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Abstract
In this study, we define the binomial transform of the generalized fourth order Pell sequence
and as special cases, the binomial transform of the fourth order Pell and fourth order Pell-Lucas
sequences will be introduced. We investigate their properties in details.
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1 INTRODUCTION

In this paper, we introduce the binomial transform
of the generalized fourth order Pell sequence
and we investigate, in detail, two special cases
which we call them the binomial transform of

the fourth order Pell and fourth order Pell-Lucas
sequences. We investigate their properties in the
next sections. In this section, we present some
properties of the generalized (r, s, t, u) sequence
(generalized Tetranacci) sequence.
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The generalized (r, s, t, u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci
sequence) {Wn(W0,W1,W2,W3; r, s, t, u)}n≥0 (or shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3 + uWn−4, W0 = c0,W1 = c1,W2 = c2,W3 = c3, n ≥ 4 (1.1)

where W0,W1,W2,W3 are arbitrary complex (or real) numbers and r, s, t, u are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [1],[2],[3],[4],[5],[6],[7]. The sequence
{Wn}n≥0 can be extended to negative subscripts by defining

W−n = − t

u
W−(n−1) −

s

u
W−(n−2) −

r

u
W−(n−3) +

1

u
W−(n−4)

for n = 1, 2, 3, ... when t ̸= 0. Therefore, recurrence (1.1) holds for all integers n.

In literature, for example, the following names and notations (see Table 1 and Table 2) are used for
the special case of r, s, t, u and initial values.

Table 1. A few special case of generalized Tetranacci sequences

No Sequences (Numbers) Notation References
1 Generalized Tetranacci {Vn} = {Wn(W0,W1,W2,W3; 1, 1, 1, 1)} [8]
2 Generalized Fourth Order Pell {Vn} = {Wn(W0,W1,W2,W3; 2, 1, 1, 1)} [9]
3 Generalized Fourth Order Jacobsthal {Vn} = {Wn(W0,W1,W2,W3; 1, 1, 1, 2)} [10]
4 Generalized 4-primes {Vn} = {Wn(W0,W1,W2,W3; 2, 3, 5, 7)} [11]

Table 2. A few special case of generalized Tetranacci sequences

No Sequences (Numbers) Notation OEIS [12] Ref.
1 Tetranacci {Mn} = {Wn(0, 1, 1, 2; 1, 1, 1, 1)} A000078 [8]
2 Tetranacci-Lucas {Rn} = {Wn(4, 1, 3, 7; 1, 1, 1, 1)} A073817 [8]
3 fourth order Pell {P (4)

n } = {Wn(0, 1, 2, 5; 2, 1, 1, 1)} A103142 [9]
4 fourth order Pell-Lucas {Q(4)

n } = {Wn(4, 2, 6, 17; 2, 1, 1, 1)} A331413 [9]
5 modified fourth order Pell {E(4)

n } = {Wn(0, 1, 1, 3; 2, 1, 1, 1)} A190139 [9]
6 fourth order Jacobsthal {J(4)

n } = {Wn(0, 1, 1, 1; 1, 1, 1, 2)} A007909 [10]
7 fourth order Jacobsthal-Lucas {j(4)n } = {Wn(2, 1, 5, 10; 1, 1, 1, 2)} A226309 [10]
8 modified fourth order Jacobsthal {K(4)

n } = {Wn(3, 1, 3, 10; 1, 1, 1, 2)} [10]
9 fourth-order Jacobsthal Perrin {Q(4)

n } = {Wn(3, 0, 2, 8; 1, 1, 1, 2)} [10]
10 adjusted fourth-order Jacobsthal {S(4)

n } = {Wn(0, 1, 1, 2; 1, 1, 1, 2)} [10]
11 modified fourth-order Jacobsthal-Lucas {R(4)

n } = {Wn(4, 1, 3, 7; 1, 1, 1, 2)} [10]
12 4-primes {Gn} = {Wn(0, 0, 1, 2; 2, 3, 5, 7)} [11]
13 Lucas 4-primes {Hn} = {Wn(4, 2, 10, 41; 2, 3, 5, 7)} [11]
14 modified 4-primes {En} = {Wn(0, 0, 1, 1; 2, 3, 5, 7)} [11]

As {Wn} is a fourth order recurrence sequence (difference equation), it’s characteristic equation (the
quartic equation) is

x4 − rx3 − sx2 − tx− u = 0 (1.2)
whose roots are α, β, γ, δ. Note that we have the following identities

α+ β + γ + δ = r,

αβ + αγ + αδ + βγ + βδ + γδ = −s,

αβγ + αβδ + αγδ + βγδ = t,

αβγδ = −u.
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Generalized Tetranacci numbers can be expressed, for all integers n, using Binet’s formula

Wn =
p1α

n

(α− β)(α− γ)(α− δ)
+

p2β
n

(β − α)(β − γ)(β − δ)
+

p3γ
n

(γ − α)(γ − β)(γ − δ)
+

p4δ
n

(δ − α)(δ − β)(δ − γ)
(1.3)

where

p1 = W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0,

p2 = W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0,

p3 = W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0,

p4 = W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0.

Usually, it is customary to choose α, β, γ, δ so that the Equ. (1.2) has at least one real (say α)
solutions. Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for
all integers n (see [13]).

(1.3) can be written in the following form:

Wn = A1α
n +A2β

n +A3γ
n +A4δ

n

where

A1 =
W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0

(α− β)(α− γ)(α− δ)
,

A2 =
W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0

(β − α)(β − γ)(β − δ)
,

A3 =
W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0

(γ − α)(γ − β)(γ − δ)
,

A4 =
W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0

(δ − α)(δ − β)(δ − γ)
.

Next, we give the ordinary generating function
∞∑

n=0

Wnx
n of the sequence Wn.

Lemma 1.1. Suppose that fWn(x) =
∞∑

n=0

Wnx
n is the ordinary generating function of the generalized

(r, s, t, u) sequence {Wn}n≥0. Then,
∞∑

n=0

Wnx
n is given by

∞∑
n=0

Wnx
n =

W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x
2 + (W3 − rW2 − sW1 − tW0)x

3

1− rx− sx2 − tx3 − ux4
. (1.4)

We next find Binet’s formula of generalized (r, s, t, u) numbers {Wn} by the use of generating function
for Wn.

Theorem 1.2. (Binet’s formula of generalized (r, s, t, u) numbers)

Wn =
q1α

n

(α− β)(α− γ)(α− δ)
+

q2β
n

(β − α)(β − γ)(β − δ)
+

q3γ
n

(γ − α)(γ − β)(γ − δ)
+

q4δ
n

(δ − α)(δ − β)(δ − γ)
(1.5)

where

q1 = W0α
3 + (W1 − rW0)α

2 + (W2 − rW1 − sW0)α+ (W3 − rW2 − sW1 − tW0),

q2 = W0β
3 + (W1 − rW0)β

2 + (W2 − rW1 − sW0)β + (W3 − rW2 − sW1 − tW0),

q3 = W0γ
3 + (W1 − rW0)γ

2 + (W2 − rW1 − sW0)γ + (W3 − rW2 − sW1 − tW0),

q4 = W0δ
3 + (W1 − rW0)δ

2 + (W2 − rW1 − sW0)δ + (W3 − rW2 − sW1 − tW0).

11
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Note that from (1.3) and (1.5) we have

W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0 = W0α
3 + (W1 − rW0)α

2 + (W2 − rW1 − sW0)α

+(W3 − rW2 − sW1 − tW0),

W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0 = W0β
3 + (W1 − rW0)β

2 + (W2 − rW1 − sW0)β

+(W3 − rW2 − sW1 − tW0),

W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0 = W0γ
3 + (W1 − rW0)γ

2 + (W2 − rW1 − sW0)γ

+(W3 − rW2 − sW1 − tW0),

W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0 = W0δ
3 + (W1 − rW0)δ

2 + (W2 − rW1 − sW0)δ

+(W3 − rW2 − sW1 − tW0).

Matrix formulation of Wn can be given as
Wn+3

Wn+2

Wn+1

Wn

 =


r s t u
1 0 0 0
0 1 0 0
0 0 1 0


n

W3

W2

W1

W0

 . (1.6)

For matrix formulation (1.6), see [14]. In fact, Kalman give the formula in the following form
Wn

Wn+1

Wn+2

Wn+3

 =


0 1 0 0
0 0 1 0
0 0 0 1
r s t u


n

W0

W1

W2

W3

 .

