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Abstract

In this paper, we introduce and investigate the Hyers - Ulam stability of a k— cubic functional
equation of the form

ket k) — Sk +9) = T () 4 ) 6 0 70) - 2662 - 1) 5 (),

for k > 2 in quasi - 8 normed spaces using both direct and fixed point methods.

Keywords: Cubic functional equations; Generalized Ulam - Hyers stability; quasi - Bnormed spaces;
fixed point method.
2010 Mathematics Subject Classification: 39B52; 32B72; 32B82; 47H10

1 Introduction

One of the most interesting questions in the theory of functional analysis concerning the Ulam stability
problem of functional equations is as follows: when is it true that a mapping satisfying a functional
equation approximately must be close to an exact solution of the given functional equation?
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The first stability problem was raised by [1] during his talk at the University of Wisconsin in
1940. We are given a group (G1,-) and let (G2, x) be a metric group with the metric d(-,-). Given
e > 0, does there exist a § > 0, such that if a mapping h : G1 — G2 satisfies the inequality
d(h(z - y), h(z) * h(y)) < 6 for all z,y € G1, then there exists a homomorphism H : G; — G2 with
d(h(z), H(z)) < eforallz € G1?

For very general functional equations, the concept of stability for functional equations arises when
we replace the functional equation by an inequality which acts as a perturbation of the equation. Thus
the stability question of functional equations is that how do the solutions of the inequality differ from
those of the given functional equation? If the answer is affirmative, we would say that the equation is
stable.

[2] gave a first affirmative partial answer to the question of Ulam for Banach spaces. It was further
generalized and excellent results were obtained by a number of authors ([3] - [30]).

The solution and stability of the following cubic functional equations

C(z +2y) +3C(z) =3C(xz +y) + C(z —y) + 6C(y), (1.1)
fQx+y)+ f2x—y)=2f(z+y)+2f(z—y) +12f(z), (1.2)
flz+y+22)+ f(x+y—22)+ f(2z) + f(2y)
=2[f(z+y)+2f(x+2)+2f(y+2)+2f(x—2)+2f(y — 2)], (1.3)
3f(x+3y) — fBz +y) = 12[f(z +y) + f(z —y)] + 80f(y) — 48f (), (1.4)
92z —y) + g(z — 2y) = 6g(x — y) + 3g9(z) — 39(y), (1.5)

f <ax1 + bi%) +f (CL$1 - bi%) +2a(b” — a®) f (z1)

= ab? |:f <zn:xz>+f<$1—zn:%>:|> (1.6)
n—1 n—1 1:171*1 -
f <Z T; + 2$n> +f (Z Tj — 293n> + Z f(2xz;)
j=1 j=1 Jj=1

n—1 n—1
=2f (Z 2xj> +4Y (flag +zn) + flag —zn)) (1.7)
j=1 j=1

were investigated by [31, 32, 33, 34, 35, 36, 37, 38].
In this paper, we introduce and investigate the Hyers - Ulam stability of a k— cubic functional
equation of the form

M=V 5 4 4) + - )

+ (k" = 1) f(y) — 2k(K* — 1) f(2) (1.8)

where k& > 2, in quasi - 8 normed spaces, by employing direct and fixed point methods.

kf(x+ky) — f(kr +y) =

2 Solution of a k— Cubic Functional Equation

In this section, the general solution of the functional equation (1.8) is given. Throughout this section,
assume that .A and B are vector spaces.

Lemma 2.1. If a mapping f : A — B satisfies the functional equation (1.8), then the following
properties hold

(i) £(0)=0,
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(i) f(kx) = K3 f(z), forallx € A.
(iii) f(—z) = —f(x), forallz € A;thatis, f is an odd function.

Proof. Letting (z,y) by (0,0) in (1.8), we obtain

_ 2k(k? — 1)

5 + (K* — 1) — 2k(k* — 1)| f(0)

(k—1)f(0)
and so
E*(k —1)f(0) = 0.
Since k # 0, 1, we find (i).
Replacing (z,y) by (x,0) in (1.8), we obtain
kf(z) = f(kx) = k(k* = 1) f(z) = 2k(k* = 1) f(z), or

flkz) = [k — k(k* — 1) + 2k(k* — 1)] f(z) = k* f(z),
for all z € A. Thus, (ii) holds.
Setting z by 0 in (1.8), we get

E(k* —1)

kf(ky) = F(y) = =5 [ () + F(=p)] + (K" = D) f(y), or

k(K> —1) [f(y) + f(—=y)] =0,

for all z € A. Finally, (iii) holds, since k¥ # 0,+1. Thus f is an odd function. Hence the proof is
complete O

3 Preliminary Results on Quasi-5 Normed Spaces

In this section, we present some preliminary results associated to quasi-5-normed spaces. Let us fix
a real number 3 with 0 < 8 < 1 and denote K either for R or C.

