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Abstract

The concept of semi-compatible and occasionally weakly compatible mappings is used to prove
a common fixed point theorem. The theorem thus obtained is a generalization of the result of
Cho et al. [10] in a non-Archimedean Menger PM-space.
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1 Introduction

There have been a number of generalizations of metric space. One such generalization is Menger
space initiated by Menger [1]. It is a probabilistic generalization in which we assign to any two
points x and y, a distribution function F,,. Schweizer and Sklar [2] studied this concept and gave
some fundamental results on this space.
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The notion of compatible mapping in a Menger space has been introduced by Mishra [3]. Using the
concept of compatible mappings of type (A), Jain et al. [4,5] proved some interesting fixed point
theorems in Menger space. Afterwards, Jain et al. [6] proved the fixed point theorem using the
concept of weak compatible maps in Menger space.

The notion of non-Archimedean Menger space has been established by Istratescu and Crivat [7].
The existence of fixed point of mappings on non-Archimedean Menger space has been given by
Istr a tescu [8]. This has been the extension of the results of Sehgal and Bharucha - Reid [9] on a
Menger space. Cho et al. [10] proved a common fixed point theorem for compatible mappings in
non-Archimedean Menger PM-space.

In this paper, we generalize the result of Cho et al. [10] by introducing the notion of occasionally
weakly compatible self maps. Also, we cited an example in support of this.

2 Preliminaries

For terminologies, notations and properties of N.A. Menger PM-space, refer to [11,8] and [12].

Definition 2.1. [10] Let X be a non-empty set and D be the set of all left-continuous distribution
functions. An ordered pair (X, F) is called a non-Archimedean probabilistic metric space (briefly, a
N.A. PM-space) if F is a mapping from XxX into D satisfying the following conditions (the
distribution function F(x,y) is denoted by F,, for all x,y € X) :

(PM-1) Fuv(x)=1,forall x>0, ifand onlyifu=v

(PM'Z) Fuv = Fvu

(PM'S) Fuv ( ) =

(PM-4) If Fuy (x) = 1 and F,, (y) = 1 then F,,, (max{x, y}) =

forallu, v, w e Xand x, y > 0.

Definition 2.2. [10] A t-norm is a function A: [0,1] x [0,1 — [0,1] which is associative,
commutative, nondecreasing in each coordinate and A(a,1) = a for every a < [0,1].

Definition 2.3. [10] A N.A. Menger PM-space is an ordered triple (X, F, A), where
(X, F) is a non-Archimedean PM-space and A is a t-norm satisfying the following condition:

(PM-5) F,\, (max{x,y}) = A (Fy,, (x), Fyw(y) ), forallu, v, w e Xand x, y > 0.

Definition 2.4. [10] A PM-space (X, F) is said to be of type (C)y if there exists a
g € Q such that

9(Fxy(1) = g(Fyz(t)) + g(Fz (1))

forallx,y,z e Xand t >0, where Q= {g | g:[0,1] — [0, =) is continuous, strictly decreasing, g(1)
=0 and g(0) < «}.

Definition 2.5. [10] A N.A. Menger PM-space (X, F, A) is said to be of type (D), if there exists a
g € Q such that

9(A(s.t) < v(s) + g(t)

foralls,t €[0,1].
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Remark 2.1. [10]

(1) Ifa N.A. Menger PM-space (X, F, A) is of type (D)4 then (X, F, A) is of type (C)g.
(2) If a N.A. Menger PM-space (X, F, A) is of type (D)g, then it is metrizable, where the metric d
on X is defined by

1

d(x,y) = jgﬁygoyuomrauxyex. *)

0

Throughout this paper, suppose (X, F, A) be a complete N.A. Menger PM-space of type (D)y with a
continuous strictly increasing t-norm A.

Let ¢ : [0,+ ) — [0, ) be a function satisfied the condition (®) :
(D) ¢ is upper-semicontinuous from the right and ¢(t) < t for all t > 0.

Lemma 2.1. [10] If a function ¢ : [0,+ ©) — [0,+0) satisfies the condition (®), then we have

(1) Forallt>0, lim,_,..¢"(t) = 0, where ¢"(t) is n" iteration of ¢(t).
(2) If{t.} is a non-decreasing sequence of real numbers and t,.; < ¢(t,), n =1, 2, ... then
limy_,..t, = 0. In particular, if t < ¢(t) forallt> 0, then t=0.