Next, we consider two special cases of the generalized (r, s, t, u) sequence {Wn} which we call
them (r, s, t, u) and Lucas (r, s, t, u) sequences. (r, s, t, u) sequence {Gn}n≥0 and Lucas (r, s, t, u)
sequence {Hn}n≥0 are defined, respectively, by the fourth-order recurrence relations

Gn+4 = rGn+3 + sGn+2 + tGn+1 + uGn,

G0 = 0, G1 = 1, G2 = r,G3 = r2 + s,

Hn+4 = rHn+3 + sHn+2 + tHn+1 + uHn,

H0 = 4,H1 = r,H2 = 2s+ r2, H3 = r3 + 3sr + 3t.

The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

G−n = − t

u
G−(n−1) −

s

u
G−(n−2) −

r

u
G−(n−3) +

1

u
G−(n−4), (1.7)

H−n = − t

u
H−(n−1) −

s

u
H−(n−2) −

r

u
H−(n−3) +

1

u
H−(n−4), (1.8)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.7) and (1.8) hold for all integers n.
For more details on the generalized (r, s, t, u) numbers, see Soykan [5].

Some special cases of (r, s, t, u) sequence {Gn(0, 1, r, r
2+s; r, s, t, u)} and Lucas (r, s, t, u) sequence

{Hn(4, r, 2s+ r2, r3 + 3sr + 3t; r, s, t, u)} are as follows:

1. Gn(0, 1, 1, 2; 1, 1, 1, 1) = Mn, Tetranacci sequence,

2. Hn(4, 1, 3, 7; 1, 1, 1, 1) = Rn, Tetranacci-Lucas sequence,

3. Gn(0, 1, 2, 5; 2, 1, 1, 1) = Pn, fourth-order Pell sequence,

4. Hn(4, 2, 6, 17; 2, 1, 1, 1) = Qn, fourth-order Pell-Lucas sequence,

12
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5. Gn(0, 1, 1, 2; 1, 1, 1, 2) = Sn, adjusted fourth-order Jacobsthal sequence,

6. Hn(4, 1, 3, 7; 1, 1, 1, 2) = Rn, modified fourth-order Jacobsthal-Lucas sequence.

For all integers n, (r, s, t, u) and Lucas (r, s, t, u) numbers (using initial conditions in (1.3) or (1.5))
can be expressed using Binet’s formulas as

Gn =
αn+2

(α− β)(α− γ)(α− δ)
+

βn+2

(β − α)(β − γ)(β − δ)
+

γn+2

(γ − α)(γ − β)(γ − δ)
+

δn+2

(δ − α)(δ − β)(δ − γ)
,

Hn = αn + βn + γn + δn,

respectively.

Lemma 1.1 gives the following results as particular examples (generating functions of (r, s, t, u),
Lucas (r, s, t, u) and modified (r, s, t, u) numbers).

Corollary 1.3. Generating functions of (r, s, t, u), Lucas (r, s, t, u) and modified (r, s, t, u) numbers
are

∞∑
n=0

Gnx
n =

x

1− rx− sx2 − tx3 − ux4
,

∞∑
n=0

Hnx
n =

4− 3rx− 2sx2 − tx3

1− rx− sx2 − tx3 − ux4
,

respectively.

The following theorem shows that the generalized Tetranacci sequence Wn at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.4. For n ∈ Z, for the generalized Tetranacci sequence (or generalized (r, s, t, u)-sequence
or 4-step Fibonacci sequence) we have the following:

W−n =
1

6
(−u)−n(−6W3n + 6HnW2n − 3H2

nWn + 3H2nWn +W0H
3
n + 2W0H3n − 3W0HnH2n)

= (−1)−n−1u−n(W3n −HnW2n +
1

2
(H2

n −H2n)Wn − 1

6
(H3

n + 2H3n − 3H2nHn)W0).

Proof. For the proof, see Soykan [15, Theorem 1.]. �
Using Theorem 1.4, we have the following corollary, see Soykan [15, Corollary 4].

Corollary 1.5. For n ∈ Z, we have

(a) 2 (−u)n+4 G−n = −(3ru2 + t3 − 3stu)2G3
n − (2su− t2)2G2

n+3Gn − (−rt2 − tu+ 2rsu)2G2
n+2Gn

− (−st2 +2s2u+4u2 + rtu)2G2
n+1Gn +2(3ru2 + t3 − 3stu)((−2su+ t2)Gn+3 + (−rt2 − tu+

2rsu)Gn+2+(−st2+2s2u+4u2+rtu)Gn+1)G
2
n+2(2su−t2)(−rt2−tu+2rsu)Gn+3Gn+2Gn+

2(2su− t2)(−st2 +2s2u+4u2 + rtu)Gn+3Gn+1Gn − 2(−st2 +2s2u+4u2 + rtu)(−rt2 − tu+
2rsu)Gn+2Gn+1Gn − 2G3nu

4 + u2(−2su + t2)G2n+3Gn + u2(−rt2 − tu + 2rsu)G2n+2Gn +
u2(−st2+2s2u+4u2+rtu)G2n+1Gn−2u2(2su−t2)G2nGn+3+2u2(−rt2−tu+2rsu)G2nGn+2+
2u2(−st2 + 2s2u+ 4u2 + rtu)G2nGn+1 − 3u2(3ru2 + t3 − 3stu)G2nGn.

(b) H−n = 1
6
(−u)−n (H3

n + 2H3n − 3H2nHn

)
.

13
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Note that G−n and H−n can be given as follows by using G0 = 0 and H0 = 4 in Theorem 1.4,

G−n =
1

6
(−u)

−n
(−6G3n + 6HnG2n − 3H

2
nGn + 3H2nGn),

H−n =
1

6
(−u)

−n
(
H

3
n + 2H3n − 3H2nHn

)
,

respectively.

In this paper, we consider the case r = 2, s = 1, t = 1, u = 1 and in this case we write Vn = Wn. A
generalized fourth order Pell sequence {Vn}n≥0 = {Vn(V0, V1, V2, V3)}n≥0 is defined by the fourth-
order recurrence relations

Vn = 2Vn−1 + Vn−2 + Vn−3 + Vn−4 (1.9)
with the initial values V0 = c0, V1 = c1, V2 = c2, V3 = c3 not all being zero.

The sequence {Vn}n≥0 can be extended to negative subscripts by defining

V−n = −V−(n−1) − V−(n−2) − 2V−(n−3) + V−(n−4)

for n = 1, 2, 3, .... Therefore, recurrence (1.9) holds for all integer n.

As {Vn} is a fourth order recurrence sequence (difference equation), it’s characteristic equation (the
quartic equation) is

x4 − 2x3 − x2 − x− 1 = 0 (1.10)
The approximate value of the roots α, β, γ and δ of Equation (1.10) are given by

α = 2.592052792,

β = −0.6631378984,

γ = 0.035542552 98− 0.7619107877i,

δ = 0.03554255299 + 0.7619107877i.

Note that we have the following identities:

α+ β + γ + δ = 2,

αβ + αγ + αδ + βγ + βδ + γδ = −1,

αβγ + αβδ + αγδ + βγδ = 1,

αβγδ = −1.

The first few generalized fourth order Pell numbers with positive subscript and negative subscript are
given in the following Table 3.

