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Abstract 
 

Let [ ] 1
n mp qF x x    and gcd( ( ), ( ))n md p q  , where p ， q ，  are distinct odd 

primes,  is a primitive root both modulo
np  and 

mq , | ( 1)p q  , | 1q p  . We obtain explicit 

expressions for all 1dmn m n    -cyclotomic cosets modulo
n mp q  . We explicitly determine 

generating polynomials and enumeration formulas of all self-orthogonal cyclic codes and 

complementary-dual cyclic codes of length 
n mp q  over F . As an example, we give all self-

orthogonal cyclic codes and complementary-dual cyclic codes of length 175  over 3F . 
 

Keywords: Cyclotomic cosets; self-orthogonal; complementary-dual cyclic codes. 
 

1 Introduction 
 
Let F  be a finite field with   elements and N  be a positive integer coprime to  . A linear code 

C  is called cyclic if 1 0 1 2( , , , , )N Na a a a C   for every 0 1 2 1( , , , , )N Na a a a C   . Let 

[ ] 1NF x x   . It is straightforward to show that a cyclic code of length N  by viewing its 

codewords as polynomials is an ideal in R . For the linear code C  of length N  over F  the dual 
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code C   is defined as { | 0, }NC u F u v v C      
. If C  is a cyclic code, so is C  . The 

code C  is said to be self-orthogonal if C C  . The code C is said to be complementary-dual if 

{0}C C   . The classes of self-orthogonal and complementary-dual codes have some 

attractive properties.  
 
Self-orthogonal codes are closely related with the mathematical combination of design and lattice 
theory [1]. Using self-orthogonal cyclic codes, quantum codes can be construction, which have 
good parameters [2]. Cyclic codes over finite fields which are self-dual have been studied by many 
authors [3,4,5,6]. Recently, Bakshi-Raka [7] determined all the self-dual negacyclic codes of length 

2n  over qF , where q  is a power of odd prime. Complementary-dual codes provide an optimum 

linear coding solution for the two-user binary adder channel. It was shown in [8] that asymptotically 
good complementary-dual exist and that complementary-dual codes have certain other attractive 
properties. Yang-Massy gave the necessary and sufficient condition for a cyclic code to be a  
complementary-dual code [9]. In recent years, Dinh has established the structure of the duals of all 

repeated-root constacyclic codes of lengths 3 sp , 4 sp  and 6 sp  over mp
F . By means of these 

structures, complementary-dual codes were obtained among them (see [10,11,12]). Sahni-Sehgal 

[13] have discussed cyclotomic cosets modulo 
np q  and the minimal cyclic codes of length 

np q  

over F , where p， q  and   are distinct odd primes,   is a primitive root both modulo 
np  and q , 

gcd( ( ), ( ))nd p q  , | ( 1)p q  . In the direction of these previous researchers we obtain new 

results, which provide some theoretical basis of constructing good codes.  
 

In this paper, we consider cyclic codes of length 
n mp q  over F , where p， q  

and   are distinct 

odd primes,   is a primitive root both modulo 
np  and 

mq , gcd( ( ), ( ))n md p q  , | ( 1)p q  , 

| 1q p  . In Section 2, We use simple direct method obtain explicit expressions for all 

1dmn m n    -cyclotomic cosets modulo 
n mp q . In Section 3, we explicitly determine 

generating polynomials and enumeration formulas of all self-orthogonal cyclic codes and 

complementary-dual cyclic codes of length 
n mp q  over F  by means of the factorization 

of 1
n mp qx  . At the end, as an example, we give all self-orthogonal cyclic codes and 

complementary-dual cyclic codes of length 175 over 3F .  

