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Abstract

We have solved the Schrodinger equation with the HPM method and the SBA method. We have
noticed that with these two methods we find the same result.
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1 Introduction

For more than three decades, mathematicians and research authors have paid special attention to
fractional calculus because a fractional derivative is not a derivative at the local point, it considers
history and non-local distributed effects.
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Therefore, fractional mathematical models are more realistic and practical than other classical
models. Thus, while the latter do not include information on mechanisms related to memory and
learning, Fractional models take into account past and distributed effects in the system under
study. Any dynamic process modeled by fractional equations then has a memory effect.This is
why applications of fractional calculus can be found in several scientific fields such as: quantum
mechanics, electrical signal propagation, biomechanics, signal processing and bio-engineering.

In the field of quantum mechanics, the resolution of the Schrédinger equation, which allows to
determine the different energies or eigenvalues of the energy of an atomic, nuclear or solid state
system, has been the subject of several studies, among others, Wazwaz [1] for the variational
iteration method (VIM), Ravi Kanth [2] for the differential transformation method (DTM), and
Golmankhaneh et al. [3] for the homotopy perturbation method (HPM).

For the time-dependent Schrodinger equation, many efforts are made to try to find robust numerical
and analytical methods, e.g. Rams Wroop et al using the homotopy analysis transformation method
(HATM), Khan et al. [4] the homotopy analysis method (HAM). Twenty years ago, the Some Blaise
Abbo (SBA) method was proposed by an African team to solve linear and nonlinear ODEs and
PDEs.

In this paper, we propose to extend the applications of the SBA method to the solution of the
fractional time dependent Schrédinger equation.

This paper is organized as follows: in section 2, the fractional time-dependent Schrédinger equation
is described and we give some basic definitions and properties. In sections 3 and 4, we present some
properties of the SBA method and the HPM method respectively. In section 5, we present and
compare the numerical solutions of the time-fractional Schrédinger equation in time using these
two methods. Finally, conclusions are given in section 6.

2 Preliminaries and Description of the Fractional
Schrodinger Equation

The Schrédinger Equation, first obtained in 1926 by Erwin Schrédinger, was an extention of de
Broglie’s hypotheses, proposed two years earlier, that each material particule has associated with

h
it a wave-length A related to the linear manentum p of the partide by the equation: A = — where
p

h is planck’s constant.

If the time-independent of the Schrédinger Equation is given by

0 . Ou
H (_Zhaq,- , ql> u = —zha

u is a wave function, ¢; is a dynamical variable and H the Hamiltonian operateur.

In the peper, the time-fractional Schrédinger Equation (FSE) has the following form:

i°Dgu(z, t) = YV (u(z, t)) + Va(z)u(z, t) + qlulz, t)Pu(z,t), 0<a <1, t>0
(2.1)
u(z,0) = f(z), =R
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where V() is the trapping potential and +, ¢ is a reals constants. The physical model (2.1) and
its generalized forms occur in various areas of physics, including nonlinear optics, plasma physics,
superconductivity, and quantum mechanics.

We give some basic definitions, notations, and properties of the fractional calculus theory, which
will be used later in this work.

2.1 Definition
The Euler Gamma function is defined by [5], [6] and [7] respectively

I'(z) = /000 e at (2.2)

with z is any complex, number such that Re(z) > 0. The function is strictly decreasing on ]0;1].

2.2 Definition
The Beta function is defined by [5], [6] and [7] respectively

B(p,q) = / £ - 6yt (2.3)

with Re(p) > 0, Re(q) > 0. The relation between the beta function and the gamma function is
given by:

I'(p)l'(q)
q) = 2.4
B(p,q) T+ q) (2.4)
2.3 Definition
The Mittag-Lefler function is defined by [5], [6] and [7] respectively
+oo Sk
E.(z) = - (2.5)
;) D(ka+1)
where z is a complex « is a strictly positive real.
2.4 Definition
Let f € C([a,b]). The operator I defined on [a, b] by:
(IS )(t) = L /t(t — 1) f(r)dr, a>0 (2.6)
‘ - () J, ’ '

is called Riemann-Liouville fractional integral of order .

