex projective space) with bounded Ricci
curvature satisfying (4) is isometric to a special form of
hyperbolic space.

Latterly, Ali et al. [8] characterized warped product
submanifolds in Sasakian space form by the approach of
differential equation. The purpose of this paper is to study
the impact of differential equation on warped product
semi-invariant product submanifolds in the framework of
generalized Sasakian space form.

2. Preliminaries

A (2k+ 1)-dimensional C*-manifold L is said to have an
almost contact structure if there exists on L a tensor field ¢
of the type (1, 1), a vector field y, and a 1-form  satisfying

¢=-I+n®y,
=0,
n(x)=1.

On an almost contact metric manifold L, there is always a
Riemannian metric g that meets the following requirements:

n(E) =9(E X)

(6)
9(¢E, ¢F) = g(E, F) —n(E)n(F),

forall E,Fe TL.
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An almost contact metric manifold is said to be nearly
Sasakian manifold, if

(Ve¢)F+ (Ve9)E =-2g(E, F)x +n(F)E+n(E)F, (7)

forall E, Fe TL.

In [14], Alegre et al. gave the concept of generalized
Sasakian space form as that an almost contact metric mani-
fold (L, f, x. 71, g) whose curvature tensor R satisfies

R(E,F, G, W) =¢,[g(F, G)g(E, W) - g(E, G)g(F, W)
= $,[9(¢E. G)g(¢F, W) - g(¢E, W)g(¢F, G)
+29(¢E, F)g(¢G, W)] - ¢5[n(G){n(F)g(E, W)
-1(E)g(G, W)} +n(W){n(E)g(F, G) - n(F)g(E, G)}],

(8)

for any vector fields E, F, G, W and certain differentiable
functions ¢,, ¢,, ¢, on L. A generalized Sasakian space form
with functions ¢,, ¢,, ¢, is denoted by L(¢,, ¢,, ¢,). If ¢, =
(c+3)/4, ¢, =¢; = (c—1)/4, then M(¢;, §,, ¢5) is a Sasakian
space form M(c) [14]. If ¢_(c - 3)/4,¢, = ¢5 = (c + 1)/4, then
M(¢,, ¢,, ¢5) is a Kenmotsu space form M(c) [14], and if
¢, = ¢, = ¢, = c/4, then M(¢,, §,, ¢,) is a cosymplectic space
form M(c) [14].

A submanifold L of an almost contact metric manifold L
is called semi-invariant submanifolds (contact CR-submani-
folds) if there exist two orthogonal complementary distribu-
tions D and D" satisfying the following conditions:

(i) TL=De D" & (£), where (&) is the distribution
spanned by the structure vector field &

(ii) D is invariant distribution, i.e., ¢D c TL
(iii) D* is anti-invariant, i.e., pD* € T*L

Recently, we [15] studied warped product semi-invariant
product submanifolds of the type L" = Ly' x (L}* isometri-
cally immersed in the generalized Sasakian space form
admitting a nearly Sasakian structure, where L' is an invari-
ant submanifold of dimension #, and L'? is a totally real sub-
manifold of dimension n,. More precisely, the computed
Ricci curvature inequalities for these submanifolds are as
follows:

Theorem 1. Let L" =L} X (L'’ be a warped product semi-
invariant submanifold isometrically immersed in a general-
ized Sasakian space form L™ (§,, ¢, ¢,) with nearly Sasakian
structure. Then, for each orthogonal unit vector field & € T .M
orthogonal to y, either tangent to N or N'?, the Ricci curva-
ture satisfies the following inequalities:

(i) IfE € TLY, then
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1 3
Ric(§) < || H||” = nAIn f + | VIn f|* + 22

2 (9)
+(n+nmny—1)¢;, — (ny+ 1)§;

(i) If§ € TL'?, then

I
Ric(§) < 2nZ||H\|2 —nAln f +n,||VIn f|?

+(n+nn,—1)¢, = (n+ 1)¢;

(10)

The equality cases can be seen in [15].
Let f be a real-valued differential function on a Riemannian
manifold L", then the Bochner formula [16] is stated as

JASE = RAVLYS) + [H()P + 9(VAFYS). (1)

where RL denotes Ricci tensor and H(f) is the Hessian of the
function f.

3. Main Results

In this section, we obtain some characterization by the appli-
cation of Bochner’s formula.

Theorem 2. Let L" = Ly' x (L' be a n-dimensional warped

product semi-invariant product submanifold in a generalized

Sasakian space form L"(c), where L} is a n -dimensional

invariant submanifold and L'? is an anti-invariant submani-

fold. Such that Ricci curvature R*(§)>b,b>0. If E€ TL}

and satisfying the following equality:

2

Ot ma)b= "2 I = (e, = 19, = 222 4 (0 1>¢3}

(12)

then, the base submanifold Ly is isometric to R™ (Euclid-
ean space).