Table 3. A few generalized fourth order Pell numbers

n Vn V−n

0 V0 V0

1 V1 −V0 − V1 − 2V2 + V3

2 V2 −V3 + 3V2 − V1

3 V3 −2V3 +5V2 + V1 − V0

4 2V3 + V2 + V1 + V0 V3 − 4V2 + 2V1 + 4V0

5 5V3 + 3V2 + 3V1 + 2V0 4V3 − 9V2 − 2V1 − 4V0

6 13V3 + 8V2 + 7V1 + 5V0 −2V3 + 6V2 − 3V1 + 2V0

7 34V3 + 20V2 + 18V1 + 13V0 −6V3 + 16V2 + 2V1 − 7V0

8 88V3 + 52V2 + 47V1 + 34V0 V3 − 8V2 + 7V1 + 17V0

9 262V3 + 155V2 + 140V1 + 101V0 13V3 − 29V2 − 5V1 − 18V0

10 693V3 + 410V2 + 370V1 + 267V0 −4V3 + 11V2 − 9V1 + 17V0

14
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(1.3) can be used to obtain Binet’s formula of generalized fourth order Pell numbers. Generalized
fourth order Pell numbers can be expressed, for all integers n, using Binet’s formula

Vn =
p1α

n

(α− β)(α− γ)(α− δ)
+

p2β
n

(β − α)(β − γ)(β − δ)
+

p3γ
n

(γ − α)(γ − β)(γ − δ)
+

p4δ
n

(δ − α)(δ − β)(δ − γ)
(1.11)

where

p1 = V3 − (β + γ + δ)V2 + (βγ + βδ + γδ)V1 − βγδV0,

p2 = V3 − (α+ γ + δ)V2 + (αγ + αδ + γδ)V1 − αγδV0,

p3 = V3 − (α+ β + δ)V2 + (αβ + αδ + βδ)V1 − αβδV0,

p4 = V3 − (α+ β + γ)V2 + (αβ + αγ + βγ)V1 − αβγV0.

Now we define three special case of the sequence {Vn}. Fourth-order Pell sequence {P (4)
n }n≥0 and

fourth-order Pell-Lucas sequence {Q(4)
n }n≥0 are defined, respectively, by the fourth-order recurrence

relations

P
(4)
n+4 = 2P

(4)
n+3 + P

(4)
n+2 + P

(4)
n+1 + P (4)

n , P
(4)
0 = 0, P

(4)
1 = 1, P

(4)
2 = 2, P

(4)
3 = 5, (1.12)

Q
(4)
n+4 = 2Q

(4)
n+3 +Q

(4)
n+2 +Q

(4)
n+1 +Q(4)

n , Q
(4)
0 = 4, Q

(4)
1 = 2, Q

(4)
2 = 6, Q

(4)
3 = 17, (1.13)

The sequences {P (4)
n }n≥0 and {Q(4)

n }n≥0 can be extended to negative subscripts by defining

P
(4)
−n = −P

(4)

−(n−1) − P
(4)

−(n−2) − 2P
(4)

−(n−3) + P
(4)

−(n−4)

Q
(4)
−n = −Q

(4)

−(n−1) −Q
(4)

−(n−2) − 2Q
(4)

−(n−3) +Q
(4)

−(n−4)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.12)-(1.13) hold for all integer n.

In the rest of the paper, for easy writing, we drop the superscripts and write Pn and Qn for P (4)
n and

Q
(4)
n , respectively.

Note that Pn is the sequence A103142 in [12], En is the sequence A190139 in [12]. Next, we present
the first few values of the fourth-order Pell and fourth-order Pell-Lucas numbers with positive and
negative subscripts:

Table 4. The first few values of the special fourth-order numbers with positive and
negative subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

Pn 0 1 2 5 13 34 88 228 591 1532 3971 10293 26680 69156
P−n 0 0 0 1 −1 0 −1 4 −4 2 −7 17 −18 17
Qn 4 2 6 17 46 117 303 786 2038 5282 13691 35488 91987 238435
Q−n 4 −1 −1 −4 11 −6 2 −22 43 −31 34 −111 182 −170

Next, using (1.11), we present the Binet formulas of fourth-order Pell and Pell-Lucas numbers.

Corollary 1.6. Binet formulas of fourth-order Pell, Pell-Lucas and modified Pell sequences are

Pn =
αn+2

(α− β)(α− γ)(α− δ)
+

βn+2

(β − α)(β − γ)(β − δ)
+

γn+2

(γ − α)(γ − β)(γ − δ)
+

δn+2

(δ − α)(δ − β)(δ − γ)
,

Qn = αn + βn + γn + δn,

respectively.

15
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Next, we give the ordinary generating function
∞∑

n=0

Vnx
n of the sequence Vn.

Lemma 1.7. Suppose that fVn(x) =
∞∑

n=0

Vnx
n is the ordinary generating function of the generalized

fourth-order Pell sequence {Vn}n≥0. Then,
∞∑

n=0

Vnx
n is given by

∞∑
n=0

Vnx
n =

V0 + (V1 − 2V0)x+ (V2 − 2V1 − V0)x
2 + (V3 − 2V2 − V1 − V0)x

3

1− 2x− x2 − x3 − x4
. (1.14)

The previous Lemma gives the following results as particular examples.

Corollary 1.8. Generated functions of fourth order Pell and fourth order Pell-Lucas numbers are

∞∑
n=0

Pnx
n =

x

1− 2x− x2 − x3 − x4
,

∞∑
n=0

Qnx
n =

4− 6x− 2x2 − x3

1− 2x− x2 − x3 − x4
,

respectively.

2 BINOMIAL TRANSFORM OF THE GENERALIZED FOURTH
ORDER PELL SEQUENCE Vn

In [16, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers
(an), its binomial transform (ân) may be defined by the rule

ân =

n∑
i=0

(
n

i

)
ai, with inversion an =

n∑
i=0

(
n

i

)
(−1)n−iâi,

or, in the symmetric version

ân =
n∑

i=0

(
n

i

)
(−1)i+1ai, with inversion an =

n∑
i=0

(
n

i

)
(−1)i+1âi.

For more information on binomial transform, see, for example, [17,18,19,20] and references therein.
For recent works on binomial transform of well-known sequences, see for example, [21,22,23,24,25,26,27,28,
29,30,31,32,33].

In this section, we define the binomial transform of the generalized fourth order Pell sequence Vn and
as special cases the binomial transform of the fourth order Pell and fourth order Pell-Lucas sequences
will be introduced.

Definition 2.1. The binomial transform of the generalized fourth order Pell sequence Vn is defined
by

bn = V̂n =

n∑
i=0

(
n

i

)
Vi.
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The few terms of bn are

b0 =

0∑
i=0

(
0

i

)
Vi = V0,

b1 =

1∑
i=0

(
1

i

)
Vi = V0 + V1,

b2 =

2∑
i=0

(
2

i

)
Vi = V0 + 2V1 + V2,

b3 =

3∑
i=0

(
3

i

)
Vi = V0 + 3V1 + 3V2 + V3.

Translated to matrix language, bn has the nice (lower-triangular matrix) form

b0
b1
b2
b3
b4
...


=



1 0 0 0 0 · · ·
1 1 0 0 0 · · ·
1 2 1 0 0 · · ·
1 3 3 1 0 · · ·
1 4 6 4 1 · · ·
...

...
...

...
...

. . .





V0

V1

V2

V3

V4

...


.

As special cases of bn = V̂n, the binomial transforms of the fourth order Pell and fourth order Pell-
Lucas sequences are defined as follows: The binomial transform of the fourth order Pell sequence
Pn is

P̂n =

n∑
i=0

(
n

i

)
Pi,

and the binomial transform of the fourth order Pell-Lucas sequence Qn is

Q̂n =

n∑
i=0

(
n

i

)
Qi.

Lemma 2.1. For n ≥ 0, the binomial transform of the generalized fourth order Pell sequence Vn

satisfies the following relation:

bn+1 =
n∑

i=0

(
n

i

)
(Vi + Vi+1).

Proof. The proof follows from the following well-known identities:(
n+ 1

i

)
=

(
n

i

)
+

(
n

i− 1

)
,(

n+ 1

0

)
=

(
n

0

)
= 1 and

(
n

n+ 1

)
= 0.

�
Remark 2.1. From the last Lemma, we see that

bn+1 = bn +

n∑
i=0

(
n

i

)
Vi+1.
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The following theorem gives recurrent relations of the binomial transform of the generalized fourth
order Pell sequence.

Theorem 2.2. For n ≥ 0, the binomial transform of the generalized fourth order Pell sequence Vn

satisfies the following recurrence relation:

bn+4 = 6bn+3 − 11bn+2 + 9bn+1 − 2bn (2.1)

Proof. To show (2.1), writing

bn+4 = r1 × bn+3 + s1 × bn+2 + t1 × bn+1 + u1 × bn

and taking the values n = 0, 1, 2, 3 and then solving the system of equations

b4 = r1 × b3 + s1 × b2 + t1 × b1 + u1 × b0

b5 = r1 × b4 + s1 × b3 + t1 × b2 + u1 × b1

b6 = r1 × b5 + s1 × b4 + t1 × b3 + u1 × b2

b7 = r1 × b6 + s1 × b5 + t1 × b4 + u1 × b3

we find that r1 = 6, s1 = −11, t1 = 9, u1 = −2. �

The sequence {bn}n≥0 can be extended to negative subscripts by defining

b−n =
9

2
b−(n−1) −

11

2
b−(n−2) +

6

2
b−(n−3) −

1

2
b−(n−4)

for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n.