2.5 Propriety

Let a and f two complex numbers, f € C([a, b])
i) IS(IZf) = 9P £, Re(a) >0, Re(8) > 0.

i) (15 ) (1) = (15 £) (1), Re() > 0.

(12 £)(1) = (1), Re(a) > 0.

iii) lim
a—0t
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2.6 Definition

The caputo-type fractional derivative of order a > 0 of a function f € C™
(m=1,2,3,...) is given by [5], [6] and [7] respectively

_ 0%u(z, s) 1 ¢ a1 0™u(z, s) .
cDa:[na(n): > _ e\ ’ 1
u Hea F(n—a)/a(t s) e ds, if n <a<n
" .
dt—ﬂf7 if a=n
(2.7)
where n = [a] + 1 is the integer part of the real number.
3 The SBA Numerical Method
Consider the following functional equation [6], [7] and [8] respectively
Au) =h (3.1)

where A : H — H is a linear or nonlinear operator, H a real Hilbert space, h a given function in H
and u the unknown function in H.

By setting A =L — R— N, where L is a linear operator assumed to be invertible, invertible in the
Adomian sense, R a linear operator and N a nonlinear operator.

We obtain
L(u) — R(u) — N(u) =h (3.2)
By applying the inverse L' of L to (3.2), we obtain the following canonical form of Adomian
u=0+L""(h)+ L "(R(u)) + L " (N(u)) (3.3)

where 6 satisfies LO =0
Apply the method of successive approximations to (3.3), we obtain:

uF =dFO)+ LT+ LT RWP) + LT (N@WFTY) k> 1 (3.4)
From (3.4), deduce the following SBA algorithm for a fixed k:

{ ulg _ uk(o) +L—1(hk) +L—1(N(uk—1)) k 2 1

up = L7 (R(up—1)), n>1 (3.5)

We then apply the Picard principle to (3.5): in choosing u®, such that Nu® = 0, this choice in fact
allows the first iteration to solve only a linear problem and this principe will be checked at each
iteration before continuing the calculations.

First iteration

For k = 1, we calculate u' using the following algorithm

up = u'(0) + LAY (3.6)
uh =LY (R(ub_1)), n>1 '
“+ o0
If the series Z u), is convergent, then we get:
n=0

+oo
u' = Zu; (3.7)
n=0
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Approximate solution of equation (3.1) in step k = 1.
Second iteration

For k = 2, we calculate u? using the following algorithm

ud = u?(0) + L™ (h?) (3.8)
w2 =L Y RuZ_,)), n>1 '
—+oo
If the series Z u2 is convergent, then we get:
n=0

+oo
u® = Z ul (3.9)
n=0
Approximate solution of equation (3.1) in step k = 2.

k-th iteration

+oo
Recursively, if the series Z uﬁ is convergent for k > 1, then we get:

n=0
“+oo
uF = "uy k>1 (3.10)
n=0

Approximate solution of equation (3.1) in step k.

So the solution of the problem (3.1) is then:
k +ZOO k
v“= kgr-i,r-loou - kEToo <n0 u") ' (3.11)

4 The Homotopy Perturbation Method

To illustrate the fundamental ideas of homotopy perturbation, we consider the following nonlinear
equation [5], [9], [10] and [11] respectively:

Alu) — f(z) =0, 2€Q (4.1)
with the boundary conditions
B (u, %) =0, x €N (4.2)
n

or

* A is usually a differential operator

* B designates the boundary conditions
* f(z) is an analytically known function
* 9Q is the domain boundary 2

The method consists in decomposing the nonlinear operator in the form

A=L+R+N (4.3)
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or
L + R is a linear operator, N is a nonlinear operator.