Proof. Since £ € TN}, by equation (9)

1
RE(E) + mAlnf < 2n*[H|* + | Vinf||* + (n+ nyny = 1)y

+ 37(/52 = (1, +1)¢5.
(13)

By the assumption that R, (&) > b, we have

1
b+ n,Alnf < Z1«2||H|\2 + 1, ||Vinf|* + (n + nyn, — 1)¢,

+ 37% = (ny +1)¢5.

(14)

Since the Ricci curvature RE(£) is bounded below by b > 0,
then by virtue of theorem of Myers [17], the base manifold L’
is compact. On integrating (9) and using Green’s theorem, we
have

Vol (L'}1 Jb<

INES

J |H|[2dV + nzj Vinf|2dV
L' x{q} L1 x{q}
. ( L3,
n+nn,—1)¢, + —= —(n,+1)¢,|dV,
L x{q) 2
(15)
or

1’12

b 1
J |Vinf|dv = Vol(L) - 7J |H|2dv - -
13 x{g) m A gy y

J {(n+nlnz—1)¢l+3—%—(nz+1)¢3 dv.
Ly x{q} 2

(16)

Suppose H(In f) denotes the Hessian of the warping func-
tion In f, then we have

H(Inf) = nl|? = [H(Inf)|” + n*[I* = 2ng (I, H(Inf)), (17)
after some calculations, the above formula turns to
|H(Inf) — tI]* = 2tA(Inf) + £*(n)) + |H(Inf)[>.  (18)

Putting t =A,/n, and integrating the last equation with
respect to dV (volume element), we get

JL';lx{q}

using (11), with the fact Alnf = A,Inf, we have

2 2
Mav,

Li'x{q} ™

(19)

H(Inf) - %I

dV:J‘ \H(lnf)|2dV+J

L} x{q}

|ViInf|*dV - J RE(VInf Vinf).

n

Ly x{q} 7

Ly x{q}

J \H(lnf)|2dV:—)L1J
Ly x{q}

(20)

Merging (19) and (20), we derive

JL?‘X{q}

H(Inf) - 2_11

2 /\Z
dV:J —ldV—AIJ |Vinf|*dV
Liix{q) ™ L7 x{q}

- J RE(VE,Vf)dV.
Ly x{q}

(21)

By the assumption R'(Vf,Vf)=>b, the above equation
yields



AP A
J H(Inf) - =11 stJ —Ldv - bVol(L})
L x{q} m ix{qr ™M
—AIJ \VInf|*dV.
Ly x{q}
(22)
Using (16), the last inequality leads to
AP A av- hb ) _h
JL;‘x(q) H(inf) ny f Vs JL',‘.lx{q) m v JL’,’.lx{q) ( ny vb)av ny
J [(n+nln2—1)¢l+%—(n2+1)¢3]dV
L x{q} 2
An? )
— dv.
- JL?XWHH‘I v
(23)
If (12) holds, then the above inequality produces
AP
H(Inf) - n_I =0. (24)
1

Therefore, we have H(Inf)(X, X) = A,/n,. Hence, by the
application of the result of Tashiro [18], the fibre L’ is isomet-
ric to R™ (Euclidean space).

If we consider the unit vector field £ € TL'?, then we have
the following results which can be proved by adopting similar
steps in Theorem 2. g

Theorem 3. Let L" =L} fo? be a n -dimensional warped
product semi-invariant product submanifold in a generalized
Sasakian space form L"(c), where L} is a n -dimensional
invariant submanifold and L'? is an anti-invariant submani-
fold. Such that Ricci curvature RE(E) >b,b>0. If £ € TLY
and satisfying the following equality:

2
n, n
(A +my)b=1, ;2 + q”H”Z_ (n+nn,—1)¢; + (ny+ 1)¢s |,

(25)

then, the base submanifold L} is isometric to R (Euclid-
ean space).

Now, we have the next result which is based on the study
of Garcia-Rio et al. [6].

Theorem 4. Let L" =L} x fLZZ be a warped product semi-
invariant product submanifold in a generalized Sasakian
space form admitting the nearly Sasakian structure L™ (c).
Such that Ricci curvature R*(§) > b,b > 0. If€ € TN and sat-
isfying the following relation:
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w7+ 20 g
1

= 4rxln2 (b— (n+nmn,—1)¢, - 37% + (ny + 1)(/53),

for A, <0, then L} is isometric to warped product of the type
R x oU with the warping function 0, which satisfies the differ-
ential equation d6°/dt* + 1,0 = 0.