Note that the recurence relation (2.1) is independent from initial values. So,

P̂n+4 = 6P̂n+3 − 11P̂n+2 + 9P̂n+1 − 2P̂n,

Q̂n+4 = 6P̂n+3 − 11P̂n+2 + 9P̂n+1 − 2P̂n.

The first few terms of the binomial transform of the generalized fourth order Pell sequence with
positive subscript and negative subscript are given in the following Table 5.

Table 5. A few binomial transform (terms) of the generalized fourth order Pell sequence

n bn b−n

0 V0 V0

1 V0 + V1
1
2
(3V0 − 2V1 + 3V2 − V3)

2 V0 + 2V1 + V2
1
4
(15V0 − 10V1 + 25V2 − 9V3)

3 V0 + 3V1 + 3V2 + V3
1
8
(89V0 − 50V1 + 159V2 − 59V3)

4 2V0 + 5V1 + 7V2 + 6V3
1
16

(535V0 − 278V1 + 953V2 − 357V3)
5 8V0 + 13V1 + 18V2 + 25V3

1
32

(3193V0 − 1626V1 + 5655V2 − 2123V3)
6 33V0 + 46V1 + 56V2 + 93V3

1
64

(18983V0 − 9638V1 + 33545V2 − 12597V3)
7 126V0 + 172V1 + 195V2 + 335V3

1
128

(112729V0 − 57242V1 + 199095V2 − 74763V3)

The first few terms of the binomial transform numbers of the fourth order Pell and fourth order Pell-
Lucas sequences with positive subscript and negative subscript are given in the following Table 6.
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Table 6. A few binomial transform (terms)

n 0 1 2 3 4 5 6 7 8 9 10 11

P̂n 0 1 4 14 49 174 623 2237 8037 28874 103724 372589

P̂−n 0 − 1
2

− 5
4

− 27
8

− 157
16

− 931
32

− 5533
64

− 32867
128

− 195165
256

− 1158755
512

− 6879709
1024

− 40845795
2048

Q̂n 4 6 14 45 162 591 2141 7713 27722 99576 357649 1284630

Q̂−n 4 9
2

37
4

207
8

1233
16

7359
32

43777
64

260031
128

1543937
256

9166527
512

54422657
1024

323114559
2048

(1.3) can be used to obtain Binet’s formula of the binomial transform of generalized fourth order Pell
numbers. Binet’s formula of the binomial transform of generalized fourth order Pell numbers can be
given as

bn =
C1θ

n
1

(θ1 − θ2)(θ1 − θ3)(θ1 − θ4)
+

C2θ
n
2

(θ2 − θ1)(θ2 − θ3)(θ2 − θ4)
(2.2)

+
C3θ

n
3

(θ3 − θ1)(θ3 − θ2)(θ3 − θ4)
+

C4θ
n
4

(θ4 − θ1)(θ4 − θ2)(θ4 − θ3)

where

C1 = b3 − (θ2 + θ3 + θ4)b2 + (θ2θ3 + θ2θ4 + θ3θ4)b1 − θ2θ3θ4b0

= (V0 + 3V1 + 3V2 + V3)− (θ2 + θ3 + θ4)(V0 + 2V1 + V2) + (θ2θ3 + θ2θ4 + θ3θ4)(V0 + V1)− θ2θ3θ4V0,

C2 = b3 − (θ1 + θ3 + θ4)b2 + (θ1θ3 + θ1θ4 + θ3θ4)b1 − θ1θ3θ4b0

= (V0 + 3V1 + 3V2 + V3)− (θ1 + θ3 + θ4)(V0 + 2V1 + V2) + (θ1θ3 + θ1θ4 + θ3θ4)(V0 + V1)− θ1θ3θ4V0,

C3 = b3 − (θ1 + θ2 + θ4)b2 + (θ1θ2 + θ1θ4 + θ2θ4)b1 − θ1θ2θ4b0

= (V0 + 3V1 + 3V2 + V3)− (θ1 + θ2 + θ4)(V0 + 2V1 + V2) + (θ1θ2 + θ1θ4 + θ2θ4)(V0 + V1)− θ1θ2θ4V0,

C4 = b3 − (θ1 + θ2 + θ3)b2 + (θ1θ2 + θ1θ3 + θ2θ3)b1 − θ1θ2θ3b0

= (V0 + 3V1 + 3V2 + V3)− (θ1 + θ2 + θ3)(V0 + 2V1 + V2) + (θ1θ2 + θ1θ3 + θ2θ3)(V0 + V1)− θ1θ2θ3V0,

Here, θ1, θ2, θ3 and θ4 are the roots of the quartic equation x4 − 6x3 + 11x2 − 9x+ 2 = 0. Moreover,

θ1 = −g1
2

+

√
g21
4

− h1
∼= 3.59205279238617

θ2 = −g1
2

−
√

g21
4

− h1
∼= 0.336862101632639

θ3 = −g2
2

+

√
g22
4

− h2
∼= 1.03554255299060 + 0.761910787728518i

θ4 = −g2
2

−
√

g22
4

− h2
∼= 1.03554255299060− 0.761910787728518i

where

g1 = −3−
√

−2 + y1

g2 = −3 +
√

−2 + y1

h1 =
y1
2

−
√

y2
1

4
− 2

h2 =
y1
2

+

√
y2
1

4
− 2

and y1 = 11
3
+
(
− 137

54
+
√

1423
108

)1/3
−
(

137
54

+
√

1423
108

)1/3
as the greatest real solution of the resolvent

cubic equation
y3 − 11y2 + 46y − 65 = 0.
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Note that

θ1 + θ2 + θ3 + θ4 = 6,

θ1θ2 + θ1θ3 + θ1θ4 + θ2θ3 + θ2θ4 + θ3θ4 = 11,

θ1θ2θ3 + θ1θ2θ4 + θ1θ3θ4 + θ2θ3θ4 = 9,

θ1θ2θ3θ4 = 2.

For all integers n, (Binet’s formulas of) binomial transforms of fourth order Pell and fourth order Pell-
Lucas numbers (using initial conditions in (2.2)) can be expressed using Binet’s formulas as

P̂n =
(θ1 − 1)2θn1

(θ1 − θ2)(θ1 − θ3)(θ1 − θ4)
+

(θ2 − 1)2θn2
(θ2 − θ1)(θ2 − θ3)(θ2 − θ4)

+
(θ3 − 1)2θn3

(θ3 − θ1)(θ3 − θ2)(θ3 − θ4)
+

(θ4 − 1)2θn4
(θ4 − θ1)(θ4 − θ2)(θ4 − θ3)

,

Q̂n = θn1 + θn2 + θn3 + θn4 ,

respectively.

3 GENERATING FUNCTIONS AND OBTAINING BINET FORMULAE
OF BINOMIAL TRANSFORM FROM GENERATING FUNCTION

The generating function of the binomial transform of the generalized fourth order Pell sequence Vn is
a power series centered at the origin whose coefficients are the binomial transform of the generalized
fourth order Pell sequence.

Next, we give the ordinary generating function fbn(x) =
∞∑

n=0

bnx
n of the sequence bn.

Lemma 3.1. Suppose that fbn(x) =
∞∑

n=0

bnx
n is the ordinary generating function of the binomial

transform of the generalized fourth order Pell sequence {Vn}n≥0. Then, fbn(x) is given by

fbn(x) =
V0 + (V1 − 5V0)x+ (V2 − 4V1 + 6V0)x

2 + (V3 − 3V2 + 2V1 − 3V0)x
3

1− 6x+ 11x2 − 9x3 + 2x4
. (3.1)

Proof. Using Lemma 1.1, we obtain

fbn(x) =
b0 + (b1 − 6b0)x+ (b2 − 6b1 + 11b0)x

2 + (b3 − 6b2 + 11b1 − 9b0)x
3

1− 6x+ 11x2 − 9x3 + 2x4

=
V0 + (V1 − 5V0)x+ (V2 − 4V1 + 6V0)x

2 + (V3 − 3V2 + 2V1 − 3V0)x
3

1− 6x+ 11x2 − 9x3 + 2x4

where

b0 = V0,

b1 = V0 + V1,

b2 = V0 + 2V1 + V2,

b3 = V0 + 3V1 + 3V2 + V3.