Definition 3.1. Let X be a linear space over K . A quasi-g-norm || - || is a real-valued function on X
satisfying the following properties:

(QB1) ||z ||>0forallz € X and || z ||= 0 if and only if 2 = 0.

(QB2) || Mx| =|X|?.|z|forall e Kandallz € X.

(@B3) Thereisaconstant K > 1suchthat|z+y [[<K K(|z |+ | yl)
forall z,y € X.

The pair (X, | - ||) is called quasi-3-normed space if || - || is a quasi-8-norm on X. The smallest
possible K is called the modulus of concavity of || - ||.

Definition 3.2. A quasi-3-Banach space is a complete quasi-3-normed space.
Definition 3.3. A quasi-g-norm || - || is called a (5, p)-norm (0 < p < 1) if
lz+y "<l 2"+ yl”

forall z,y € X. In this case, a quasi-8-Banach space is called a (3, p)-Banach space.
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4 Stability Results: Direct Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.8)
using the direct method of D.H. Hyers [2].

Throughout this section, let us take U/ is a linear space over K and V is a (3, p) Banach space
with p—norm ||. ||,, . Let K be the modulus of concavity of ||. ||,,. Define a mapping Dy f : U — V, by

Def(a,) = ki + ky) — ke +9) — “E "D () 4 g —y)

— (K" = 1) f(y) + 2k(k* — 1) f (=)
for all z,y € U. Also, hereafter throughout this paper, we use the following notation
((2,y) = ¢
forall z,y € U.

Theorem 4.1. Let j = +1. Let Df : U — V be a mapping for which there exists a function
¢ :U? = [0, 00) with the condition

1 kg .
l—)oo k'dl] Ck” - (41)
such that the functional inequality
| Drf(z, 9y, < ¢ (4.2)

forall x,y € U. Then there exists a unique cubic mapping C : U — V satisfying the functional equation
(1.8) and

IF (@) @I} < | Zi55 155 (4.3)

where the mapping C(x) is defined by

C(z) = tim L (knlj_“”) (4.4)
forallx € U.

Proof. Case (i): Assume j = 1.
Replacing (z,y) by (x,0) in (4.2), we get

£ (k) — K f(2)]],, < GG (4.5)
for all x € U. Using property (QB2) in (4.5), we obtain
|52 - )| < .6

for all = € U. Now replacing z by kz and dividing by &2 in (4.6), we have

kx

k> E
"f(ka) _ f(ksx) < - (4.7)
for all x € U. From (4.6) and (4.7), we obtain
K2 K2 k k
252, s 152 22 o)
kz
< e |6+ 45 (48)
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for all x € U. Generalizing, for a positive integer n, we reach

n—1n-1 kiz
K o

_ (4.9)
y k36 g k3

|42 - s

K"t $n g
S k3ﬁ Z k3n
=0
for all x € U. To prove the convergence of the sequence
{f (k"z) }
k3n ?

replacing z by ™z and dividing by k3™ in (4.9), for any m,n > 0 , we get

k3(n+m) k3m v k3mpB k3n v
anl n—1 C(])cj'_*'m’z
- k38 — k3(n+m)
n—1 ©o° k(ler)
< K
- k38 k3(n+m)