 

2  -Cyclotomic Cosets Modulo n mp q  

 

Throughout this paper we take [ ] 1
n mp qR F x x    , where p , q ,   are distinct odd primes, 

, 1m n   are integers,   is a primitive root both modulo 
np  and 

mq , gcd( ( ), ( )) 2n mp q d    , 

| ( 1)p q  , | 1q p  . For 0 1n ms p q    , let 
12{ , , , , }sn

sC s s s s       be the -cyclotomic 

coset containing s , where { (mod )}k n m
sn k Z s s p q   . Let   be a primitive 

n mp q -th 

root of unity in some extension field of F . It is well known that the polynomial 

 

( ) ( )
s

i
s

i C

M x x 
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is the minimal polynomial of 
s  over F  and 

 

1 ( )
n mp q

sx M x   

 

gives the factorization of 1
n mp qx   into irreducible factors over F , where s runs over a complete 

set of representatives from distinct  -cyclotomic cosets modulo
n mp q . 

 

For any integer 1n  , we denote by * ( )
nZ

ord h  the multiplicative order of   in the 

multiplicative group nZ 
, i.e. the order of   modulo n . If ( )h n , i.e. nZ    , then  is called a 

primitive root modulo n . 
 

Lemma 1 [13, Lemma 5] There exists an integer a , 1 a pq  , satisfying gcd( , ) 1a pq   and 

2 3 1, , , , da a a a S  , where 

( )
1

2{1, , , , }
pq

dS




     . 

 

Lemma 2 There exists an integer a , 1 a pq  , satisfying gcd( , ) 1a pq   and 

(mod )t ka pq   for any integer t , k ; 1 1  t d  and 0 ( ) 1k pq d   . Furthermore, for 

this fixed a  and any  1 1  i n , 0 1j m   ,  

 
2 1{ , , , , }n i m j

d

p q
Z a a a 

       . 

 

Proof  Since n i m jp q
Z  

 , as n i m jp q
Z  


is a commutative group, we obtain n i m jp q

Z  

  . 

 
With the notation of Lemma 1, we have that 
 

( ) ( ) ( )
1 1 1

1 1 1{1, , , , , , , , , , , , }

n i m j n i m j n i m jp q p q p q
d d dd d da a a a a a

       

  
             

 

has ( )n i m jp q  
 elements coprime to pq . It is sufficient to prove that they are all pairwise 

incongruent modulo 
n i m jp q 

. Let (mod )l k r t n i m ja a p q   with 0 1   r l d and 

0 , ( ( ) ) 1n i m jk t p q d     . Then (mod )l r t k n i m ja p q     , which implies that 

(mod )l r sa pq    where (mod ( ) )s t k pq d  .Therefore, 
l ra S   and 0 l r d   . 

Consequently, l r . Therefore, we get (mod )k t n i m jp q   , where 

0 , ( ( ) ) 1n i m jk t p q d      and the order of  modulo
n i m jp q 

is ( )n i m jp q d  
. Thus we 

have k t , which implies that the set 
 

( ) ( ) ( )
1 1 1

1 1 1{1, , , , , , , , , , , , }

n i m j n i m j n i m jp q p q p q
d d dd d da a a a a a

       

  
             

 

forms a reduced residue system modulo 
n i m jp q 

. 
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Theorem 1 Let p , q ,   be distinct odd primes, , 1m n   be positive integers, 

( ) ( )
np

n

Z
ord p  and ( ) ( )

mq

m

Z
ord q  , where gcd( ( ), ( ))n md p q  , | ( 1)p q  , 

| ( 1)q p   and a  be as defined in Lemma 2. Then 1dmn m n     -cyclotomic cosets modulo 

n mp q  are 

 

0 {0}C  , 

2 ( ) 1{ , , , , }
n i

i m

i m i m i m i m p

p q
C p q p q p q p q        , 

2 ( ) 1{ , , , , }
m j

n j

n j n j n j n j q

p q
C p q p q p q p q        , 

( )
1

2{ , , , , }

n i m j

k i j

p q
k i j k i j k i j k i j d

a p q
C a p q a p q a p q a p q

  



     , 

 

where 0 1  i n , 0 1j m   , 0 1  k d . 