Definition 2.6. [10] Let A, S : X — X be mappings. A and S are said to be compatible if lim

n—o

g(FASXn,SAXn(t)) = 0 for all t > 0, whenever {x,} is a sequence in X such that

lim Ax,= lim Sx, = z for some zin X.

n—o n—oo

Definition 2.7. Self maps A and S of a N.A. Menger PM-space (X, F, A) are said to semi-
compatible if lim g(FASXn,Su(t)) = 0 for all t > 0, whenever {x,} is a sequence in X such that
n—oo

lim Ax, = lim Sx, = u for some uin X.

n—w n—o0

Example 2.1. Let (X, F, A) be the N.A. Menger PM-space, where X = [0, 1] and the metric d on X
is defined in condition (*) of Remark 2.1. Define self maps S and T as follows:

x, if 0Sx<y, 1-x, if 0SX<y,
= and Tx =
1, if }53ng L, if }é§st

Take x, = 1/2- (1/n).
Then Sx, — 1 as n — . Similarly, Tx, > 1 as n — .
Therefore, lim g(Fsry_rsx (1)) #0 Vv t2>0.

n—oo

Sx

Hence, the pair (S,T) is not compatible.
Also, lim g(Fsty 1u(t)) = 0 for all t> 0. Thus (S,T) is semi-compatible maps.

Definition 2.8. [12] Self maps A and S of a N.A. Menger PM-space (X, F, A) are said to be weakly
compatible (or coincidentally commuting) if they commute at their coincidence points, i.e. if Ap =
Sp for some pe X then ASp = SAp.
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Remark 2.2. [12] Compatible maps are weakly compatible but converse is not true.

Definition 2.9. Self maps A and S of a N.A. Menger PM-space (X, F, A) are said to be
occasionally weakly compatible (owc) if and only if there is a point x in X which is coincidence point
of A and S at which A and S commute.

Example 2.1. Let (X, F, A) be the N.A. Menger PM-space, where X = [0, 2] and the metric d on X
is defined in conditon (*) of Remark 21. Defne A, S: X —> X by

Ax = 2x and Sx = x2 for all x € X then Ax = Sx for x = 0 and 2. But AS(0) = SA(0) and
AS(2) = SA(2).

Thus, S and T are occasionally weakly compatible mappings but not weakly compatible.

Proposition 2.1. If self-mappings A and S of a N.A. Menger PM-space (X, F, A) are compatible
then they are occasionally weakly compatible.

Proof. Suppose Ap = Sp, for some p in X.

Consider the constant sequence {p,,} = p.
Now, {Ap,} — Ap and {Sp,,} — Sp (= Ap).
As A and S are compatible, we have lim g(FASp SAp(t)) =0forallt>0.

Thus, ASp = SAp and so (A, S) is occasionally weakly compatible.

The following is an example of pair of self maps in a N.A. Menger PM-space
(X, F, A) which are occasionally weakly compatible but not compatible.

Example 2.1. Let (X, F, A) be a N.A. Menger PM-space, where X = [0, 2] and the metric d on X is
defined in condition (*) of Remark 2.1. Define self maps A and S as follows:

2—x, if 0<x<]1, x, if 0<x<],
Ax = ] and Sx = )
2, if 1<x<2, 2, if 1<x<2.

Take x, = 1- (1/n).
Then Ax, — 1 as n — oo, Similarly, Sx, - 1as n — .
Therefore, lim 9(Fasx, sax (1) =0 ¥ t>0.

n—oo

Hence, the pair (A,S) is not compatible.
Also, 2 is the coincidence points of A and S and therefore,

AS(2) = SA(2).
Thus, A and S are occasionally weakly compatible but not compatible.

From the above example it is obvious that the concept of occasionally weak compatibility is more
general than that of compatibility.
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Proposition 2.2. [12] Let A and S be compatible self maps of a N.A. Menger PM-space (X, F, A)
and let {x,} be a sequence in X such that Ax,, Sx, — u for some u in X. Then ASx, — Su provided
S is continuous.

Proposition 2.3. [12] Let S and T be compatible self maps of a N.A. Menger PM-space (X, F, A)
and Su = Tu for some u in X then STu=TSu=SSu=TTu.

Lemma 2.2. [10] Let A, B, S, T: X — X be mappings satisfying the condition (1) and (2) as follows:

(1) AX) = T(X) and B(X) = S(X).
(2) g(Faxgy(t)) < d(max{g(Fsx1y(t)), 9(Fsxaxt)), 9(Fryy(T)), Y2(9(Fsxpy(T)) + 9(Fryax(t)})

for all t > 0, where a function ¢ : [0,+ ©) — [0,+ «) satisfies the condition (®). Then the sequence
{yn} in X, defined by Axzn = TXan+1 = Yon and BXons1 = SXons2 = Yonet  forn =20, 1, 2, ..., such that

limg(F, , _(t))=0forallt>0isa Cauchy sequence in X.