Proof. For the warping function Inf, defining the following
equation on L7':

|\bInfI + H(Inf)|* = b*(Inf)*|I|* + |H(Inf)|* + 2b(Inf) g(I, H(Inf)).
(27)

But we know that |I|* = tr(II*) = n, and g(H(Inf),I*)
=tr(I"H(Inf)) =tr(H(Inf)) ; using these facts, the above
equation leads to

\binfI + H(Inf)|* = |H(Inf)|* + n,b* (Inf)* = 2blnf Alnf.
(28)

Let Inf is an eigenfunction corresponding to the eigen-
value A, satisfying Alnf = A,Inf, we have

|blnfI+H(Inf)|* = [H(Inf)|* + (n,b* — 2bA,) (Inf)*. (29)

Further, using Alnf = A,Inf, it is easy to see that

v (Z”Zf S InfA,Inf — |VinfP?, (30)

which on integrating provides
1
J (Inf)*dVv = )TJ \VInf|*. (31)
Ly x{q} 1) L3 x{q)
Thus, we have

J  |H(Inf) + blnfI*dV = J |H(Inf)|?dV
Ly x{q}

+ (”fz - 2b> (32)

: J |Vinf|*dV.
Ly x{q}
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Choosing b= A,/n, in (32), we have

L;lx{q}

H(Inf) + lan

dV J |H(Inf)[?dV - }
Ly x{q} "

1
: J \Vinf|*dV.
7 *{4}
(33)

Further, integrating (9) and applying Green’s lemma, we
find

2
J RE(E)AV < _J |H|?dV + nZJ |Vinf|*dV
Ly x{a} 4 gy Ly

T *{4q}

3
[ {(n+n1n271)¢1+ﬁ
easty 2

+

—(ny + 1)¢3} v
(34)
From the above two expressions, we have

1 2
fj RHE)dV < 7[ |H|PdV + )Tl[ \H(Inf)PdV
13 x{g) Ay Jipxig) i

1, 1,
!
- = H(l l I dV
A J\L,';“x{q} Hinf) + ny " +JL,’;'x{q}
: {(” +nyny = 1)¢, + ¢2 —(ny+ 1)‘/53} dv.
(35)

On using the assumption that RY(&) > b, for b > 0,

[ L3 x{q}

2)
"4 [ |\H|\2dV+[
Amny J i) Iy x{q)
/\’l

A
- —J bdVv + —IJ
Mt )i xia) )Lt {q)

. [(n +mn, — 1), + & (n, + 1)(;53} dv.
(36)

dv <

H(Inf) + ﬁlnfz |H(Inf)[?dV

equivalently,

| el
Ly x{q} Ly x{aq}

A [ n? 3
-{;1(4—,12||H|\2+(<n+n1n2 g, + 22

+ n% + |H(lnf)|2}dv

H(Inf) + lan

ny

—(ny + 1)¢3))

(37)

By assumption (26), we have

2 <0, (38)

n

‘ (Inf) + M Inf1

5
which is not possible; therefore,
H(Inf)+ lan 0. (39)
By taking trace of the above equation, we get
Alnf + AInf =0. (40)

Now, applying the result proved in [6], together with the
fact that L' = Ly' x (L'’ is nontrivial, we deduced that Ly’ is
isometric to a warped product of the form R x U, where U
is complete Riemannian manifold. Moreover, the warping
function 6 is the solution of the differential equation d6*/d
> + 1,0 = 0. Hence, the proof is completed. O

Similarly, we can prove the following theorems by taking
the unit vector field £ tangent to L.

Theorem 5. Let L" =L} x szz be a warped product semi-
invariant product submanifold in a generalized Sasakian
space form admitting the nearly Sasakian structure L™ (c).

Such that Ricci curvature RE(&) > b, b > 0. If€ € TN'? and sat-
isfying the following relation:

4dnn,
A (41)
+ (1, + 1)¢s),

4(n;n,)
L H () =

(b= (n+nmn,—-1)¢,

20117112
|| H|" +

for A, <0, then, L} is isometric to warped product of the type
R x oU with the warping function 0, which satisfies the differ-
ential equation d6°/dt* + 1,0 = 0.

4. Conclusions

This paper studies the geometric behavior of ordinary differ-
ential equations on the warped product semi-invariant prod-
uct submanifolds. More precisely, we obtain characterizing
theorems for warped product semi-invariant product subma-
nifolds of generalized Sasakian space forms via differential
and integral theory on Riemannian manifolds. Therefore,
the present article provides a wonderful correlation of the
theory of differential equations with the warped product
submanifolds.
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