—0 as m — o

f(;;nx)} is a Cauchy in V and so it converges.
Therefore, we see that a mapping C(z) : &/ — V defined by
C(z) = lim J (k")

n—o0o k3n

for all x € U. Thus it follows that a sequence

is well defined for all z € . In order to show that C satisfies (1.8), replacing (x, y) by (k"z, k"y) and
dividing by k3" in (4.2), we have

n . 1 np\P
ICCe I = tim o DR K ) < lim o (ki) =0

for all z,y € U and so the mapping C is cubic. Taking the limit as n approaches to infinity in (4.9),
we find that the mapping C is a cubic mapping satisfying the inequality (4.3) near the approximate
mapping f : U — V of equation (1.8). Hence, C satisfies (1.8), for all z,y € U.
To prove that C is unique, we assume now that there is C’ as another cubic mapping satisfying
(1.8) and the inequality (4.3). Then it follows easily that
C(k"z) = k*"C(x),  C'(k"z)=k>"C'(x)

forallz € &/ and all n € N. Thus

[¢(z) = C'@)][5,

Wp lek™a) — ' (k")|",

k,3np {llc@k"z) — fE" )5 + || f(k"2) = C'(K"=)[[, }

n 0o (i4n) T P
S
k38 k3(i+n)
1=0

1=
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for all x € U. Therefore, as n — oo, in the above inequality, one establishes
C(x) —C'(z) =0
for all z € U, completing the proof of the claimed uniqueness of C. Hence the theorem holds for j = 1.
Case (ii): Assume j = —1.
Now replacing = by % in (4.5), we get
3,(T £
- d < (F .
121 (D), <6 @10

for all z € U. The rest of the proof is similar to that of case j = 1. Hence for j = —1 also the theorem
holds. This completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem 4.1 concerning the stability of
(1.8).

Corollary 4.2. Let D f : U — V be a mapping. If there exist real numbers X and s such that

)\7
IDes .yl < { Mllal +llgll?y, s 3 (@.11)
M1yl + Ll + [yl ). s # 35
for all x,y € U, then there exists a unique cubic functionC : U — V such that
k3AK(n71) P
k383 —1] )
EAK ™D |z))*\”
_ p
17@ = C@It < (=g ) (4.12)
ks)\K(n_l)HQZHQS p
k38| k3 — k28]

forallz € U.

The following example is to illustrate that the functional equation (1.8) is not stable for s = 3 in
condition (i¢) of Corollary 4.2.

Example 4.1. Let ( : K — K be a function defined by

C(z) = { ax®, if || <1

a, otherwise

where a > 0 is a constant, and define a function f : K — K by

flz) = i C(::nfﬂ) forall zeK.
n=0

Then Dy f satisfies the functional inequality

ak®(3k% + k* — 2k)
(k% —1)

|Dif(2,y)| < (Jz° + ly[*) (4.13)

for all z, y € K. Then there do not exist a cubic mapping C : K — K and a constant b > 0 such that

|f(x) = C(z)| < blz|? forall zeK. (4.14)
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Proof. Now

© (" oo P a
1< KT = S T
Therefore, f is bounded. Now, let us prove that f satisfies (4.13).
If z = y = 0 then (4.13) is trivial. If |z|* + |y|> > % then the left hand side of (4.13) is less than
a k3(3k3 + k* — 2k)

. Now suppose that 0 < |z|® + |y|® < L Then there exists a positive integer ¢

(k% —1) k3
such that
1 042 5 4 1 £2+1
= <lzP+lyl” < {3 ; (4.15)
k k
so that k3¢~ D |z)® < k , KED))P <I<:1 and consequently

D (@ 4+ ky), V(R +y), BV (@4y), B2V (@ —y),
< 11
kd(l—l) k3(£—1) 2 .
(v), (@) e~ %

Therefore foreachn =0,1,...,¢ — 1, we have
11
k3n($ + ky)v k3n(kx + y)v an(l' + y)7 k3n(x - y)7 k?m(y)v k3n(x) € (7E7 %)

and

KR (@ + k) — Ok (ke + ) — "D ek ) + R (@ — )

— (K* = 1)¢(K™y) + 2k(K* — 1)¢(k"z) = 0

forn =0,1,...,¢ — 1. From the definition of f and (4.15), we obtain that

kst k) = flhr +9) — " @)+ pa )
— (= DY) + 2k ~ Df ()]
< 3 g 0" b)) GO )~ D G ) 4 GO )

— (K = DC(K"y) + 2K(k* — 1)¢(K" )|

(k" + k) — <k Gk +9) — D e @ ) + - )

=1
<D
n=~¢

— (" = DC(R"y) + 2k — D¢ )|
Z a(3k® + k* — 2k)
:Z
ak®(3k* +K* —2k) 1
K —1) =
ak®(3k® + k*

EEEGEDE 2 (1l + ).