�
Note that P. Barry shows in [34] that if A(x) is the generating function of the sequence {an}, then

S(x) =
1

1− x
A(

x

1− x
)
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is the generating function of the sequence {bn} with bn =
n∑

i=0

(
n
i

)
ai. In our case, since

A(x) =
V0 + (V1 − 2V0)x+ (V2 − 2V1 − V0)x

2 + (V3 − 2V2 − V1 − V0)x
3

1− 2x− x2 − x3 − x4
,

see Lemma 1.7,

we obtain

S(x) =
1

1− x
A(

x

1− x
)

=
V0 + (V1 − 5V0)x+ (V2 − 4V1 + 6V0)x

2 + (V3 − 3V2 + 2V1 − 3V0)x
3

1− 6x+ 11x2 − 9x3 + 2x4
.

The previous lemma gives the following results as particular examples.

Corollary 3.2. Generating functions of the binomial transform of the fourth order Pell and fourth order
Pell-Lucas numbers are

∞∑
n=0

P̂nx
n =

x− 2x2 + x3

1− 6x+ 11x2 − 9x3 + 2x4
,

∞∑
n=0

Q̂nx
n =

4− 18x+ 22x2 − 9x3

1− 6x+ 11x2 − 9x3 + 2x4
,

respectively.

4 SIMSON FORMULAE

There is a well-known Simson Identity (formula) for Fibonacci sequence {Fn}, namely,

Fn+1Fn−1 − F 2
n = (−1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form ∣∣∣∣ Fn+1 Fn

Fn Fn−1

∣∣∣∣ = (−1)n.

The following theorem gives generalization of this result to the generalized Tetranacci sequence
{Wn}.

Theorem 4.1 (Simson Formula of Generalized Tetranacci Numbers). For all integers n, we have∣∣∣∣∣∣∣∣
Wn+3 Wn+2 Wn+1 Wn

Wn+2 Wn+1 Wn Wn−1

Wn+1 Wn Wn−1 Wn−2

Wn Wn−1 Wn−2 Wn−3

∣∣∣∣∣∣∣∣ = (−1)nun

∣∣∣∣∣∣∣∣
W3 W2 W1 W0

W2 W1 W0 W−1

W1 W0 W−1 W−2

W0 W−1 W−2 W−3

∣∣∣∣∣∣∣∣ . (4.1)

Proof. (4.1) is given in Soykan [35, Theorem 3.1]. �

Taking {Wn} = {bn} in the above theorem and considering bn+4 = 6bn+3 − 11bn+2 + 9bn+1 − 2bn,
r = 6, s = −11, t = 9, u = −2, we have the following proposition.
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Proposition 4.1. For all integers n, Simson formula of binomial transforms of generalized fourth
order Pell numbers is given as∣∣∣∣∣∣∣∣

bn+3 bn+2 bn+1 bn
bn+2 bn+1 bn bn−1

bn+1 bn bn−1 bn−2

bn bn−1 bn−2 bn−3

∣∣∣∣∣∣∣∣ = 2n

∣∣∣∣∣∣∣∣
b3 b2 b1 b0
b2 b1 b0 b−1

b1 b0 b−1 b−2

b0 b−1 b−2 b−3

∣∣∣∣∣∣∣∣ .
The previous proposition gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson formula of binomial transforms of the fourth order Pell and
fourth order Pell-Lucas numbers are given as∣∣∣∣∣∣∣∣∣

P̂n+3 P̂n+2 P̂n+1 P̂n

P̂n+2 P̂n+1 P̂n P̂n−1

P̂n+1 P̂n P̂n−1 P̂n−2

P̂n P̂n−1 P̂n−2 P̂n−3

∣∣∣∣∣∣∣∣∣ = 2n−3,

∣∣∣∣∣∣∣∣∣
Q̂n+3 Q̂n+2 Q̂n+1 Q̂n

Q̂n+2 Q̂n+1 Q̂n Q̂n−1

Q̂n+1 Q̂n Q̂n−1 Q̂n−2

Q̂n Q̂n−1 Q̂n−2 Q̂n−3

∣∣∣∣∣∣∣∣∣ = −1423× 2n−3,

respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of binomial transforms of generalized fourth order Pell, fourth
order Pell and fourth order Pell-Lucas numbers. First, we present a few basic relations between {bn}
and {P̂n}.

Lemma 5.1. The following equalities are true:

(a) 4bn = (35V0 − 14V1 + 65V2 − 25V3)P̂n+5 + 4(−50V0 + 20V1 − 91V2 + 35V3)P̂n+4 + (325V0 −
134V1 + 571V2 − 219V3)P̂n+3 − (209V0 − 98V1 + 367V2 − 139V3)P̂n+2.

(b) 2bn = (5V0 − 2V1 + 13V2 − 5V3)P̂n+4 + 2(−15V0 + 5V1 − 36V2 + 14V3)P̂n+3 + (53V0 − 14V1 +

109V2 − 43V3)P̂n+2 − (35V0 − 14V1 + 65V2 − 25V3)P̂n+1.

(c) bn = (3V2 − V1 − V3)P̂n+3 + (4V1 − V0 − 17V2 + 6V3)P̂n+2 + (5V0 − 2V1 + 26V2 − 10V3)P̂n+1 +

(2V1 − 5V0 − 13V2 + 5V3)P̂n.

(d) bn = (V2 − 2V1 −V0)P̂n+2 +(5V0 +9V1 − 7V2 +V3)P̂n+1 +(14V2 − 7V1 − 5V0 − 4V3)P̂n +(2V1 −
6V2 + 2V3)P̂n−1.

(e) bn = (V3 − 3V1 −V2 −V0)P̂n+1 +(6V0 +15V1 +3V2 − 4V3)P̂n +(3V2 − 16V1 − 9V0 +2V3)P̂n−1 +

(2V0 + 4V1 − 2V2)P̂n−2.

Proof. Writing
bn = a× P̂n+5 + b× P̂n+4 + c× P̂n+3 + d× P̂n+2
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and solving the system of equations

b0 = a× P̂5 + b× P̂4 + c× P̂3 + d× P̂2

b1 = a× P̂6 + b× P̂5 + c× P̂4 + d× P̂3

b2 = a× P̂7 + b× P̂6 + c× P̂5 + d× P̂4

b3 = a× P̂8 + b× P̂7 + c× P̂6 + d× P̂5

we find that 4a = 35V0 − 14V1 +65V2 − 25V3, b = −50V0 +20V1 − 91V2 +35V3, 4c = 325V0 − 134V1 +
571V2 − 219V3, 4d = −(209V0 − 98V1 + 367V2 − 139V3).

The other equalities can be proved similarly. �

Now, we give a few basic relations between {bn} and {Q̂n}.

Lemma 5.2. The following equalities are true:

(a) 5692bn = −(5869V0 − 3134V1 + 11787V2 − 4419V3)Q̂n+5 + 4(8441V0 − 4280V1 + 16622V2 −
6261V3)Q̂n+4 − (55839V0 − 26074V1 + 105333V2 − 39965V3)Q̂n+3 + (36947V0 − 18006V1 +

66789V2 − 25209V3)Q̂n+2.

(b) 2846bn = −(725V0−842V1+2117V2−735V3)Q̂n+4+2(2180V0−2100V1+6081V2−2161V3)Q̂n+3−
(7937V0 − 5100V1 + 19647V2 − 7281V3)Q̂n+2 + (5869V0 − 3134V1 + 11787V2 − 4419V3)Q̂n+1.

(c) 1423bn = (5V0+426V1−270V2+44V3)Q̂n+3+(19V0−2081V1+1820V2−402V3)Q̂n+2−(328V0−
2222V1 + 3633V2 − 1098V3)Q̂n+1 + (725V0 − 842V1 + 2117V2 − 735V3)Q̂n.

(d) 1423bn = (49V0 + 475V1 + 200V2 − 138V3)Q̂n+2 − (383V0 + 2464V1 + 663V2 − 614V3)Q̂n+1 +

(770V0 + 2992V1 − 313V2 − 339V3)Q̂n − 2(5V0 + 426V1 − 270V2 + 44V3)Q̂n−1.

