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In this paper, we consider the following
n,=An+ xV- (nlg(c)Ve), xe€,t>0,
¢ =Ac-c+w, x€,t>0,
w,=Aw-w+n, x€0,t>0,

indirect  signal  generation and  singular  sensitivity

in a bounded domain QcRV¥(N=2,3) with smooth boundary dQ. Under the

nonflux boundary conditions for n, ¢, and w, we first eliminate the singularity of ¢(c) by using the Neumann heat semigroup
and then establish the global boundedness and rates of convergence for solution.

1. Introduction

One of the first mathematical models of chemotaxis was
introduced by Keller and Segel [1] to describe the aggregation
of certain types of bacteria. In mathematics, it is described as
a fully parabolic system

x€,t>0,

{ n, = An-V - (nx(n, c)Vc), B

¢, =Ac—c+n, xe€0,t>0.

Here, the unknowns n = n(¢, x) and ¢(¢, x) denote the cell
density and chemical concentration, respectively. The given
function x(#, ¢) is the chemotactic sensitivity. The physical
domain Q ¢ RN(N =2, 3) is a bounded domain with smooth
boundary. This model describes a biological process in which
cells move towards their preferred environment and a signal
being produced by the cells themselves. When the diffusion

of chemical signals is much faster than that of cells, the sys-
tem can be simplified as

xet>0,

{ n, = An-V - (nx(n, c)Vc), @)

0=Ac—c+n, x€0,t>0.

Another important chemotaxis model is formed with sin-
gular sensitivity function, such as x(#, ¢) = x/c. This model is
proposed by the Weber-Fechner law of stimulus perception
[2] and supported by experimental [3] and theoretical evi-
dence [4]. The articles about singular sensitive function can
be referred to reference [5-9].

Considering the proliferation and death of cells, many
scholars have done corresponding research on the above
model to add the logistic source. We refer the reader to the
survey [10-15] and the references therein. There are also
some models involving nonlinear diffusion and rotation
terms, which can be referred to [16-19].
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It is also important to consider the indirect signal
model because the attractive signal and repulsive signal
exist simultaneously in some Keller-Segel models. Lin-
Mu-Wang established the global existence and large-time
behavior in [20].

The blow-up solution was studied by Fujie and Senba in
[21]. Tao and Wang [22] considered the global solvability,
boundedness, blow-up, existence of nontrivial stationary
solutions, and asymptotic behavior. Stinner et al. [23] have
given the global existence and some basic boundedness of
weak solutions for a PDE-ODE system

Considering the singular sensitivity function, we study
the following singular chemotaxis model of indirect signal
generation

nt:An+XV-($VC>, x€,t>0,

3
c,=Ac—c+w, x€0,t>0, ()
w,=Aw-w+n, xe€,t>0,

where the parameter y is a positive constant and ¢ is a known
function. On the other hand, the case ofQ ¢ R¥(N =2, 3)is a
bounded domain, under the assumption of the no-flux Neu-
mann boundary condition for n,c and w, i.e.,

on Jdc Ow

S= o= =0, x€00Q,t>0, (4)
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where v is the unit outward normal vector on 02 and of the
initial conditions

x€N
(5)

n(x,0) =ny(x), c(x, 0) = ¢y (x), w(x, 0) = wy(x),

satisfy

0 < ny(x) € C°(2) and ny(x) #0, x €

¢o(x) € WH®(Q) is nonnegative and ing co(x) >0,
X€

w, € WH°(Q) is nonnegative,

@(x) € C'(0,+00), ¢' (x) > 0, x € (0,+00) and xh;?)+¢(x) =0.
(6)

There are some sensitivity functions ¢ satisfying the
fourth conditions of (6). For example, ¢(x)=x% a>0
or-
¢o(x) =log (1+x), p(x) =arctan x, p(x) =x* log (1 +x), (
x) = [y7% log (1 +7)dr, and so on are all satisfied with
conditions of (6).

Under these assumptions, we give the well-posedness and
asymptotic behavior results as follows.