1

Thus f satisfies (4.13) for all z,y € Kwith 0 < |z|® + |y|® < =
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We claim that the cubic functional equation (1.8) is not stable for s = 3 in condition (i) of
Corollary 4.2. Suppose on the contrary that there exist a cubic mapping C : K — K and a constant
b > 0 satisfying (4.14). Since f is bounded and continuous for all z € K, C'is bounded on any open
interval containing the origin and continuous at the origin. In view of Theorem 4.1, C must have the
form C(z) = cz® for any = in K. Thus we obtain that

(@) < b+ le]) |z, (4.16)

But we can choose a positive integer m with ma > b + |¢|.
If z € (0, == ) , then K"z € (0,1) foralln. = 0,1,...,m — 1. For this z, we get

& n m—1 n
)= 3 S > 37 A et > o+ ke
n=0

n=0

which contradicts (4.16). Therefore the cubic functional equation (1.8) is not stable in sense of Ulam,
Hyers and Rassias if s = 3, assumed in the condition (z:) of (4.12). O

The following example is to illustrate that the functional equation (1.8) is not stable for s = 2 in
condition (i:) of Corollary 4.2.

Example 4.2. Let ¢ : K — K be a function defined by

az®, if |z| < g
C(l’) = 3a

— otherwise
2 ki

where a > 0 is a constant, and define a function f : K — K by

flz) = i C(:;f) forall zeK.
n=0

Then F satisfies the functional inequality

3a k°(3K% + k* — 2k)
2(k3 — 1)

|Dif(w,9)] < (It Jy1? + {JoP + 1v1°}) (4.17)

for all z,y € K. Then there do not exist a cubic mapping C : K — K and a constant b > 0 such that
|f(z) — C(x)| < blz| forall z €K (4.18)

Proof. The proof of the example is similar to that of Example 4.1. O

5 Stability Results: Fixed Point Method

In this section, we apply a fixed point method for achieving stability of the k— type cubic functional
equation (1.8).
Now, we present the following theorem due to [39] for fixed point theory.

Theorem 5.1. [39] Suppose that for a complete generalized metric space (£, d) and a strictly contractive
mapping T : Q — Q with Lipschitz constant L. Then, for each given x € Q) , either

d(T"z, T"'z) =00, Y n>0,

or there exists a natural number no such that the properties hold:
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(FP1) d(T™2, T 'z) < oo foralln > no ;

(FP2) The sequence (T"z) is convergent to a fixed to a fixed point y* of T';
(FP3) y* is the unique fixed point of T in the set A = {y € Q : d(T™°x,y) < co};
(FP4) d(y*,y) < —=d(y,Ty) forally € A.

— 1-L

Using the above theorem, we obtain the Hyers - Ulam stability of (1.8).
Throughout this section let ¢/ be a normed space and V a (3, p) Banach space with p—norm
I II,,- Define a mapping Dy f : U — V by

Dif(e.y) = k(e + k) — (ke +3) — XD (5@ ) 4@ - y)

— (K" = 1) f(y) + 2k(K* — 1) f(x)

forall z,y € U.

Theorem 5.2. Let D.f : U — V be a mapping for which there exists a function ¢ : U* — [0, co) with
the condition

. 1 pra
nlgIolo plﬁdf’by =0 (5.1)
where
[k if i=0,
pz—{% if =1 (5.2)
such that the functional inequality
I Drf(z,9)ll, < ¢ (5.3)
holds for all z,y € U. Assume that there exists L = L(i) such that the function
T — 75 = (0% ,
has the property
1 2 i@

(3

Then there exists a unique cubic mapping C : U — V satisfying the functional equation (1.8) and

1@ - < (£ ) @ 59

forallz € U.

Proof. Consider the set
Q={h/h:U—V, h(0) =0}

and introduce the generalized metric on ,
d(h,g) = inf{M € (0,00) :[| h(z) — g(x) |v< M Z§,x € U}.

It is easy to see that (2, d) is complete. Define J : Q@ — Q by

Jh(z) = h(pi),

k3
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forall z € 4. Now h, g € Q,

d(h,g) < M = || h(z) — g(z) V< MZ5,xz €U, or

1 1
‘ 3 h(piz) — EQ(PHE) < *3MZP1 x €U, or
1 1 .
p3 h(piz) — Eg(pix) < LMZj,xelU or,
1 7 A
| Jh(z) — Jg(x) ‘|V<LMZO,JCEU or
d(h,g) < LM.