 

Proof Since n mp q
Z  , as n mp q

Z 
is a commutative group, we obtain n mp q

Z   and 

( )
| |

n mp q

d


 . From Lemma 2,

2 1{ , , , , }n m

d

p q
Z a a a       . For n mp q

w Z  , let 

gcd( , )n mw p q d . Then n mp q
w Z  if 1d , and n mp q

w dZ  if 1d . Thus, 

|

n m n m

n m
p q p q

d p q

Z dZ   and n m n mp q p q

d

dZ Z   , where 0 1  i n , 0 1j m   . Since n ip
Z 

  

and pa Z  , then n ip
a Z 

 . Therefore 1 ia , where 10 ( ) 1   n ii p . Thus  

 
1{ , , , } { }.n i n i n i n in m i m

i m i m i m i m d i m

p p p pp q p q
p q Z C p q p q a p q a p q   

         

 
Similarly, we also have  
 

1{ , , , } { }.m j m j m j m jn m n j

n j n j n j n j d n j

q q q qp q p q
p q Z C p q p q a p q a p q   

       
 

 
Clearly, 
 

1
1

0

{ , , , }n i m j n i m j n i m jn m k i j

d
k i j i j i j d i j

p q p q p qp q a p q
k

a p q Z C p q ap q a p q     


 



      , 

 

Where 
1{1, , , }m

m

    and ( ) (mod )ord m  . 

 

Finally, these are all the  -cyclotomic cosets modulo 
n mp q  because of 

 

        
0| | | | | | | |i m n j k i jp q p q a p q

C C C C  
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1 1 1 1 1

0 0 0 0 0

( )
1 ( ) ( )

n i m jn m n m d
n i m j

i j i j k

p q
p q

d


 

     
 

    

     
 

       

1
1 1 1 ( 1) ( 1)n m n mp q d p q

d
          

 

       
n mp q . 

 
 
The following Lemmas 3, 4 and 5 can be obtained easily by the results in [13]. Here, we omit these 
proofs.  
 

Lemma 3 For each i , 0 1  i n , i m i mp q p q
C C  . 

 

Lemma 4 For each j , 0 1j m   , n j n jp q p q
C C  . 

 

Lemma 5 11 C 
 
or 21  da

C . If 1 1C C  , then k i j k i ja p q a p q
C C   and if 21  da

C C , then 

2

k i j d
k

i j
a p q

a p q

C C


  , for all  i , j , k , 0 1  i n , 0 1j m   , 0 1  k d . 

 

3 Cyclic Codes of Length n mp q  Over F  
 

For any polynomial 
0

( )
r

i
i

i

f x a x


  of degree ( 0)rr a   over F , let 
*( )f x  denote the reciprocal 

polynomial of ( )f x  given by
*

0

1
( ) ( )

r
r i

r i
i

f x x f a x
x




  . It is clear that
* * *( ) gfg f  for any 

polynomial ( ), ( ) [ ]f x g x F x  . Let C  be a cyclic code of length N over F  generated by ( )g x . 

The annihilator of C , denoted by  ann C  is the set of 

  { ( ) [ ] ( 1) ( ) ( ) 0}nf x F x x f x g xann C      .
 Put 

1
( )

( )

Nx
h x

g x


 . Clearly  ann C is an 

ideal in [ ] ( 1)nF x x   generated by ( )h x . It is well known that the dual code C
 is   

*
ann C  

and is generated by 
*( )h x . 

 

Suppose that ( )f x  is a monic polynomial of degree k  with (0) 0f c  . Then, by the momic 

reciprocal polynomial of ( )f x , we mean the polynomial 
1 *( ) ( )f x c f x . 