(e) 1423bn = −(89V0 − 386V1 − 537V2 + 214V3)Q̂n+1 + (231V0 − 2233V1 − 2513V2 + 1179V3)Q̂n +

(431V0 + 3423V1 + 2340V2 − 1330V3)Q̂n−1 − 2(49V0 + 475V1 + 200V2 − 138V3)Q̂n−2.

Next, we present a few basic relations between {Q̂n} and {P̂n}.

Lemma 5.3. The following equalities are true:

4Q̂n = 77P̂n+5 − 444P̂n+4 + 735P̂n+3 − 479P̂n+2,

2Q̂n = 9P̂n+4 − 56P̂n+3 + 107P̂n+2 − 77P̂n+1,

Q̂n = −P̂n+3 + 4P̂n+2 + 2P̂n+1 − 9P̂n,

Q̂n = −2P̂n+2 + 13P̂n+1 − 18P̂n + 2P̂n−1,

Q̂n = P̂n+1 + 4P̂n − 16P̂n−1 + 4P̂n−2,

and

5692P̂n = 1655Q̂n+5 − 9364Q̂n+4 + 15233Q̂n+3 − 10473Q̂n+2,

2846P̂n = 283Q̂n+4 − 1486Q̂n+3 + 2211Q̂n+2 − 1655Q̂n+1,

1423P̂n = 106Q̂n+3 − 451Q̂n+2 + 446Q̂n+1 − 283Q̂n,

1423P̂n = 185Q̂n+2 − 720Q̂n+1 + 671Q̂n − 212Q̂n−1,

1423P̂n = 390Q̂n+1 − 1364Q̂n + 1453Q̂n−1 − 370Q̂n−2.
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6 ON THE RECURRENCE PROPERTIES OF BINOMIAL TRANSFORM
OF THE GENERALIZED FOURTH ORDER PELL SEQUENCE

Taking r1 = 6, s1 = −11, t1 = 9, u1 = −2 and Hn = Q̂n in Theorem 1.4, we obtain the following
Proposition.

Proposition 6.1. For n ∈ Z, binomial Transform of the generalized fourth order Pell sequence have
the following identity:

b−n =
1

6
× 2−n(−6b3n + 6Q̂nb2n − 3Q̂2

nbn + 3Q̂2nbn + b0Q̂
3
n + 2b0Q̂3n − 3b0Q̂nQ̂2n)

= (−1)−n−1(−2)−n(b3n − Q̂nb2n +
1

2
(Q̂2

n − Q̂2n)bn − 1

6
(Q̂3

n + 2Q̂3n − 3Q̂2nQ̂n)b0).

Using Proposition 6.1 (and Corollary 1.5 (b)), we obtain the following corollary which gives the
connection between the special cases of binomial transform of generalized fourth order Pell sequence
at the positive index and the negative index: for binomial transform of fourth order Pell, fourth order
Pell-Lucas numbers: take bn = P̂n with P̂0 = 0, P̂1 = 1, P̂2 = 4, P̂3 = 14, take bn = Q̂n with
Q̂0 = 4, Q̂1 = 6, Q̂2 = 14, Q̂3 = 45, respectively. Note that in this case we have Hn = Q̂n. Note also
that Gn ̸= P̂n.

Corollary 6.1. For n ∈ Z, we have the following recurrence relations:

(a) Recurrence relations of binomial transforms of fourth order Pell numbers (take bn = P̂n in
Proposition 6.1):

P̂−n =
1

6
× 2−n(−6P̂3n + 6QnP̂2n − 3Q2

nP̂n + 3Q2nP̂n)

= (−1)−n−1(−2)−n(P̂3n −QnP̂2n +
1

2
(Q2

n −Q2n)P̂n).

(b) Recurrence relations of binomial transforms of fourth order Pell-Lucas numbers (take bn = Q̂n in
Proposition 6.1 or take Hn = Q̂n in Corollary 1.5 (b)):

Q̂−n =
1

6
× 2−n

(
Q̂3

n + 2Q̂3n − 3Q̂2nQ̂n

)
.

7 SUM FORMULAE

7.1 Sums of Terms with Positive Subscripts
The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with positive subscripts.

Proposition 7.1. If r = 6, s = −11, t = 9, u = −2 then for n ≥ 0, we have the following formulas:

(a)
∑n

k=0 bk = bn+4 − 5bn+3 + 6bn+2 − 3bn+1 − b3 + 5b2 − 6b1 + 3b0.

(b)
∑n

k=0 b2k = 1
29
(14b2n+2 − 69b2n+1 + 107b2n − 30b2n−1 − 15b3 + 76b2 − 96b1 + 57b0).

(c)
∑n

k=0 b2k+1 = 1
29
(15b2n+2 − 47b2n+1 + 96b2n − 28b2n−1 − 14b3 + 69b2 − 78b1 + 30b0).
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Proof. Take r = 6, s = −11, t = 9, u = −2 in Theorem 2.1 in [36] (or take x = 1, r = 6, s = −11, t =
9, u = −2 in Theorem 1 in [37]).
From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take bn = P̂n with P̂0 = 0, P̂1 = 1, P̂2 = 4, P̂3 = 14).

Corollary 7.1. For n ≥ 0, we have the following formulas:

(a)
∑n

k=0 P̂k = P̂n+4 − 5P̂n+3 + 6P̂n+2 − 3P̂n+1.

(b)
∑n

k=0 P̂2k = 1
29
(14P̂2n+2 − 69P̂2n+1 + 107P̂2n − 30P̂2n−1 − 2).

(c)
∑n

k=0 P̂2k+1 = 1
29
(15P̂2n+2 − 47P̂2n+1 + 96P̂2n − 28P̂2n−1 + 2).

Taking bn = Q̂n with Q̂0 = 4, Q̂1 = 6, Q̂2 = 14, Q̂3 = 45 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.2. For n ≥ 0, we have the following formulas:

(a)
∑n

k=0 Q̂k = Q̂n+4 − 5Q̂n+3 + 6Q̂n+2 − 3Q̂n+1 + 1.

(b)
∑n

k=0 Q̂2k = 1
29
(14Q̂2n+2 − 69Q̂2n+1 + 107Q̂2n − 30Q̂2n−1 + 41).

(c)
∑n

k=0 Q̂2k+1 = 1
29
(15Q̂2n+2 − 47Q̂2n+1 + 96Q̂2n − 28Q̂2n−1 − 12).

7.2 Sums of Terms with Negative Subscripts
The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with negative subscripts.

Proposition 7.2. If r = 6, s = −11, t = 9, u = −2 then for n ≥ 1 we have the following formulas:

(a)
∑n

k=1 b−k = −b−n+3 + 5b−n+2 − 6b−n+1 + 3b−n + b3 − 5b2 + 6b1 − 3b0.

(b)
∑n

k=1 b−2k = 1
29
(−14b−2n+2 + 69b−2n+1 − 78b−2n + 30b−2n−1 + 15b3 − 76b2 + 96b1 − 57b0).

(c)
∑n

k=1 b−2k+1 = 1
29
(−15b−2n+2 + 76b−2n+1 − 96b−2n + 28b−2n−1 + 14b3 − 69b2 + 78b1 − 30b0).

Proof. Take r = 6, s = −11, t = 9, u = −2 in Theorem 3.1 in [36] or (or take x = 1, r = 6, s =
−11, t = 9, u = −2 in Theorem 8 in [37]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take bn = P̂n with P̂0 = 0, P̂1 = 1, P̂2 = 4, P̂3 = 14).

Corollary 7.3. For n ≥ 1, binomial transform of fourth order Pell numbers have the following properties.

(a)
∑n

k=1 P̂−k = −P̂−n+3 + 5P̂−n+2 − 6P̂−n+1 + 3P̂−n.

(b)
∑n

k=1 P̂−2k = 1
29
(−14P̂−2n+2 + 69P̂−2n+1 − 78P̂−2n + 30P̂−2n−1 + 2).

(c)
∑n

k=1 P̂−2k+1 = 1
29
(−15P̂−2n+2 + 76P̂−2n+1 − 96P̂−2n + 28P̂−2n−1 − 2).