This implies d(Jh, Jg) < Ld(h, g). i.e., J is a strictly contractive mapping on © with Lipschitz constant
L. It follows from (4.5) that

[ £(kz) = K ()], < ¢& (5.6)
for all x € U. Using property (QB2) in (5.6), we obtain
|5 - s < 57)

for all z € U. Using (5.7) for the case ¢ = 0 it reduces to

17f(z) = f@)lly, < L Zg

forallz € U,

e, d(Jf,f)<L= =d(Jf,f)<L=L"< . (5.8)

1
k36
Again replacing z = £ in (5.6), we get

k3 (E I3
Hf(a:) kS (k)HV <G (5.9)
for all z € U. Using (5.9) for the case i = 1, we get

£ (=) = Jf(@)lly < Zo

forallz e U,
ie., d(f,Jf)<1=d(f,Jf)<1=L" < . (5.10)

Thus, from (5.8) and (5.10), we reach
d(f,Jf) < L' " < . (5.11)

Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed point C of J in Q
such that

C(z) = lim — f(pZ x) (5.12)

n—o00 pZ

for all 2 € U. In order to show that C satisfies (1.8), replacing (x, y) by (p?, pI'y) and dividing by p3"
in (5.3), we have

. 1 . 1 73\ P
ICGe )l = Jim o 1D ol ) < T, (i) =0
3 7

forall z,y € U, i.e., C satisfies the functional equation (1.8).
By property (FP3), C is the unique fixed point of J inthe set A = {C € Q@ : d(f,C) < >},C is
the unique function such that
If(z) = C@)ll, < MZg
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for all x € U. Finally by property (FP4), we obtain

1
A(f,€) < ——d(f. 1)

this implies
Ll*i
<

d(f.0) < T

which yields
Ll—i P .
7@ - @ Ib< ({3 ) @

this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem 5.2 concerning the stability of
(1.8).

Corollary 5.3. Let Dy f : U — V be a mapping. If there exist real numbers )\ and s such that

)\7
quuwnv<{A{uv+|m%, L s# (5.13)
M1yl + {lel + [yl ). s # 35
for all x,y € U, then there exists a unique cubic functionC : U — V such that
E3A P
k38|23 —1])
KAl \*
_ p
1@ = C@I% <3 (o = ) (5.14)

kd)\Hx”Qs P
k35|k’3 _ k255|

forallz € U.
Proof. Let
A
G =19 M=l +1lylI°},

Ay 11" + {Ilel* + llyl*} }
forall z,y € U. Now

i, —0as n— oo,
I
=T =8 S A{lplall® + lIpiyll°}, =4 —0as n— oo,
P PilY P
)\ n s n s n 2s n 2s
o o z||* 1lpiyll” + {Ilpizll™ + (1o Yl } —~0as n — oo.
Thus, (5.1) holds. But, we have )
Z5 = (&
has the property
1 i@
f‘,}ZO = L Zgb
for all z € U. Hence
A, A,
© T||*® A s
-t =4 AF = S
T 2s 25
A7 e ]
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Now,
A A _
5, 3> Pi BZga
Pi p% \
1 >\ p_S §—2 x
20 =9 plleall’s, =0 Sllall =g 0,
Z i” [ pféSA 2s 285—3 .z
P? pi ’ Tg,” || ) Pi Zy -

Hence, the inequality (5.5) holds for
(i). either L=k ifi=0and L= Lsifi=1
(ii). either L = k?*~*fors < 3ifi=0and L = 5t fors > 3ifi=1
(iii). either L =k***"2fors> 3ifi=0and L = zzt—fors>3ifi=1

Now, from (5.5), we prove the following cases for condition ().
Case:1 L=Fk*"3fors <3ifi=0

(67" X ] ?
1) - @)l < Tt T

_(B) Ml
- k3 — kBs  kBs
_ Al

T kP

Case:2 L = zi— fors > 3ifi=1

1—-1
(z=s) A lall®
1— g KP®

_ (E7) Al
T kBs — k3 [Bs
= Al
_kﬂsikﬁ’

1f(z) = C@)] <

Similarly, one can prove the other two conditions. Hence the proof is complete. O

6 Concluding Remarks

In this section, we present some important cases related to our k— type cubic functional equation
(1.8).