Therefore equation (4.1) becomes:
L(u)+ R(u) + N(u) — f(z) =0, z€Q
with the homotopy technique, we construct a homoto
v(z,p): 2 x[0,1] - R

which satisfies:

H(v,p) = (1 = p)(L(v) = L(uo)) + p(L(v) + R(v) + N(v) — f(z)) =0

p€10,1] and z €
by a simplification we find the following relation:

H(v,p) = L(v) = L(uo) + p(L(uo) + R(v) + N(v) — f(x)) =0
p€10,1] and z €

L(v) = L(uo) + plf (x) — L(uo) — R(v) — N (v)]
p€[0,1] and xz € Q
or
* p is a parameter that varies from 0 to 1.

* ug is an initial approximation of (4.6) which satisfies the boundary conditions.

Obviously, by considering equations (4.6) we have:
H(v,0) = L(v) — L(uo) =0

H(v,1) = (L(v) + R(v) + N(v) — f(x)) =0

(4.4)

(4.5)

(4.6)

(4.9)

(4.10)

According to the homotopy perturbation method, we can first use the parameter p as a small
parameter and assume that the solution of equation (4.1) can be written as a series of power p.

By varying p from 0 to 1, we change v(z,p) from uo(x) to u(x), in topology, this is called the
deformation, L(v) — L(ug) and f(z) — L(ug) — R(v) — N(v) are homotopy. The basic principle and

that the solution of equations (4.6) and (4.7) can be written as a series:

(oo}

v(@,p) =Y p"va(z)

n=0
and

N(w(e,p) = > p"H,

where H,, are polynomials of He which are defined by:

1 d” =
Hy (vo,v1,02, ..., Vn) = ﬁdpﬁ [N (Zp vl(x)>:| ;i n>0
p=0

=0

(4.11) and (4.12) in (4.8) gives

oo oo

> p'L(vi) = L(uo) + p(f(z) — L(uo)) = > p" ' (R(v:) + H)

=0 =0

(4.11)

(4.12)

(4.13)

(4.14)
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P L(vo) + p'L(v1) + p°L(v2) + p°L(vs) + ... = p°L(uo) + P'(f(x) — L(uo))
—p' (R(vo) + Ho) — p*(R(v1) + Hu)
—p*(R(v2) + Ha) — p*(R(v3) + H3) — ...

By identifying the terms with those of the same power of p, we find

p° L(vo) = L(uo)
pt o L(v1) = f(z) — L(uo) — R(vo) — Ho
p? i L(vz) = —R(v1) — Ha (4.15)
P’ L(vs) = —R(v2) — Ho
so we conclude that
po Vo = Uo
p' L(v1) = f(z) — L(uo) — R(vo) — Ho
p? i L(vz) = —R(v1) — H (4.16)
p3 L(’Us) = _R(U2) — H2

the approximate solution of equation (4.1) is written:

p—1

u=limv= Zvn(x)
n=0

5 Comparing the Two Methods

In this section, we apply the homotopy perturbation method (HPM) and Some Blaise Abbo (SBA)
method to some nonlinear partial differential equations.

Consider the following nonlinear time-fractionar Schrédinger equation:
e M 0u(x,t
1° Dy u(x,t) = —% — qlu(z, t)|?u(z, t) (5.1)
u(z,0) = P

or0<a<l,zeRandt>0.

5.1 Solving by the HPM method

(5.1) can also be written

2
t
i P04 igfute,0)Pue, 1)~ Due, 1) = 0 (5.2)
with
Liu=°Dfu s L7 w = Ifu (5.3)
N(u(,t)) = u(z, t)]u(z,t) '
with the homotopy technique, we construct a homotopy according to
2
“Di'v(z,t) = Diuo(x,t) = p {Z% +1igN(v(z,t)) —° Dfuo(z,t) (5.4)
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with uo(z,t) = u(z,0) = " the initial approximation of (5.1) that is

) ) 8 t .
°Dgv(z,t) —=° Dffuo(z,t) =p 1(;(9; ) +igN (v(z,t))
v(z,0) = P
with
N(v) = [v(x, t)[*v(z, t)
we pose
Zp vn T, t
-Sm,
n=0
and

i [ (ZMJL_O

then (5.7) in (5.5) gives

Zp Do (z,t)) = Difuo(x, t) Z {M—I—zqﬂ' } —p[*Dfuo(z,t)]