Theorem 1. Let Q C RN be a bounded domain with smooth
boundary. Suppose that n, cy, wy, ¢ satisfy (6). Then, for
any q> 1, systems (3)-(4) possess a global classical solution
(n,c,w) which enjoys the regularity properties:

neC’(2x |0,00)) N> (2x(0,00)),

ceC’ (2% [0,00)) N> (2 x (0,00)) NL®((0,00); WH(Q)), (7)

w eC’(Qx [0,00)) N (Q2x (0,00)) NL®((0,00) ; WH()).

Moreover, this solution is uniformly bounded in the sense
that

11705 )| oo ) + 1€ Cs D) [y )

(8)
+ |lw(- £) <C, forallte (0,00),

[ wha(Q)
with some positive constant C.
Theorem 2. Let Q ¢ RN be a bounded domain with smooth

boundary. Suppose that (6) holds. Then, there exists €,> 0
such that if m satisfies

m<e (9)

for some 0 < € < e, the solution of (3) has the following decay
estimates:

()= 2 0
ni- A — U,
12| 02
m
(nt) - — 0, 10
H ] N (10)
m
w(,t) - — 0,
o0~ .o

where m = |[ny(-)|| () and |Q| is Lebesgue measure.
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2. Preliminaries and Bounded Estimates

We first establish the local existence result; then the global
existence of the solutions is obtained by using a priori
estimate.

Lemma 1. For N € {2, 3}, let Q C RN be a bounded domain
with smooth boundary. Assume that n, c,, wey, @ satisfy (6).
Then, there exist T . € (0,00] and a classical solution (n, c,
w) of (3)-(4) in 2% (0, T,,y) such that

max

ne CO (Q X LO, Tmax)) n CZJ (Q x (0’ Tmax))’

ceC'(Q2x [0, Tppy)) NC*H (2 (0, Tpyoy)) NLP((0,00) s WH(Q)),

w e C(Qx [0, Thyay)) NCH (2 (0, Tpyoy)) NLP((0,00) s WH(Q)),

(11)

T = 0001 Tim ([[n(u6) [L(Q) + (s ) yyaay + 00 ) g ) = 00

ax

Proof. Let ¢, =(1/e) ian ¢o(x) > 0. With adaptations of the
X€

methods akin to those used in [24] and ([25], Thm. 2.3 i) to
deal with the singular sensitivity, R>0 and T € (0, 1) to be
specified below, in Banach’s space

X:=L%((0,T); C°(Q2) x WH(Q) x W'(Q)), forallg>0,

(12)

we consider the closed set

$:={ (mew) €X 1 |y + Iellwragey

Wl <R fora.e.t € (0, T)}
and introduce a mapping @ = (®,, @,, D;) on S by defining

e(’_SMV-( " Vc) ds,
o(c)

t
D,(n,c, w):=et(A_1)c0 + J e(t_5>(A_1>w(~, s)ds,

)

t

D, (n,c,w) = e“ny — XJ

fy

t
Dy (1, ¢, w) = Dy (n, ¢, w)=e'“ Vw, + J @Dy (., 5)ds,
fy

(14)

for (n,c,w) € Sand t € (0, T). Using the reasoning (see [26],
Lemma 1) based on Banach’s fixed point theorem applied in
a closed bounded set in L®((0,T);C(Q) x WhH(Q) x
W(Q)) for suitably small T >0, the following regularity
arguments, proving this local existence and uniqueness
result. O

In order to get time-independent pointwise lower bounds
of w and ¢, we need to use the L'-conservation of . The pur-
pose of this method is to eliminate the singularity of the func-
tion 1/¢(C) at zero.