(I) Setting (K, 8,p,k,j) by (1,1,1,3,1) in Theorem 4.1, we arrive the results of Theorem 3.1. of
[34].

(II) Replacing (K, 3,p,k,7) by (1,1,1,3,—1) in Theorem 4.1, we arrive the results of Theorem
3.2. of [34].

(IIT) Again replacing (K, 3,p,k) by (1,1, 1, 3) in Corollary 4.2 of Condition (i), we arrive the results
of Corollary 3.1 of [34].

(IV) Finally, setting (K, 8,p, k) by (1,1, 1,3) in Corollary 4.2 of Condition (ii), we arrive the results
of Corollary 3.2 of [34].

357



Rassias et al.; BJMCS, 8(5), 346-360, 2015; Article no.BJMCS.2015.168

Acknowledgment

The authors are very much grateful to the Reviewers for their comments and suggestions to bring this
article in very nice form.

Competing Interests

The authors declare that no competing interests exist.

References

[1] Ulam SM. Problems in modern mathematics. Science Editions, Wiley, New York; 1964.

[2] Hyers DH. On the stability of the linear functional equation. Proc. Natl. Acad. Sci. U.S.A.
1941,27:222-224.

[38] Aoki T. On the stability of the linear transformation in Banach spaces. J. Math. Soc. Japan.
1950;2:64-66.

[4] Rassias JM. On approximately of approximately linear mappings by linear mappings. J. Funct.
Anal. 1982;46:126-130.

[5] Rassias Th.M. On the stability of the linear mapping in Banach spaces. Proc. Amer. Math. Soc.
1978;72:297-300.

[6] Gavruta P. A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings. J. Math. Anal. Appl. 1994;184:431-436.

[7]1 Ravi K, Arunkumar M, Rassias JM. On the Ulam stability for the orthogonally general Euler-
Lagrange type functional equation. International Journal of Mathematical Sciences. 2008;3:36-47.

[8] Aczel J, Dhombres J. Functional equations in several variables. Cambridge Univ, Press; 1989.

[9] Arunkumar M, Agilan P, Devi Shyamala Mary C. Permanence of a generalized AQ functional
equation in quasi- 8 normed spaces, a fixed point approach. Proceedings of the International
Conference on Mathematical Methods and Computation, Jamal Academic Research Journal an
Interdisciplinary. 2014;315-324.

[10] Czerwik S. Functional equations and inequalities in several variables, World Scientific, River
Edge, NJ; 2002.

[11] Eshaghi Gordji M, Khodaei H, Rassias JM. Fixed point methods for the stability of general
quadratic functional equation. Fixed Point Theory. 2011;12:71-82.

[12] Hyers DH, Isac G, Rassias Th.M. Stability of functional equations in several variables.
Birkhauser, Basel; 1998.

[13] Jung SM. Hyers-Ulam-Rassias stability of functional equations in mathematical analysis.
Hadronic Press, Palm Harbor; 2001.

[14] Jung SM, Rassias JM. A fixed point approach to the stability of a functional equation of the spiral
of Theodorus. Fixed Point Theory Appl. Art. ID 945010, 2008;7.

[15] Kannappan PI. Functional equations and inequalities with applications. Springer Monographs in
Mathematics.

[16] Murthy S, Ganapathy G, Arunkumar M. Stability of generalized n-dimensional cubic functional
equation in fuzzy normed spaces. International Journal of Pure - Applied Mathematics,
2012;77:179-190.

358



Rassias et al.; BJMCS, 8(5), 346-360, 2015; Article no.BJMCS.2015.168

[17] Murthy S, Ganapathy G, Arunkumar M. Solution and stability of n -dimensional cubic functional
equation in Felbin’s type spaces: direct and fixed point methods. International Conference on
Mathematical Sciences, Elsevier Publication. 2014;81-88. ISBN-978-93-5107-261-4.

[18] Najati A, Park C. On the stability of a cubic functional equation. Acta Math. Sinica, 2008;24:1953-
1964.

[19] Park KH, Jung YS. Stability for a cubic functional equation. Bull. Korean Math. Soc. 2004;41:347-
357.

[20] Pourpasha MM, Rassias JM, Saadati R, Vaezpour SM. A fixed point approach to the stability of
Pexider quadratic functional equation with involution. J. Inequal. Appl. Art. ID 839639. 2010;18.