Taking bn = Q̂n with Q̂0 = 4, Q̂1 = 6, Q̂2 = 14, Q̂3 = 45 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.4. For n ≥ 1, binomial transform of fourth order Pell-Lucas numbers have the following
properties.

(a)
∑n

k=1 Q̂−k = −Q̂−n+3 + 5Q̂−n+2 − 6Q̂−n+1 + 3Q̂−n − 1.

(b)
∑n

k=1 Q̂−2k = 1
29
(−14Q̂−2n+2 + 69Q̂−2n+1 − 78Q̂−2n + 30Q̂−2n−1 − 41).

(c)
∑n

k=1 Q̂−2k+1 = 1
29
(−15Q̂−2n+2 + 76Q̂−2n+1 − 96Q̂−2n + 28Q̂−2n−1 + 12).
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7.3 Sums of the Squares of Terms with Positive Subscripts
The following proposition presents some formulas of binomial transform of generalized fourth order
Pell numbers with positive subscripts.

Proposition 7.3. If r = 6, s = −11, t = 9, u = −2 then for n ≥ 0, we have the following formulas:

(a)
∑n

k=0 b
2
k = 1

29
(3b2n+4+147b2n+3+334b2n+2−42bn+3bn+4+50bn+2bn+4+12bn+1bn+4−408bn+2bn+3+

32bn+1bn+3−132bn+1bn+2−17b2n+1−3b23−147b22−334b21+17b20+42b2b3−50b1b3−12b0b3+
408b1b2 − 32b0b2 + 132b0b1).

(b)
∑n

k=0 bk+1bk = 1
29
(−3b2n+4+27b2n+3+159b2n+2−12b2n+1+13bn+3bn+4−21bn+2bn+4+46bn+1bn+4−

114bn+2bn+3 − 90bn+1bn+3 − 13bn+1bn+2 + 3b23 − 27b22 − 159b21 + 12b20 − 13b2b3 + 21b1b3 −
46b0b3 + 114b1b2 + 90b0b2 + 13b0b1).

(c)
∑n

k=0 bk+2bk = 1
29
(−26b2n+4 − 404b2n+3 − 536b2n+2 − 104b2n+1 + 219bn+3bn+4 − 298bn+2bn+4 +

186bn+1bn+4 + 984bn+2bn+3 − 577bn+1bn+3 + 564bn+1bn+2 + 26b23 + 404b22 + 536b21 + 104b20 −
219b2b3 + 298b1b3 − 186b0b3 − 984b1b2 + 577b0b2 − 564b0b1).

(d)
∑n

k=0 bk+3bk = 1
29
(−90b2n+4−1452b2n+3−2277b2n+2−360b2n+1+767bn+3bn+4−1065bn+2bn+4+

597bn+1bn+4 + 3714bn+2bn+3 − 1830bn+1bn+3 + 2046bn+1bn+2 + 90b23 + 1452b22 + 2277b21 +
360b20 − 767b2b3 + 1065b1b3 − 597b0b3 − 3714b1b2 + 1830b0b2 − 2046b0b1).

Proof. Take r = 6, s = −11, t = 9, u = −2 in Theorem 2.1. in [38] (or take x = 1, r = 6, s = −11, t =
9, u = −2 in Theorem 3.1. in Soykan [39]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fourth order Pell numbers (take bn = P̂n with P̂0 = 0, P̂1 = 1, P̂2 = 4, P̂3 = 14).

Corollary 7.5. For n ≥ 0, we have the following formulas:

(a)
∑n

k=0 P̂
2
k = 1

29
(3P̂ 2

n+4 + 147P̂ 2
n+3 + 334P̂ 2

n+2 − 42P̂n+3P̂n+4 + 50P̂n+2P̂n+4 + 12P̂n+1P̂n+4 −
408P̂n+2P̂n+3 + 32P̂n+1P̂n+3 − 132P̂n+1P̂n+2 − 17P̂ 2

n+1 + 10).

(b)
∑n

k=0 P̂k+1P̂k = 1
29
(−3P̂ 2

n+4 + 27P̂ 2
n+3 + 159P̂ 2

n+2 − 12P̂ 2
n+1 + 13P̂n+3P̂n+4 − 21P̂n+2P̂n+4 +

46P̂n+1P̂n+4 − 114P̂n+2P̂n+3 − 90P̂n+1P̂n+3 − 13P̂n+1P̂n+2 + 19).

(c)
∑n

k=0 P̂k+2P̂k = 1
29
(−26P̂ 2

n+4−404P̂ 2
n+3−536P̂ 2

n+2−104P̂ 2
n+1+219P̂n+3P̂n+4−298P̂n+2P̂n+4+

186P̂n+1P̂n+4 + 984P̂n+2P̂n+3 − 577P̂n+1P̂n+3 + 564P̂n+1P̂n+2 + 68).

(d)
∑n

k=0 P̂k+3P̂k = 1
29
(−90P̂ 2

n+4−1452P̂ 2
n+3−2277P̂ 2

n+2−360P̂ 2
n+1+767P̂n+3P̂n+4−1065P̂n+2P̂n+4+

597P̂n+1P̂n+4 + 3714P̂n+2P̂n+3 − 1830P̂n+1P̂n+3 + 2046P̂n+1P̂n+2 + 251).

Taking bn = Q̂n with Q̂0 = 4, Q̂1 = 6, Q̂2 = 14, Q̂3 = 45 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fourth order Pell-Lucas numbers.

Corollary 7.6. For n ≥ 0, we have the following formulas:

(a)
∑n

k=0 Q̂
2
k = 1

29
(3Q̂2

n+4 + 147Q̂2
n+3 + 334Q̂2

n+2 − 42Q̂n+3Q̂n+4 + 50Q̂n+2Q̂n+4 + 12Q̂n+1Q̂n+4 −
408Q̂n+2Q̂n+3 + 32Q̂n+1Q̂n+3 − 132Q̂n+1Q̂n+2 − 17Q̂2

n+1 − 191).

(b)
∑n

k=0 Q̂k+1Q̂k = 1
29
(−3Q̂2

n+4 +27Q̂2
n+3 +159Q̂2

n+2 − 12Q̂2
n+1 +13Q̂n+3Q̂n+4 − 21Q̂n+2Q̂n+4 +

46Q̂n+1Q̂n+4 − 114Q̂n+2Q̂n+3 − 90Q̂n+1Q̂n+3 − 13Q̂n+1Q̂n+2 − 621).

(c)
∑n

k=0 Q̂k+2Q̂k = 1
29
(−26Q̂2

n+4−404Q̂2
n+3−536Q̂2

n+2−104Q̂2
n+1+219Q̂n+3Q̂n+4−298Q̂n+2Q̂n+4+

186Q̂n+1Q̂n+4 + 984Q̂n+2Q̂n+3 − 577Q̂n+1Q̂n+3 + 564Q̂n+1Q̂n+2 − 2076).

(d)
∑n

k=0 Q̂k+3Q̂k = 1
29
(−90Q̂2

n+4−1452Q̂2
n+3−2277Q̂2

n+2−360Q̂2
n+1+767Q̂n+3Q̂n+4−1065Q̂n+2Q̂n+4+

597Q̂n+1Q̂n+4 + 3714Q̂n+2Q̂n+3 − 1830Q̂n+1Q̂n+3 + 2046Q̂n+1Q̂n+2 − 7146).
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8 MATRICES RELATED WITH BINOMIAL TRANSFORM OF GENERA-
LIZED FOURTH ORDER PELL NUMBERS

We define the square matrix A of order 4 as:

A =


6 −11 9 −2
1 0 0 0
0 1 0 0
0 0 1 0


such that detA = 2. From (1.1) we have

bn+3

bn+2

bn+1

bn

 =


6 −11 9 −2
1 0 0 0
0 1 0 0
0 0 1 0




bn+2

bn+1

bn
bn−1

 . (8.1)

and from (1.6) (or using (8.1) and induction) we have
bn+3

bn+2

bn+1

bn

 =


6 −11 9 −2
1 0 0 0
0 1 0 0
0 0 1 0


n

b3
b2
b1
b0

 .