Cho et al. [10] established the following result:
Theorem 2.1 [10]. Let A, B, S, T: X—X be mappings satisfying the condition (1), (2),

(3) S and T is continuous,
(4) the pairs (A, S) and (B, T) are compatible maps.

Then A, B, S and T have a unique common fixed point in X.
3 Main Results
In the following, we extend this result to six self maps and generalize it in other respects too.

Theorem 3.1. Let A, B, S, T, L, M : X - X be mappings satisfying the condition

(3.1.1) L(X) = ST(X), M(X) = AB(X);

(3.1.2) AB =BA, ST =TS, LB =BL, MT = TM;

(3.1.3) either AB or L is continuous;

(3.1.4) (L, AB) is semi-compatible and (M, ST) is occasionally weakly compatible;;
(3.1.5) 9(Fixmy(t)) < d(max{g(Fasxsty(t)), 9(Fasx, x(t)), 9(Fsty, my(t)),

72(9(Fagx, my(t)) + 9(Fsty, (t))})
for all t > 0, where a function ¢ : [0,+ «) — [0,+ o) satisfies the condition (®).
Then A, B, S, T, L and M have a unique common fixed point in X.
Proof. Let xo € X. From condition (3.1.1), there exist x4, x, € X such that
Lxo = STx; = yg and Mx; = ABx, = y;.
Inductively, we can construct sequences {x,} and {y,} in X such that

(3.1.6) LXon = STXon+1 = Yon @nd MxXopsq = ABXoneo = Yonsq forn =0, 1, 2, ...
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Step 1. We prove that lim g(Fyn,ynH(t)) =0 forallt>0.
From (3.1.5) and (3.1.6), we have

9F 1) = I(Fiey gy, (0)

< (Max{g(Fasx,, Ty, (1) 9(Fasxy, 1xg (D), 9(FsTay 1 Mixg, (D),
1/z(g(FABXZn, Mx2n+1(t)) + g(FSTx2n+1, Lx2n(t)))})

= maxig(Fy, v, O 9Fy, v ) 9F sy (O H(G(Fy, . (0)+ gD
< QMax(Y(Fy, . yon (O GFyy voror ) 0y e ) + G(Fy oy, (DD

If 9(Fy,, (D) < 9(Fy, y, . (1) forallt>0, then by (3.1.5)
IFyyyomes ) < 0 (Q(Fy, vy, (D)),

on applying Lemma 2.1, we have g(Fy2n,y2n+1(t)) =0 forallt>0.

Similarly, we have g(Fy2n+1,y2n+2(t)) =0forallt>0.

Thus, we have
ll_rilo 9(Fy,y,,,(t) = 0forallt>0.

On the other hand, if g(FyZn_1,y2n(t)) > g(Fy2n,y2n+1(t)), then by (3.1.5), we have
9(Fy, von () < ¢ (9(Fy, .y, (1)) forallt>0.

Similarly, g(Fy2n+1,y2n+2(t)) < ¢(g(Fy2n,y2n+1(t))) forall t> 0.

Thus, we have g(Fyn,ynH(t)) < ¢ (g(Fyn_1,yn(t))) forallt>0& n=1,2,3, ....
Therefore, by Lemma 2.1,

lim g(F, , . (t)) =0 forallt> 0, which implies that {y»} is a Cauchy sequence in X by Lemma
2.2.

Since (X, F, A) is complete, the sequence {y,} converges to a point
z € X. Also its subsequences converges as follows:

(3.1.7) {Mxone} > 2z and {STxon+1} — Z,
(3.1.8) {Lxon} > z and {ABxy,} > z.

Case l. L is continuous and (L, AB) is semi-compatible, we get
L(AB)x2, — Lz and L(ABx),, - ABz

Since the limit in Non-Archimedean Menger PM space is unique, we get
Lz = ABz.

Step 2. Putting x =z and y = X1 for t> 0 in (3.1.5), we get
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9(FLzmxy, (1) < d(Max{g(Fagz s, , (1), 9(Fasz, 12(1), 9(Fstx,, . Mxyp,q (1),
72(9(F Bz, My, (1) + 9(Fstay 0. 2(D)))})-

Letting n — «, we get

9(FLz2(1) < d(max{g(F-(t)), 9(Fz, (1)), 9(Fz (1)),
1/2(g(Fz z(t)) + g(Fz Lz(t) )})
= )(9(Frz2(1))),

which implies that g(F,,(t)) = 0 by Lemma 2.1 and so we have Lz = z.
Thus, we have Lz =z = ABz.