[21] Matina J. Rassias, Arunkumar M, Ramamoorthi S. Stability of the Leibniz additive-quadratic
functional equation in quasi- 8 normed spaces: direct and fixed point methods. Journal of Concrete
and Applicable Mathematics. 2014;14:22-46.

[22] Rassias JM, Kim KM. Generalized Hyers-Ulam stability for general additive functional equations
in quasi-s-normed spaces. J. Math. Anal. Appl. 2009;356:302-309.
[23] Rassias JM, Arunkumar M, Ramamoorthi S, Hemalatha S. Ulam - Hyers stability of a 2- variable

AC - mixed type functional equation in quasi - 8 normed spaces: direct and fixed point methods.
Malaya Journal of Matematik. 2014;2:108-128.

[24] Rassias Th.M. Functional equations, inequalities and applications. Kluwer Acedamic Publishers,
Dordrecht, Bostan London; 2003.

[25] RaviK, Rassias JM, Kodandan R. Generalized Ulam-Hyers stability of an AQ-functional equation
in quasi-s-normed spaces. Math. AEterna. 2011;1:217-236.

[26] Rolewicz S. Metric linear spaces. Reidel, Dordrecht; 1984.

[27] Tabor J. Stability of the Cauchy functional equation in quasi-Banach spaces. Ann. Polon. Math.
2004;83:243-255.

[28] Xu TZ, Rassias JM, Xu WX. Generalized Ulam-Hyers stability of a general mixed AQCQ-
functional equation in multi-Banach spaces: a fixed point approach. Eur. J. Pure Appl. Math.
2010;3:1032-1047.

[29] Xu TZ, Rassias JM, Rassias MJ, Xu WX. A fixed point approach to the stability of quintic and
sextic functional equations in quasi-S-normed spaces. J. Inequal. Appl., Art. ID 423231. 2010;23.

[30] Xu TZ, Rassias JM, Xu WX. A fixed point approach to the stability of a general mixed AQCQ-
functional equation in non-Archimedean normed spaces. Discrete Dyn. Nat. Soc. Art. ID 812545.
2010;24.

[31] Rassias JM. Solution of the Ulam problem for cubic mappings. An. Univ. Timisoara Ser. Mat.
Inform. 2000;38:121-132.

[32] Jun KW, Kim HM. The generalized Hyers-Ulam-Rassias stability of a cubic functional equation.
J. Math. Anal. Appl. 2002;274:867-878.

[33] Jung YS, Chang IS. The stability of a cubic type functional equation with the fixed point
alternative. J. Math. Anal. Appl. 2005;306:752-760.

[34] Ravi K, Rassias JM, Narasimman P. Stability of a cubic functional equation in fuzzy normed
spaces. Journal of Applied Analysis and Computation. 2011;1:411-425.

[35] Arunkumar M. Stability of a functional equation in dg-normed space. International Journal of
Pure - Applied Mathematics. 2009;57:241-250.

[36] Arunkumar M, Murthy S, Ganapathy G. Stability of generalized n-dimensional cubic functional
equation in fuzzy normed spaces. International Journal of Pure - Applied Mathematics.
2012;77:179-190.

359



Rassias et al.; BJMCS, 8(5), 346-360, 2015; Article no.BJMCS.2015.168

[37] Arunkumar M, Agilan P, Devi Shyamala Mary C. Permanence of a generalized AQ functional
equation in quasi- 3 normed spaces. Proceedings of International Conference on Mathematics
and Computing. 2013;612-620. ISBN 978-93-82338-89-5.

[38] Chu HY, Kang DS. On the stability of an n—dimensional cubic functional equation. J. Math. Anal.
Appl. 2007;325:595-607.

[39] Margolis B, Diaz JB. A fixed point theorem of the alternative for contractions on a generalized
complete metric space. Bull. Amer. Math. Soc. 1968;126:305-309.

©2015 Rassias et al.; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License htip://creativecommons.org/licenses/by/4.0, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

www.sciencedomain.org/review-history.php ?iid=1034&id=6&aid=8806

360


http://creativecommons.org/licenses/by/4.0

	Introduction
	Solution of a k- Cubic Functional Equation
	Preliminary Results on Quasi- Normed Spaces
	Stability Results: Direct Method
	Stability Results: Fixed Point Method
	Concluding Remarks