Lemma 2. For any t € (0, T, ), there exist C> 0, n> 0, and
m > 0 such that

1G> Ol 0y = 110G 10 (15)

min  {w(.,t),c.t)} =7 (16)

Moreover, we have

[w(> Ol ) < M+ [wo(x)[l1(q e, (17)

l[eCs )l ) < m+[lco(*) I q) el (18)

Proof. Integrate the first equation of (3) to obtain (15).
Using the representation formula of Neumann heat semi-
group and point lower bound estimation in [27], we have

¢
w(-,t) = ey + J @Dy (. 5)ds
0

> e—((t—s)+((diam(2)2/(4(t—s))))

Jt -
0 (47T(t S)) !
t 1

(s ds=m| ———
I M ds=rm| o
] e—((tfs)+((diamQ)2/(4(t—s))))ds

(19)

e—(r+((diamQ)2/4T)) =1, >0,

where 7, is a positive constant and diam( = ma£)§|x -y|. In
X,y€

the same way, we see that



t
(-,t)=e Ve, + J @Dy (- ,s5)ds
0

S e—((t—s)+( (diam)*/(4(t-s)) ) )

¢ 1
t
Nw(- s dszm|Q|| ———5
[w(9)| )95 = 1y |Jo(4ﬂ(t‘5))n/2
- ¢ ((9+((damO)1(a(1-9))) g

—(T+((diamQ)2/4‘r))dT =1, >0,

ty 1
= |Q|]| ——=e
711| |J0 (47_[_[);1/2
(20)

where 7, is a positive constant. Taking # = min {#,,7,} >0,
we get (16).
We integrate the third equation of (3) to obtain

%ng(x, f)dx + Jow(x, f)dx = Jon(x, fHdx=m. (21)

Applying Lemma 3.4 in [23], we obtain (17). In a similar
way, we can get (18). O

Lemma 3. Let

B +00, N =2,
p= (22)
3, N=3.

For any p € (0, ), there exists constant C such that
[w( )y C forallt € (0, Ty (23)
Moreover, if T,,.. = 00, then,
[w( )| o) < Crms

ast — oo. (24)

Proof. We represent w according to

t
w(-,t) = e Dy, + J Ay (. 5)ds,
0

forall0 <t < T, .
(25)
Using the properties of fractional powers (—A + 1)9 with

a dense domain D((-A+1)8), 8 € (0, 1) in [28], we see from
N/2(1-(1/p)) <1 that
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w0l < G| (=41 (-0

<C, H(—A +1)fefA "y,

o)

r(Q)

t
+C —A+ 124Dy d
R

-0 -2
<Cyte lt||w0||LP(Q)+C2

+00
. JO (t _ S)—@—(N/Z)(l—l/p)e—/ll(t—S) ||”||L1(Q)d5

<, (r"e—Mf . Hnouy(o)),
(26)

where A, € (0,1) and C,, C,, C; >0 are constants. If T,
=co, we can take the time t large enough such
that(|w(-, t)|;p(q) < Cm. 0

Lemma 4. For any q € (0,+00), there exists constant C such
that

llellyraq) <G> forallt € (0, Tpyy)- (27)

Moreover, if T, =00, then

<Cm, ast— c0. (28)

llellwragy

Proof. By applying the representation formula, we have

t
c(-t)=et Ve + J ANy, 5)ds,  t>0. (29)
0

We apply (-A+1)? to both sides of equation (29) to
obtain

e )13 < G || (=8+1) (- )

1(Q)

<C ‘(—A + l)eet(A_l)co

9(Q)
t
<C

(-A+ l)ee(t_s>(A_1>w(- ) ds

L)

0

-0\,
<Gyt tH(CO)HL’i(Q)

+00
< C2 (t _ 5)797(1\7/2)(1/['*1/0]) e—/ll(t—s)|

0
-0 -1
<G (£ wl g ).

ds

Wl

(30)
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Then by

196 )l < o[ |76y

1(Q)

t
- ClJ HVe(H)(A“)w(- ) ds
0

L(Q)

SCI(I +t‘1/2e‘/\1t||60||Lq(Q>> (31)

+C J+OO (1 +(t- S)—l/Z—(N/Z)(l/pfl/q)>
2

0

el
)y ods

sC3((1 )N 4w )-

If T .. = 00, taking the time t large enough and by virtue

max
of Lemma 3, we can complete the proof. oo

Lemma 5. For any r > 1, there exists constant C such that

1]l < c(,,,z(q-mmq(r_])%q_m (1
+ Nla(r=1)+2/2[Ng(r-1)+4q-2N]
(32)

" m2Nq(r—1)+4q/2[Nq(r—1)+4q—2N])

+[In(-5to)

efz/r(t—to)) , forallt>t,,

()

with some fixed t, > 0.