 

Note that for any s , ( ) ( ) ( )
s s

i i
s

i C i C

M x x x 





 

     ,  

 
| |* *( ) (1/ ) (1 ) (0) ( ) (0) ( )s

s s

C i i
s s s s s

i C i C

M x x M x x M x M M x 


 

       ,                    (1) 
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~
*1

( ) ( ) ( )
(0)

s s s

s

M x M x M x
M

  .                                                                                         (2) 

 

Let C  be a cyclic code of length 
n mp q  over F . We have  C g x  . And for 

0 1  i n , 0 1j m   , 0 1  k d , 0 ， ,i m ， ,n j ， , , {0,1}k i j  , we have 

 

, , ,,m0

1 1 1 1 1

0 0 0 0 0

( ) ( 1) ( ( )) ( ( )) ( ( ))n j k i ji
i m n j k i j

n m d n m

p q p q a p q
i j k i j

g x x M x M x M x
 

    

    

    
                   

(3) 

 
Therefore, 
 

, , ,,m0

1 1 1 1 1
1 111

0 0 0 0 0

( ) ( 1) ( ( )) ( ( )) ( ( ))n j k i ji
i m n j k i j

n m d n m

p q p q a p q
i j k i j

h x x M x M x M x
 

    
 

    

    
 

 

Using equation (1) we get, for some nonzero element F   , 

 

, , ,,m0

1 1 1 1 1
1 111*

0 0 0 0 0

( ) ( 1) ( ( )) ( ( )) ( ( ))n j k i ji
i m n j k i j

n m d n m

p q p q a p q
i j k i j

h x x M x M x M x
 

    
 

  
    

     . 

 

(i) If 1 1C C  , from Lemmas 3, 4 and 5, we get 

 

, , ,,m0

1 1 1 1 1
1 111*

0 0 0 0 0

( ) ( 1) ( ( )) ( ( )) ( ( )) .(4)n j k i ji
i m n j k i j

n m d n m

p q p q a p q
i j k i j

h x x M x M x M x
 

    
 

    

    
 

 

(ii) If 21  da
C C , from Lemmas 3, 4 and 5, we get 

 

, , ,,20
2

2

1 1 1 1 1
1 111*

0 0 0 0 0

( ) ( 1) ( ( )) ( ( )) ( ( )) .(5)n j k i ji
i n j d

k
i j

n m d n m

p q p q
a p qi j k i j

h x x M x M x M x
 



    
 

    

    
  

 

Let 0 , , , ,{ , , , | 0 1,0 1,0 1}i m n j k i jS i n j m k d             and 

 

0 , ,{ , , | 0 1,0 1}i m n jS i n j m         
 

 

3.1 Self-orthogonal Cyclic Codes of Length n mp q  over F  
 
Theorem 2 For p , q ,   be distinct odd primes, , 1m n   are integers,   is a primitive root both 

modulo 
np  and 

mq , gcd( ( ), ( )) 2n mp q d    , | ( 1)p q , | ( 1)q p , 0 1  i n , 

0 1j m    and 0 1  k d . 

 

(i)  If 1 1C C  , then the self-orthogonal cyclic codes of length 
n mp q  over F  are 0C  . 
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(ii) If 21  da
C C , then there are precisely 23

dmn

 self-orthogonal cyclic codes of length 
n mp q  

over F  given by 

 

, , ,,0

1 1 1 1 1

0 0 0 0 0

( 1) ( ( )) ( ( )) ( ( ))n j k i ji m
i m n j k i j

n m d n m

p q p q a p q
i j k i j

x M x M x M x
 

    

    

     

 

where 0 , ,i m , ,n j  are always equal to 1 and at least one of , ,k i j  and 
, ,

2

d
k i j



  is 1 for each i , 

j , k  (
2

d
k   is modulo d ). 

 

Proof (i) Let C  be a self-orthogonal cyclic code of length 
n mp q  over F . If 1 1C C  , then we 

have ( )C g x .Since C C , it follows that 
* ( ) | ( )h x g x (expression of ( )g x  and 

* ( )h x  

see equation (3),(4)). This is possible if and only if 1s s    and {0,1}s  , where s S  . 

Consequently, 1s  . Therefore 0C  . 