Zp"vn(:r, 0) = e
n=0

where the terms of the sequence (Hy) of the polynomials of he are

Ho = ,U(%(‘rv t)%(l‘,t)
H = 2v(z,t)vi(z, t)vo(z, t) + v¢(z,t)v1(z, 1)
= )

Hy = 2uvo(x,t)va(z, t)v0(x,t) + vi(x,1)

by identifying terms with the same powers of p, we get

(U CDgUO(mat) __C D?uo(l‘ﬂf) =0
p - ’UO(CL’,O) _ ezﬂx

—¢ Dffuo(z, t)

P °Dgvy(z,t) = M +iqgHo —° Dfuo(z,t)
v1(z,0) =0
0 t) .
P *Dfva(z,t) = %Jrqul
v2(x,0) =0
e ma 0 va(z,t .
iy Divs(z,t) = 5; ) +iqH>

v3(z,0) =0
etc. Thus the resolution of the systems (5.10)-(5.13) gives

Uo(l’:t) = UU(.’E, t) = 6iﬁz

(5.9)

(z,t) + 2vo(z, t)v1(x, t)v1 (2, t) + 02 (z,t)v2(x, t)

(5.10)

(5.11)

(5.12)

(5.13)
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H() — 67.'2616—1'51 — eiﬁz
9% )
‘Divi(z,t) = i@(ewz) —° D (e'7)
L) ‘DRz, t) = (ig—if*)eT
Py (eDRoi(x,t) = 19 ((ig — iB%)e™™)
vi(z,t) = (ig — iB*)e " I7(1)
. _ 2 )

Ul(w,t) — Z(q ﬂ )ezﬁztcx

N(a+1)
(q 2) zﬁ:c « (qfﬁz) iBr o (qfﬂz) iBx o
Hy =2 —g_ 2 —gt
LSRG t § T+ ) e P L
¢ D%y :E,t) ( q;f ; )6iﬁzta

pe] o) = (- (F(Hl))) e Ip 10)

_(_@=B)\ g Llat+1) o,
ve@t) = ~To )eﬁ T2at+1)
_ [Z(q B 62)] iBx2c
UQ(l’,t) = m@ B t
vn(z,t) = 7[z‘(q — 62)]nemzt"°‘

P(na+1)

v(z,t) = <an[i(1_q\(;f+)t:;] ) o

n=0

Finally the exact solution is:

ule,f) = lim vl 1) = <Z m> ¢! = & Ba(ilg - B)%).

the exact solution of the Schrodinger equation for a = 1 is:

u(z,t) = ei[ﬂer(quz)t]

5.2 Solving by the SBA method

Consider the following problem:

(P): { “Druta) =i ) +ialute. O ua, 1) (5.14)
u(z,0) = g(x)
let’s put L(u) =° Dffu(z, t); R(u) = % and N(u) = iq |u(z, t)|* u(z, t)
we have:
Lu(z,t) = Ru(z,t) + N(u(z,t)) (5.15)
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Theorem

MT* ,
m' <1, g € C(R), u(z,t) € C*(Q) such as

Im = supg(xz) and IM = sup u(z,t) > 0ou Q = R x [0; 7] then the SBA algorithm is convergent
zeQ (z,t)EQ

and the problem (P) has a unique solution.