Proof. Multiplying n"~! by the first equation of (3) and inte-
gration by parts, using Holder’s inequality and Young
inequality, we have that

4(r—1
ij ndx + MJ |Vn”2|2dx
dt ) r a

r—1

Vn - Vedx
a9(c)

=xr(r= 1)J

<20 =1) o 9 o 9
<2 1)J VP + XZD(;(;)])J Vel dx.
’ ) (33)
That is,
%J wdx+ L;”J (V2 P dx
Q Q (34)

2 _
SWJ ’n’/ZVclzdx.
29*(n) Jao

To handle the right-hand side of (34), we use Holder’s
inequality and Gagliardo-Nirenberg inequality to get

(L PR (L | VPR

< (Con V™I

3 [ ) + Conlln™ )

2N+Nq(r 1)/2q+Nq(r-1)

HVCHU(Q
2N+Nq r—1)/2q+Nq(r-1)

Vel

Il g
12

+ CGN||”||r HVCHL‘?(Q)

— C N r(g— N)/2q+Nq(r—1) HVCHU

||V ,/2H2N+Nq r=1)/2q+Nq(r-1)

) < Con||Vn '/2||

(q— N )/2q+Nq(r-1)
Vel ey

+ Conm'™ ”VC”L‘I(Q)
(35)
where Cgy > 0 is constant and g > n.

Similarly, using the Gagliardo-Nirenberg inequality,
there is Ciy > 0 such that

=71 ) < Conll Iy

HV ,,/2||2Nr 1)/N(r-1)+2

||”||22(Q)
CGNH”HZ‘

2r/N(r-1)+2 2N( I/N( 1)+2
= Conl|n IIL'Q; V7™ 2 o (36)

+ CGN||”||L1 =Cox <m2r/N(r—1) ¥

HV r/ZHZN (r=1)/N(r-1)+2 n mr).
From (35) and (36), we obtain C, > 0 such that

2y |2 2¢°(n o122
15l < e (5 19

+ C4m2r(q N)/Nq(r-1)+4q-2N

>

) (1 n mrN[q(r1)+2]/2[Nq(r1)+4q2N]>)

(37)

r r—1 , .
710 < TrHV” /ZHiz(Q)SCm . (38)

We now substitute (37)-(38) into (34) to obtain that

d r/2
a”” Irj(Q) +||n 2'(9) TR ||V

< C4m2r(q—N)/Nq(r 1)+4g— 2N

L (9)

(39)
. (1 + Nla(=1)+2]/2[Ng(r-1)+4q-2N]

n mr[2Nq(r—l)+4q]/2[Nq(r—l)+4q—2N]) )



Applying Gronwall’s inequality, we see that

||1’l||2,(9) < C4m2r(q—N)/Nq(r—1)+4q—2N
) (1 + mNla(=1)+2]rN[q(r-1)+2)/2[Nq(r-1)+44-2N]
+m'l

2Ng(r—1)+4q)/2[Nq(r—1)+4¢-2N] )

e*(t’tn)’

+Hn(- b)) forallt > ¢,

(40)

with some fixed t,>0. Due to ||n

(o) being uniformly
bounded, we can obtain (32) immediately. |

Lemma 6. For any p € (0,00), there exists constant C such that

|w(- 1‘)||W1,,,<Q> <C, forallte(0,T (41)

max) °

Proof. Using the variation-of-constant formula for w again,
we obtain

w(-t)=e Ny + J e Dy (. s)ds, forallo<t<T,,..