 

(ii) If 21  da
C C , we have ( )C g x , 

* ( ) | ( )h x g x (expression of ( )g x  and 
* ( )h x  see 

equation(3),(5)). This is possible if and only if 1s s    , and {0,1}s   , where s S   . 

Consequently, 1s    and , ,
, ,

2

1k i j d
k i j

 


  . 

 

3.2 Complementary-dual Cyclic Codes of Length n mp q  over F  
 
Lemma 6 [9, Theorem]  If ( )g x  is the generator polynomial of a cyclic code C  of length N  over 

F , then C  is a complementary-dual code if and only if ( )g x  is self-reciprocial (i.e. ( ) ( )g x g x ) 

and all the monic irreducible factors of ( )g x  have the same multiplicity in ( )g x  and in 1Nx  . 

 

Theorem 3 For p , q ,   be distinct odd primes, , 1m n   are integers,   is a primitive root both 

modulo 
np  and 

mq , gcd( ( ), ( )) 2n mp q d    , | ( 1)p q , | ( 1)q p , 0 1  i n , 

0 1j m    and 0 1  k d . 

 

(i) If 1 1C C  , then there are precisely 
12dmn m n  

 complementary-dual cyclic codes of length 

n mp q  over F  given by 

 

, , ,,0

1 1 1 1 1

0 0 0 0 0

( 1) ( ( )) ( ( )) ( ( ))n j k i ji m
i m n j k i j

n m d n m

p q p q a p q
i j k i j

x M x M x M x
 

    

    

    ,

 
 

where 0 , ,i m , ,n j , , , {0,1}k i j  . 
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(ii) If 21  da
C C , then there are precisely 

+ + +1
22

dmn
m n

complementary-dual cyclic codes of length 

n mp q  over F  given by 

 

, , ,,0

1 1 1 1 1

0 0 0 0 0

( 1) ( ( )) ( ( )) ( ( ))n j k i ji m
i m n j k i j

n m d n m

p q p q a p q
i j k i j

x M x M x M x
 

    

    

    , 

 

where  0 , ,i m , ,n j , , , {0,1}k i j  , and  , ,
, ,

2

k i j d
k i j

 


 (
2

d
k   is modulo d ). 

 

Proof  (i) From Lemmas 3, 4, and 5, if 1 1C C  , we get 1 1( ) ( )M x M x , ( ) ( )i m i mp q p q
M x M x


 , 

( ) ( )n j n jp q p q
M x M x


 , ( ) ( )k i j k i ja p q a p q

M x M x


 , but ( ) ( )s sM x M x (see equation (1)), 

where s S  , so 1 1( ) ( )M x M x , ( ) ( )i m i mp q p q
M x M x , ( ) ( )n j n jp q p q

M x M x , 

( ) ( )k i j k i ja p q a p q
M x M x . 

 

Then by Lemma 6, complementary-dual cyclic codes of length 
n mp q over F  are 

 

, , ,,0

1 1 1 1 1

0 0 0 0 0

( 1) ( ( )) ( ( )) ( ( ))n j k i ji m
i m n j k i j

n m d n m

p q p q a p q
i j k i j

x M x M x M x
 

    

    

    . 

 

(ii) From Lemmas 3, 4 and 5, if 21  da
C C , we have 1 1( ) ( )M x M x , ( ) ( )i m i mp q p q

M x M x


 , 

( ) ( )n j n jp q p q
M x M x


 , 

2

( ) ( )k i j d
k

i j
a p q

a p q

M x M x


 . However, ( ) ( )s sM x M x (see equation 

(2)), where s S  , which implies that 1 1( ) ( )M x M x , ( ) ( )i m i mp q p q
M x M x , 

( ) ( )n j n jp q p q
M x M x  and 

2

( ) ( )k i j d
k

i j
a p q

a p q

M x M x


 . 