If we take bn = P̂n in (8.1) we have
P̂n+3

P̂n+2

P̂n+1

P̂n

 =


6 −11 9 −2
1 0 0 0
0 1 0 0
0 0 1 0




P̂n+2

P̂n+1

P̂n

P̂n−1

 . (8.2)

We also, for n ≥ 0, define

Bn =


∑n+1

k=0

∑n+1
l=k P̂k E1 9

∑n
k=0

∑n
l=k P̂k − 2

∑n−1
k=0

∑n−1
l=k P̂k −2

∑n
k=0

∑n
l=k P̂k∑n

k=0

∑n
l=k P̂k E2 9

∑n−1
k=0

∑n−1
l=k P̂k − 2

∑n−2
k=0

∑n−2
l=k P̂k −2

∑n−1
k=0

∑n−1
l=k P̂k∑n−1

k=0

∑n−1
l=k P̂k E3 9

∑n−2
k=0

∑n−2
l=k P̂k − 2

∑n−3
k=0

∑n−3
l=k P̂k −2

∑n−2
k=0

∑n−2
l=k P̂k∑n−2

k=0

∑n−2
l=k P̂k E4 9

∑n−3
k=0

∑n−3
l=k P̂k − 2

∑n−4
k=0

∑n−4
l=k P̂k −2

∑n−3
k=0

∑n−3
l=k P̂k


and

Cn =


bn+1 −11bn + 9bn−1 − 2bn−2 9bn − 2bn−1 −2bn
bn −11bn−1 + 9bn−2 − 2bn−3 9bn−1 − 2bn−2 −2bn−1

bn−1 −11bn−2 + 9bn−3 − 2bn−4 9bn−2 − 2bn−3 −2bn−2

bn−2 −11bn−3 + 9bn−4 − 2bn−5 9bn−3 − 2bn−4 −2bn−3


where

E1

E2

E3

E4

=

−11
∑n

k=0

∑n
l=k P̂k + 9

∑n−1
k=0

∑n−1
l=k P̂k − 2

∑n−2
k=0

∑n−2
l=k P̂k

−11
∑n−1

k=0

∑n−1
l=k P̂k + 9

∑n−2
k=0

∑n−2
l=k P̂k − 2

∑n−3
k=0

∑n−3
l=k P̂k

−11
∑n−2

k=0

∑n−2
l=k P̂k + 9

∑n−3
k=0

∑n−3
l=k P̂k − 2

∑n−4
k=0

∑n−4
l=k P̂k

−11
∑n−3

k=0

∑n−3
l=k P̂k + 9

∑n−4
k=0

∑n−4
l=k P̂k − 2

∑n−5
k=0

∑n−5
l=k P̂k

.

By convention, we assume that

−5∑
k=0

−5∑
l=k

P̂k = −59

8
,

−4∑
k=0

−4∑
l=k

P̂k = −9

4
,

−3∑
k=0

−3∑
l=k

P̂k = −1

2
,

−2∑
k=0

−2∑
l=k

P̂k = 0,

−1∑
k=0

−1∑
l=k

P̂k = 0.

27



Soykan; ACRI, 21(6), 9-31, 2021; Article no.ACRI.75817

Theorem 8.1. For all integers m,n ≥ 0, we have

(a) Bn = An.

(b) C1A
n = AnC1.

(c) Cn+m = CnBm = BmCn.

Proof.

(a) Proof can be done by mathematical induction on n.

(b) After matrix multiplication, (b) follows.
(c) We have

ACn−1 =


6 −11 9 −2
1 0 0 0
0 1 0 0
0 0 1 0




bn −11bn−1 + 9bn−2 − 2bn−3 9bn−1 − 2bn−2 −2bn−1

bn−1 −11bn−2 + 9bn−3 − 2bn−4 9bn−2 − 2bn−3 −2bn−2

bn−2 −11bn−3 + 9bn−4 − 2bn−5 9bn−3 − 2bn−4 −2bn−3

bn−3 −11bn−4 + 9bn−5 − 2bn−6 9bn−4 − 2bn−5 −2bn−4



=


bn+1 −11bn + 9bn−1 − 2bn−2 9bn − 2bn−1 −2bn
bn −11bn−1 + 9bn−2 − 2bn−3 9bn−1 − 2bn−2 −2bn−1

bn−1 −11bn−2 + 9bn−3 − 2bn−4 9bn−2 − 2bn−3 −2bn−2

bn−2 −11bn−3 + 9bn−4 − 2bn−5 9bn−3 − 2bn−4 −2bn−3

 = Cn.

i.e. Cn = ACn−1. From the last equation, using induction, we obtain Cn = An−1C1. Now

Cn+m = An+m−1C1 = An−1AmC1 = An−1C1A
m = CnBm

and similarly
Cn+m = BmCn.

�
Theorem 8.2. For m,n ≥ 0, we have

bn+m = bn

m+1∑
k=0

m+1∑
l=k

P̂k + bn−1

(
−11

m∑
k=0

m∑
l=k

P̂k + 9

m−1∑
k=0

m−1∑
l=k

P̂k − 2

m−2∑
k=0

m−2∑
l=k

P̂k

)
(8.3)

+bn−2

(
9

m∑
k=0

m∑
l=k

P̂k − 2

m−1∑
k=0

m−1∑
l=k

P̂k

)
− 2bn−3

m∑
k=0

m∑
l=k

P̂k

Proof. From the equation Cn+m = CnBm = BmCn, we see that an element of Cn+m is the product
of row Cn and a column Bm. From the last equation, we say that an element of Cn+m is the product
of a row Cn and column Bm. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices Cn+m and CnBm. This completes the proof. �

Corollary 8.3. For m,n ≥ 0, we have

P̂n+m = P̂n

m+1∑
k=0

m+1∑
l=k

P̂k + P̂n−1

(
−11

m∑
k=0

m∑
l=k

P̂k + 9

m−1∑
k=0

m−1∑
l=k

P̂k − 2

m−2∑
k=0

m−2∑
l=k

P̂k

)

+P̂n−2

(
9

m∑
k=0

m∑
l=k

P̂k − 2

m−1∑
k=0

m−1∑
l=k

P̂k

)
− 2P̂n−3

m∑
k=0

m∑
l=k

P̂k,

Q̂n+m = Q̂n

m+1∑
k=0

m+1∑
l=k

P̂k + Q̂n−1

(
−11

m∑
k=0

m∑
l=k

P̂k + 9

m−1∑
k=0

m−1∑
l=k

P̂k − 2

m−2∑
k=0

m−2∑
l=k

P̂k

)

+Q̂n−2

(
9

m∑
k=0

m∑
l=k

P̂k − 2

m−1∑
k=0

m−1∑
l=k

P̂k

)
− 2Q̂n−3

m∑
k=0

m∑
l=k

P̂k.
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Remark 8.1. Note that Theorem 8.2 can be simplified by using the formula

n∑
k=0

P̂k = P̂n+4 − 5P̂n+3 + 6P̂n+2 − 3P̂n+1

which is given in Corollary 7.1 and the other formulas such as

m+1∑
l=k

P̂k = P̂k

m+1∑
l=k

1 = P̂k((m+ 1)− k + 1) = (m− k + 2)P̂k.

and
m∑
l=k

P̂k = (m− k + 1)P̂k.

9 CONCLUSIONS
In the literature, there have been so many
studies of the sequences of numbers and the
sequences of numbers were widely used in many
research areas, such as physics, engineering,
architecture, nature and art. We introduced the
binomial transform of the generalized fourth order
Pell sequence and as special cases, the binomial
transform of the fourth order Pell and fourth
order Pell-Lucas sequences has been defined.
For applications of binomial transform, one
can consult the on-line encyclopedia of integer
sequences [12]. Just search for “applications of
binomial transform” and follow the links provided.

• In section 1, we present some background
about the generalized 4-step Fibonacci
numbers (also called the generalized
Tetranacci numbers).

• In section 2, we define the binomial
transform of the generalized fourth order
Pell sequence.

• In section 3, we give Binet’s formulas
and generating functions of the binomial
transform of the generalized fourth order
Pell sequence.

• In section 4, we present Simson
formulas of the binomial transform of the
generalized fourth order Pell sequence.

• In section 5, we obtaine some identities of
the binomial transform of the generalized
fourth order Pell sequence.

• In section 6, we present recurrence
relations of binomial transforms of
generalized fourth order Pell numbers

• In section 7, we present sum formulas of
the binomial transform of the generalized
fourth order Pell sequence.

• In section 8, we give some matrix
formulation of the binomial transform
of the generalized fourth order Pell
sequence.
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