0 (42)

Therefore, the estimate of [|n]|;, ) provides us with C;
>0and Cq >0, for any t € (0, T,,,) satisfying

ds

L' ()

=95 (- 5) ’

ot
w8l < €| wo |y ) + J S
t
sgwww@+quw
0
(L (= I Y () |y s
t
<Cg+ CGJ e (t9) (1 +(t- S)%/Z*N/S(l/r—llrl))ds’
0

(43)

n
¢(c)
V,=AV-V+W,

Ut=AU+V-<

x€0,t>0,
W, =AW -W+ U,
ou odv oW _
v ov  0v

U(x,0) =ny(x) -

x€0,t>0,

€2

VV), x€0,t>0,

0, x€00,t>0,

2 V(x,0) = o(x) -
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wherein the last integral is finite since 1/2 + N/2((1/r) — (1/
r1)) < (1/2). Similarly, we can deduce that

IVw (D))

t
<C; HVe“A_l)wOH + CSJ HVe(’_S)(A'l)n(- S)
Q) 0

<Cs(1+ t_m)e_klt||wo||y(o)

+00
+C6J (1 + (t _ s)—l/l—N/Z(l/f—l/[))) e*/\l(tfs) Hn”LP(Q)dS
0

forallt € (0, T,

ds
Q)

< C7’ max)’

(44)

with some C, >0, where we can select some p >r> 1 such
that N/2((1/r) - (1/p)) < (1/2) Thus, by virtue of (43) and
(44), we finish the proof of Lemma 6. o0

Proof of Theorem 1. In light of the prior estimates obtained in
Lemma 2-Lemma 6 and the local existence results obtained
in Lemma 1, we can complete the proof of Theorem 1. O

3. Asymptotic Behavior

To simplify notation, we shall abbreviate the deviations from
the nonzero homogeneous steady state by the following
transformation:

U(x,t)=n(x,t) - |—$|,
V(x, t)=c(x, t) - %, (45)
W(x,t)=w(x,t) - Em‘,

for all x € Q and t> 0. Through simple calculation, we see
that (U, V, W) satisfies the following initial boundary value
problem:
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In order to prove Theorem 2, we need several lemmas.

Lemma 7. For any r > 1,q > N, there exists constant C such
that

lim H U(', i’) 1+2(q—N)/Nq(r—1)+4q—2N-

t—00

<Cm (47)

(0

Proof. By using the variation-of-constant representation,

—t,)A Sy, n(-»s)
U(-t)=el™") U(-,tz)—J 794y . (7VV(',S)>ds,
t ¢

(48)
for all t > t,, we obtain
U)o =’ (=L)AL ¢ H
IUCD o) = || ) o)
t .
+J e(t—s)Av. < Vl( )S) VV(-,S)) ds
t, p(c(-9)) Q)
=1, +1,, forallt>t,.
(49)
For I, there is a constant ¢; > 0 such that
m
IUC ) ) = |16 t) = 9]
Q) (50)
m
< |[n(x% t)]| o) + Q| <G
Q)

Noticing that [, U(-,t)dx = 0, we have

Il = ' e(t—fz)AU(- )tz)HLm<Q)
<o (1+(t- tz)—N/Zr)e—/\l(t—tz) (51)
=UCL)p @ — 0 ast—o0o0.

For I,, taking r>r, >N,q> N, using the estimate of
Neumann heat semigroup and Holder’s inequality, we obtain
92y . (_”<‘ gy ,s>)

& J o0

t
< Czj (L4 (£ =) 2N 19
2}

ds
L®(©)

L’S)vv(. 5)

0 &

L)

7
t
< Cz”/J (1 + (t _ S)—1/2—N/2r1)e—)ul(tfs)
153
[l (->s) U(Q)HVV(' o) L y1rn (Q)dS
t
< CZWJ (1 + (t _ S)—1/2—N/2r1)e—ll(t—s)
153
NG @ leC )i ir-r, ()9S
< C3ml+2(q—N)/Nq(r—l)+4q—2N’
(52)

where c,, ¢; > 0 are constants. We now substitute (51)-(52)
into (49) to complete the proof. o0

