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Abstract 
 

This short paper demonstrates a sketch of a generic algorithm that can generate integers 
written as the sum of � �

th
 positive powers with any � ≥ 2 and � ≥ 1 in two different ways. As it 

is shown in the paper, such a generic algorithm is NP-hard. One can infer from this result that to 
generate exact values of the generalized Taxicab (�, �, �)– the smallest sum of � �th positive 
powers expressed in � different ways – is at least as hard as the hardest problems in NP. This 
implies that except for small � to find the generalized Taxicab (�, �, �) would be unfeasible on 
any computing device. 

 

Keywords: Generalized taxicab number; number partitioning problem; integer factorization; 
complexity; NP-hardness; NP-complete problems. 

 

1 Introduction 
 
According to the definition, the smallest integer that can be written as the sum of two positive 
cubes in  � different ways is called the �th taxicab number and it is denoted as Ta(�)  or 
Taxicab (3,2, �). Owing to Fermat’s proof (see the Theorem 412 of Hardy & Wright [1]), it is known 
that Ta(�) exists for any �. Here is an example of Ta(4) found in [2]: 
 

6963472309248 = 
=  2421�  +  19083� = 
= 5436�  +  18948� = 
=  10200�  + 18072� = 
= 13322�  + 16630�   . 

(1) 
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Formally, the concept of taxicab numbers may well be extended to higher powers of summand 
positive integers and to a greater amount of such powers. The question then arises: Does the 
generalized taxicab number Taxicab (�, �, �) – i.e., the smallest number expressible as the sum 
of � �

th
 positive powers in � different ways, where  � ≥ 1, � ≥ 2 and � > 1– exist? 

 
The answer to this question is still not clear. For example, even though the smallest �-way sums of 
fourth powers, i.e., Taxicab (4,3, �), are known [3], e.g., 
 

Taxicab(4,3,3) =  811538 = 
=  29�  +  17�  + 12� = 
=  28�  +  21�  + 7� = 
=  27�  +  23�  + 4�   , 

(2) 

 
no positive integer �, which can be written as the sum of two fifth powers in more than one way, 
e.g., 

� ∶= ��
� + ��

� = ��
� + ��

�   , (3) 

has been found [4]. 
 
As to the theoretical proof of Ta(�) existence, it cannot be used to find the actual values of Ta(�). 
Neither can it be used to find values of the generalized Taxicab (�, �, �). 
 
The present paper will demonstrate a sketch of a straight forward generic algorithm capable of 
generating integers � written as the sum of � �

th
 positive powers in two different ways: 

� ∶= ��
� + ⋯ + ��

� = ��
� + ⋯ + ��

�, (4) 

where positive integers ��, and �� are such that 

{��, … , ��} ∩ {��, … , ��} = ∅    . (5) 

As it will be shown in the paper, this generic algorithm is NP-hard. 
 

2 The Algorithm Generating Integers written as the Sum of ��th 
Positive Powers in two Different Ways 

 
We will start the algorithm with solving the problem of number partitioning (NPP). Namely, given the 
set � of � randomly generated positive integers �� 

S = {��, … , ��}   , (6) 

is there a partitioning of this set S into two disjoint subsets � and (� − �) such that the sum of the 

elements ��
′  in the first subset � and the sum of the elements ��

′′ in the second subset (� − �) are 
the same? 
 
If the answer to this question is ‘yes’, that is, 
 

� ��
′

��

���

= � ��
′′

�(���)

���

where ��
′  and ��

′′ ∈ S; � = �� + �(���)   , (7) 
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then at the next step the algorithm will ask: Is the number of the elements �� equal to the number 
of elements �(���)? In other words, does the given set � have a partition into two halves with equal 

sum? 
 
Suppose that the answer is ‘yes’ again, that is, �� = �(���) = �: 

��
′ + ⋯ + ��

′ = ��
′′ + ⋯ + ��

′′    . (8) 

Then the next question of the algorithm will be: Can the elements ��
′  and ��

′′ be expressible as the 

same �th positive powers? In other words, can every ��
′  and ��

′′ be decomposed (factorized) into 
the product of � integers ��  and �� such that 
 

∀� ∈ {1, … , �}:    �
��

′ ≡ ��mod(��)

��
′′ ≡ ��mod(��)

�    ? (9) 

 

It is clear that in the case, in which the answer is ‘yes’, the sum of the elements ��
′  or ��

′′ will provide 
the value of the integer � expressible as the sum of � �

th
 positive powers in two different ways. 

 
As follows, the sketched above generic algorithm consists of the three principal parts: (1) solving 
number partitioning, (2) calculating set cardinality, and (3) factoring integers. Let us evaluate 
difficulty and complexity of each of those parts. 
 

3 Complexity of the Algorithm 
 
As one can see, the runtime bottleneck of the outlined algorithm is the solution of the NPP. 
 
Indeed, to perform the part 2 of the algorithm, i.e., to calculate the number of elements in the set 
� is not hard – it can be done in polynomial in � numbers of steps. 
 
To complete the part 3 does not appear to be hard as well. Let us formulate this part as the 

following decision problem: Given an integer ��
′  (or ��

′′) and an integer �� (or ��) with 1 < �� < ��
′  (or 

1 < �� < ��
′′), does ��

′  have a factor ��? Since no reduction from any NP-complete problem (such as 
the 3SAT problem, the traveling salesman problem, or any other problem discussed in [5]) to this 
decision problem has been found [6,7], we do not have any reason to believe that the part 3 is 
hard (the informal consensus is that integer factorization is one of the "in-between" problems that 
are not in P and are not NP-complete). 
 
In contrast, to accomplish the first part of the algorithm, i.e., to solve number partitioning, is 
supposed to be hard given that the NPP is proven NP-complete. This means that all NP problems 
(i.e., decision problems whose ‘yes’ solutions can be verified in polynomial number of steps) are 
polynomial-time reducible to the NPP. Therefore, finding an efficient (i.e., polynomial-time) solution 
for the NPP would imply that an efficient (polynomial-time) solution could be found for all NP 
problems (which would entail P=NP), since any problem belonging to the class NP can be recast 
into any other member of this class [8,9]. 
 
Since it is generally believed that PNP, we expect that such a solution does not exist and thus the 
generic algorithm for generating integers �  written as (4) would take, in the worst case, an 
exponential in � amount of time. 
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4 Concluding Remarks 
 
It is obvious that the task of finding the generalized Taxicab(�, �, �)  cannot be easier than 
generating integers �  expressible as the sum of  � � th positive powers in two different ways. 
Consequently, it is reasonable to conclude that the generic exact algorithm for finding values of the 
generalized Taxicab (�, �, �) is at least supposed to be NP-hard, which means that unless P=NP 
to find the generalized  Taxicab (�, �, �) for arbitrary �  would be unfeasible (on a deterministic 
machine and a quantum computer alike). 
 
This does not exclude that values of Taxicab (�, �, �) can be found for small �. 
 
Another way to deal with NP-hardness of the generalized Taxicab (�, �, �) might be to abandon the 
idea of finding exact values of Taxicab (�, �, �)  and instead to seek an approximate but fast 
heuristic algorithm that can generate estimated intervals of Taxicab (�, �, �) values. 
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