Then by Lemma 6, complementary-dual cyclic codes of length 
n mp q  over F  are 

 

, , ,,0

1 1 1 1 1

0 0 0 0 0

( 1) ( ( )) ( ( )) ( ( ))n j k i ji m
i m n j k i j

n m d n m

p q p q a p q
i j k i j

x M x M x M x
 

    

    

    , 

 

where   0 , ,i m , ,n j , , , {0,1}k i j  , and  , ,
, ,

2

k i j d
k i j

 


 (
2

d
k   is modulo d ). 

 

4 An Example 
 
Take 3 , 7p  , 5q  , 1n  , 2m  . Then 2d  , 19a  , 21 da

C  . 

 

(a) The eight 3 -cyclotomic cosets modulo 175 are 
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0 {0}C  ,
 

1 {1, 3, 4, 9, 11, 12, 13, 16, 17, 27, 29, 33, 36, 38, 39, 44, 46, 47, 48, 51, 52, 62, 64, 68, 71,

         73, 74, 79, 81, 82, 83, 86, 87, 97, 99, 103, 106, 108, 109, 114, 116, 117, 118, 121, 122, 

  

C 

       132, 134, 138, 141, 143, 144, 149, 151, 152, 153, 156, 157, 167, 169, 173}，

5 {5, 15, 20, 45, 55, 60, 65, 80, 85, 135, 145, 165}C  ,
 

7 {7, 14, 21, 28, 42, 49, 56, 63, 77, 84, 91, 98, 112, 119, 126, 133, 147, 154, 161, 168}C 

19 {2, 6, 8, 18, 19, 22, 23, 24, 26, 31, 32, 34, 37, 41, 43, 53, 54, 57, 58, 59, 61, 66, 67,69, 

        72, 76, 78, 88, 89, 92, 93, 94, 96, 101, 102, 104, 107, 111, 113, 123, 124, 127, 128, 129,

     

C 

   131,136, 137, 139, 142, 146, 148, 158, 159, 162, 163, 164, 166, 171, 172, 174}，

25 {25, 50, 75, 100, 125, 150}C  , 35 {35, 70,105, 140}C  ,
 

95 {10, 30, 40, 90, 95, 110, 115, 120, 130, 155, 160, 170}C  .
 

 

(b)  9  self-orthogonal cyclic codes of length 175  over 3F  are 

 

0 25 7 35 1 19 5 95( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x M x M x , 

0 25 7 35 1 5( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x ， 

0 25 7 35 1 95( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x , 

0 25 7 35 19 5( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x ,
 

0 25 7 35 19 95( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x ,
 

0 25 7 35 1 19 5( ) ( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x M x , 

0 25 7 35 1 19 95( ) ( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x M x , 

0 25 7 35 1 5 95( ) ( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x M x , 

0 25 7 35 19 5 95( ) ( ) ( ) ( ) ( ) ( ) ( )M x M x M x M x M x M x M x . 

 

(c) 64  complementary-dual cyclic codes codes of length 175  over 3F  are 

 

0

0 ,0,0

0,0 ,1 1,0 0 ,2

120 115 95 90 85 80 70 65 60 55 50 40 35 30

25 5 24 23 19 18 17 16 14 13 12 11 10 8 7 6 5

5 10 15 20 2 3 4 5 6

( 1) (

+1) ( + + + + + + +

+1) (1+ + ) (1+ + ) (1+ +

x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x x x

x x x x x x x x x x x x x





  

             

        

       1,12 3 4 )x x


 

 

 

where 0 , 0,0,0 , 0,0,1 , 1,0 , 0,2 , 1,1 {0,1}  . 

 

5 Conclusion 
 

In this paper, we mainly consider cyclic codes of length 
n mp q  over F . We explicitly determine 

generating polynomials and enumeration formulas of all self-orthogonal cyclic codes and 

complementary-dual cyclic codes of length 
n mp q  over F . Construction of good self-orthogonal 

cyclic codes and complementary-dual cyclic codes of length 
n mp q  over F  

may be interesting. 
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