Next, we want to extend T, to infinity. Applying the
Lemma 7, we can select t; = t;(n, ¢, ) > 0 to obtain

|| U( ,t) HL‘X‘(Q) < 2C3m1+2(q—N)/Nq(r—l)+4q—2N’ (53)
for some r>1,9>N.
For any p € (1, p), one has
[W(t) ||LP(Q)
t
< ‘ D (. N J 6Nyl ds
@)y, (o)
<o5(t=ty) PN W (- ty) 7o)
t
+ c3J (t =) 02D M9 U (s || ()5
5]
= ¢3(t=1,) e MW (- 1y) ) — 0, ast— co.
(54)
By combining Lemma 3 and (45), we see that
W )|l < 2¢3m,  forall £ >t (55)

Applying the Lemma 4, we can get

IVVE )l ) = Vel t)”LP(Q) <cym, forallt>t;. (56)

We now choose m small enough such that

C3m2(q—N)/Nq(r—1)+4q—2N < l (57)

2

It is easy to see that

U, t3)||Lm(Q> <-e¢ forallt>t,. (58)

N =

Let

Ty = {T 2ty | |U( 1) oo ) < €607 forall t € [t TO]},
(59)



where T, is a given positive constant. Then, T, is well-

defined since (49), (51), and (58). In order to extend To to
infinity, we give the following lemmas.

Lemma 8. For any p € (1, p), there exists a constant ¢, > 0 sat-
isfying

Ay (t=t3)

W )l 1) < 2¢4€€” , forallte(t;, T). (60)

Proof. We first use (46) to represent W according to

t
W(, t)=elEDw(, t1)+J ANy, s)ds  (61)

13

and the fact that A, < 1 and (55) to estimate

Hea—rs)mfl) W(- ts) <) || et-A W (. 1)

Q) Q)

<ciee ™) forallt >t

(62)

Furthermore, using Holder’s inequality and the defini-
tions of T and ¢ entails that

t
J AN (- 5)ds

t

t
< C3J e ()

t3

)

e“_s)AU(- S) ds

Q)

t
SC3J (1 N (t_S)—N/Z(l—l/p))e—(/l1+1)(t—s)”U("S)HLI(Q)dS
t3

t

(1 N (t_S)—N/Z(l—l/p))e—(/\1+1)(t—s)HU(_ ) ds

Q)

< 53|Q|J
2

t
< c3e|Q|J (1 +(t- s)’N’Z(lfl/P))e*(lﬁl)(tﬂ)e%(Hs)ds

[

t—t, (1 +(t-o0—- t3)_N/2(1_1/P))
< c3e|Q|J do

0 e—()t1+l)(t—o—t3)e—/llo
t—t,

< c3e|Q|e’()‘1”>(H3>J » (1 +(t-0- t3)_N/2(1"”P))e"do
0

M) forallt e (35 T).

<c,ee

(63)

Thus, substituting (62) and (63) into (61), we obtain the
Lemma 8. Ooa

Lemma 9. For any q € (1, +00), there exists constant cg such
that

IVV(, 1) < c5ee_’\11(’_’3>, forallte (t;,T). (64)

Hm(o)
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Proof. By means of the variation-of-constant representation
for V, combined with (56) and Lemma 8, we show that

IVV ()l < HVe(t‘f3)(A—1)V(- )

L1(Q)
t
. J Vet gl ds
t LI(Q)
3
— o (t-13) Vv ([’ts)AV b
€ € (-t3) 1)

t
+ J e (el W(-,s) ds
" 19(0)

< e MDEB) TV (- t,)

o) T
‘Jt (1 + (t_s)—llz—N/Z(I/p—llq)>
t3

. e—(/\1+1)(f—5)||w(. ) ds

<co Je—<A1+1><r—r3>

+ Cth (1 " (t_s)—llz—NIZ(I/pfl/q))

t3

()5 Je—m—zs)ds

e

<6 Je’“l“)(HS) +26,¢4 Je*}“(“%)c2

t—ts
J (1 +G—l/z—N/Z(l/p—l/q))e—ads
0

<5 Je”\l(t’%), forallt € (t5, T),

(65)

with some ¢; > 0. oo
Lemma 10. Let A, > 0 denote the first nonzero eigenvalue of
—A in Q under Neumann boundary conditions. Then, there
exists constant ¢, such that

Ai(t=ts)

[UC Ol o) S €s€ ,  forallt>t,. (66)