Step 3. Putting x = Bz and y = x,n+¢ for t > 0 in (3.1.5), we get

9(Fiezmx,,, (1) < d(max{g(FasszsTx,,, (1), 9(F agez, 1B2(1)).9(F 510y, , 4 My, (D)
V2(9(Fagez, Mxy,,4 (1) + 9(Fstxy, 4. L82(1))})

As BL = LB, AB =BA, so we have
L(Bz) = B(Lz) = Bz and AB(Bz) = B(ABz) = Bz.
Letting n — «, we get

9(Fez2(1)) < d(max{g(Faz.(t)).9(Fez, s(t)).9(F.(1)),
72(9(Fez,2(1)) + 9(Fz, (1)})
= (9(Fez(1)))

which implies that g(Fg,.(t)) = 0 by Lemma 2.1 and so we have Bz = z.

Also, ABz =z and so Az = z.
Therefore, Az=Bz=Lz=2z.

Step 4. As L(X) < ST(X), there exists v e X such that z= Lz = STv.
Putting x = x5, andy=vfort>0in (3.1.5), we get

0(Fuy, (D) < O(Max{g(Fassy, s(D), I(Fasey, Loy, (), 9(Fsm D),
V2(9(F aBx,,, (1)) + 9(Fsty, L, (D)))-

Letting n — o0 and using equation (3.1.8), we get

g(Fz,Mv(t)) < d)(max{g(Fz,z(t))! g(Fz, z(t))! g(Fz, Mv(t)),
72(9(Fz, m(1) + 9(F, -(1)})
= ¢(9(F2Mv(t)))

which implies that g(F,m(t)) = 0 by Lemma 2.1 and so we have z = Mv.
Hence, STv =z = Mv.
As (M, ST) is occasionally weakly compatible, we have

STMv = MSTv.
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Thus, STz = Mz.

Step 5. Putting x = x,,, y =z fort>0in (3.1.5), we get

9(F ey me(t) < d(max{g(Faex,, stz(t)), 9(Fasx,,, x,, (1) 9(Fstz, me(t)),
V2(9(F A,y Mz(t)) + 9(Fsz, Ly, (D))}

Letting n — o and using equation (3.1.8) and Step 5, we get

g(Fz,Mz(t)) < ¢(max{g( zMz( ))v (Fz z(t)) (FMz Mz(t))
V2(9(Fz, mz(1)) + 9(Fuz, 2(1)})
- ¢(g( z, Mz( )))

which implies that g(F,u.(t)) = 0 by Lemma 2.1 and so we have z = Mz.
Step 6. Putting x =x;,andy=Tz fort>0 in (3.1.5), we get

9(FLx,, M1z (1) < d(Max{g(Fapx,, 517z (1)), 9(Fasx,,, Ly, (1), 9(Fstrz, M7z (1)),
V2(9(F agx,,, Mz (1) + 9(Fstr2, 16, (1))}

As MT = TM and ST = TS we have
MTz =TMz =Tz and ST(Tz) = T(STz) =

Letting n — oo, we get

9(Fz1z (1) < d(max{g(Fzr- (1)), 9(Fz =(1)), 9(Fr, 12 (1)),

)
72(9(Fz, 72 (1)) + 9(Frz, 2(1))})
= §(9(Fm (1)),
which implies that g(F,t.(t)) = 0 by Lemma 2.1 and so we have z = Tz.
Now STz =Tz =z implies Sz = z.
Hence Sz=Tz=Mz = z. (3.1.10)

Combining, we get
Az=Bz=Lz=Mz=Tz=Sz==z
Hence, the six self maps have a common fixed point in this case.

Case Il. AB is continuous.
As AB is continuous and (L, AB) is semi-compatible, we get

(AB)*X2, — ABZ, (AB)Lx,, — ABz.
and L(AB)x,, — ABz.

Thus, (AB)Lx,, = L(AB)xon =z as n — .
Now, we prove ABz = z.

Step 7. Putting x = ABxz, and y = xgn+1 for t > 0 in (3.1.5), we get
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(1)), 9(Fagnsx, , Lasx, (1)),

9(FLaex, mx, (1) < d(max{g(Fasasx, sTx ooy LABX,

2n" " "2n+1 2n 2n+1

g(FSTx , Mx (t)),

2n+1 2n+1

1/2(g(FABABx2n, Mx2n+1(t)) + g(FSTx2n+1, LABxZn(t)))})-
Letting n — oo, we get

9(Fasz2(t)) < d(max{g(Faszz(t)), 9(Faez, asz(t)), 9(F o)),
Va(9(F ez, (1)) + 9(Fz, ae(t))})
= §(9(Faez(1)))
which implies that g(Fag,(t)) = 0 by Lemma 2.1 and so we have ABz = z.

Step 8. Putting x =z and y = X+ for t> 0in (3.1.5), we get

g(FLz,Mx2n+1 (t)) < ¢(max{g(FABz,STx2n+1(t)) g(FABz LZ( ))1 g(FSszl,]+1 Mx2n+1(t))
Va(@(Fnz, ey (1) + O(F sy, L(D))).
Letting n — «, we get

g(FLz,z(t)) < d)(max{g( (t)) g( z, Lz(t))’ g(Fz (t)),

a(9(F2,(0) + 9(F-. LOM)
= 0(9(FLz(1)

which implies that g(F . .(t)) = 0 by Lemma 2.1 and so we have Lz = z.
Therefore, ABz =Lz = z.
Futher, using step 3, we get

Bz=z soAz=Bz=Lz=z.
Also, it follows from steps 4, 5 and 6 that

Sz=Tz=Mz=2z
Hence, all Az=Bz=Lz=Sz=Tz=Mz =z, i.e zis a common fixed point of A, B, S, T, L and M.

Step 9. (Uniqueness) Let u be another common fixed point of A, B, S, T, L and M; then
Au=Bu=Su=Tu=Lu=Mu=u.

Putting x =z and y=ufort> 0in (3.1.5), we get

g(Fizmu(t)) < d(max{g(Faszstu(t)), 9(Faez, 2(1)), 9(Fstu, mu(t)),
V2(9(F agz, mu(t)) + 9(Fstu, (D))

Letting n — «, we get

9(Fzu(1)) < d(max{g(Fu(t)), 9(F, =(1)), 9(Fu, u(t), “2(9(F, u(t)) + 9(Fu, ()}
= ¢(9(Fz,u(t)))a

which implies that g(F,(t)) = 0 by Lemma 2.1 and so we have z = u.

Therefore, z is a unique common fixed point of A, B, S, T, L and M.
This completes the proof.
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Remark 3.1. If we take B = T = |, the identity map on X in Theorem 3.1, then the condition
(3.1.2) is satisfied trivially and we get

Corollary 3.1. Let A, S, L, M: X —» X be mappings satisfying the condition:

(3.1.11) L(X) < S(X), M(X) < A(X);
(3.1.12) Either A or L is continuous;
(3.1.13) the pair (L, A) is semi-compatible and (M, S) is occasionally weakly
compatible;
(3.1.14) g(Fuxmy(t)) < d(max{g(Faxsy(t)), 9(Fax, x(1)), 9(Fsy, my(1)),
V2(9(Fax, my() + 9(Fsy, (D))

for all t > 0, where a function ¢ : [0,+ ©) — [0,+ ) satisfies the condition (®). Then A, S, L and M
have a unique common fixed point in X.

Remark 3.2. In view of Remark 3.1, Corollary 3.1 is a generalization of the result of Cho et al. [10]
in the sense that condition of compatibility of the pairs of self maps has been restricted to semi-

compatible and occasionally weakly compatible self maps and only one of the mappings of the first
pair is needed to be continuous.

Corollary 3.2. Let A, S, L, M: X — X be mappings satisfying the condition :
(3.1.15) L(X) < S(X), M(X) < A(X);
(3.1.16) Either A or L is continuous;

(3.1.17) the pair (L, A) is semi-compatible and (M, S) is weakly
compatible;

(3.1.18) g(Fuxmy(t)) < d(max{g(Faxsy(t)), 9(Fax, x(1), 9(Fsy, my(t)),
V2(9(Fax, my(t) + 9(Fsy, L(t)})
for all t > 0, where a function ¢ : [0,+ «) — [0,+ ) satisfies the condition (®).

Then A, S, L and M have a unique common fixed point in X.

Proof. Since weak compatibility implies occasionally weak compatibility, the proof follows from
Corollary 3.1.

4 Conclusion

The concept of semi-compatible and occasionally weakly compatible mappings, which are more
general than the concept of compatible mappings, has been used to prove a common fixed point
theorem. The theorem thus obtained is a generalization of the result of Cho et al. [10] in a non-
Archimedean Menger PM-space.
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