Proof. Notice that the fact of U has the following estimate:

/\l(t_tS)

UG Ol ooy < Gs€” , forallte(t;,T). (67)

Furthermore, we can use (45) to obtain

()0 = HU('J) + (%) e < U)oy + %
el Mt 4 ™Y
e )

(68)
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We next write

1UG )l |

(t-t5)A 77/, H
e U(-,t
(1) 1)

[l (Ggte)

and employ the estimate (53) to obtain

|

ds
L®(Q)

(69)

< cse MU (1)

(t=13)A1y¢.
e U( ’ts)Hme) [z

< 2(:365m1+2(q—N)/Nq(r—1)+4q—2Ne—Al(t—t3)
J1+2(q—N)/Nq(r—1)+4q—2N

-M (t_t3)

< 26565 e .

(70)

We next recall (18) and (45) and employ the estimates
(64) and (68) to see that

K =94y . <M vV (- ,s))

¢(c) &

L¥(Q)

MVV(- »S)

@(c) &

t
< C5J (1 + (t _ S)fl/ZfN/Zr)e—)L‘(I—S)
L'()

t3

t
< &J (1 +(t- S)—l/Z—N/2r> e hi(19)

S en t,
G o @) IVVE8) [y ds
G Jt ~172-Ni2rY =2, (t-s)
< = 1+ (t-s e
2 t3( ( ) )

1
. —A(s—t3) _ —Ay(s=t3) d
J <€ + Q|> Cs Je S

af P () [* “12-Npry (At L
< e (T4 (t=s) Y e+ —)ds
(1) t €2

c | ’ 21, (t-t5) s —12-Noe [ e, L
< 24 _p2hllh (1 +0 ) e+ — |do
o(n) 0 12|

< C§C7fz e—)tl(t—zg)’
(1)
(71)

for all ¥ > N and ¢, > is a constant.
Thus, substituting (70) and (71) into (69), we have

>

1 1+2(q-N)/Ng(r-1)+(49-2N) =, (t-t3)
[U ()| o) < 56s€ e " (72)
forallt € (t5, T),

where ¢g is a positive constant. Then, we select €, > 0 as suf-
ficiently small to fulfilling

¢ Pl NNa(-1)+-2N) o L (73)

NS

In conjunction with (57) and (73), this yields

1 7}, _
U)o < 5 €677,

5 forallt e (t5,T).  (74)

By the continuity of U, we can extend TO = 00. So, we
complete the proof. oo

Lemma 11. Let A, € (0, 1). Then, there is constant cy > 0 sat-
isfying

H (-,t) - m < Cgef/\I/Zt’
o3| [ -
Hw( t) = m < cge M
[l

forall t > 0.

Proof. Let (x,t) =c(x, t) — (m/|Q|). From the second equa-
tion of (3), we can get the following system:

wt—Ay/H//:u—ﬁm‘, xe,t>0,

oy

5, =0 x €00, t>0, (76)
m

V(0 =6 (x) = o =o(x), xeQ.

Let w* be the solution of the following initial value prob-
lem:

Vi Ayt =c e, >0,
(77)

¥ (0) = 1Yl -

Using the comparison principle in [29], we see that y*(¢)
is a supersolution of the system (76), and thus,

y(x, t) <y (t), forallxe,t>0. (78)

Similarly, we have wy(x,t)>-y*(t)forallxeQ,t>0.
Hence, we furthermore obtain that

[w(x,t)| <y*(t), forallxe,t>0. (79)

On the other side, direct computation shows that there
are some constants ¢;; and ¢, such that

0<y(t)<c, (1 + |y ||Lm(o>)e-%fc12e-%’2', forall£ > 0.
(80)
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Thus, we can deduce that

=y ()l
12(0) e (81)

<y*(t)c,e ™, forallt > 0.

=

In a similar way, we can get the convergence of w. Thus,
we complete the proof. o0

Proof of Theorem 1. Using the estimates of Lemma 10 and
Lemma 11, we obtain the decay estimates of n, ¢, and w.
Hence, the proof is completed.
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