If Vi > 1, N(u*~Y(z,t)) =0, ‘

Proof. we have the following SBA algorithm:

uf(z,t) = g(z) + N (z,t); k>1 (5.16)
ub (2, t) = I§ (R(uf (2,1))); n>0 ’
or even
uf(z,t) = g(z); k>1 (5.17)
U1 (2,1) = I§ (R(un (2, 1))); n >0 ‘
O L S
at) = |I¢R@uE(z, )| <
|'LL1($ )| ’ O( (UO(ZU )))‘_F(a—i—l) ,
. MT*
[ub(z,t)] = |I§(R(ui(x,t)))| < (F(a+1))
N MT> \*
[uf(z,t)| = |I§(R(us(x,t)))] < (F(a—l—l))
. MT® \"
lus(z,t)] = |15 (R(ug(z,1)))] < (F(a+1)> :n>0
Summing member by member, we get:
+oo
. B MT®
Z‘; fun (@, )l = m+ mo Ty — e
+o0 +oo
from wherez |ul (,t)| is absolutely convergent by sequence Z ul (,t) simply convergent.
n=0 n=0

The solution uniformity

Let u(z,t) and v(z,t) be two solutions of (5.14) with u(z,t) # v(z,t) and for v and v we have the
following algorithms

k __ iBx,
ug(z,t) =% k>1
{ by (x,t) = I§(R(uE (x,1))); n>0 (5.18)
and
k __ _iBx,
v (z,t) = e k>1
{ ok (z,t) = IS (R(vE(x,)); n>0 (5.19)
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by making the difference of the two algorithms we obtain:

u’é(a), t) — Ué(m,t) = ¢ - e =0 ,
—igx —ip*
k ,t— k ,t _ Zﬁ iBr 15120
ul(x ) ’1)1(13 ) {(aﬁ_’g 1))6 F((Oé _221)6)2
i8%t%)? (iBz 1B7t*)° i5a
ub(z,t) —vs(x,t) = 2a+1g ? 71“(20[-&-1:)38[3 =0
Zﬁ2ta eih _Zﬁ2ta iBx
ulg(a:,t)—v’g(:r,t) = (3a+ ) B %63 =0
k ok (=) s _ (=iB*)" g _

so uf (z,t) — vF(z,t) = 0 = w(x,t) = v(z,t) or according to the hypothesis u(x,t) # v(z,t) which
is contradictory, so the solution is unique.

Application

of (5.1) on a so:

L(u) = R(u) + N(u) (5.20)
apply L™' = I§(.) the fractional integral to (5.20), we have:
u(z,t) = e + I§(R(u(x, 1)) + 15 (N (u(z, 1)) (5.21)

Applying the method of successive approximations to (5.21), we have
uk(x,t) =P 4 I(?(R(uk(z, t))) + I(?(N(uk_l(:r,t))); k>1 (5.22)
of (5.22), we obtain the following SBA algorithm:

u’é(:r,t) = e 4 Ié"(N(uk_l(x,t))); k>1
{ W (2.t) = IS (R(uE (2, 6)); n >0 (5.23)
At step kK = 1, we have: 5
ug(z,t) = e + I§ (N (u’(z, 1))
{ whir (2,8) = IS (R(uk (. )); n >0 (5.24)

Applying Picard’s principle, (5.24), we will choose u° such that N(u°) = 0 so we will take u® =0
The algorithm above becomes:

up(xz,t) = eP®
{ uph1(2,t) = IS (R(uh(x,1))); n>0 (5.25)

let’s calculate u'(x,t)
for n = 0, we have

ui(z,t) = I5(R(ug(a,t))) = il (%)
_ o —ipMY e
T Tle+n”
for n = 1, we have
2
) = IR 0) = i (T
_ (8% e
= IRa+1)°
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for n = 2, we have

8%%(1’7 t)

us(e,t) = I§(R(ua(z, 1)) = ilg Erea)
_ (ZB)° g
I'(3ac+1)
in a recursive way we have:
wan) = &
1 _ _iﬂQta iBx
ui(z,t) = 7F(a+1)e
1 _ (_iBQtQ)Q iBx
ua(z,t) = [(2a+ 1ge
us@t) = IBat1)°
1 _ ()" ige
un(w7t) - F(na+1)e

we have:

P(na+1)

+oo ch2,0\N +oo -2 0\
(_Z/Bt ) iBx ifx (_Z/B t )
Wt = ) e = e ZF(na+1)

n=0
= P By (—if?tY)
with E,(—i8%t*) the Mittag-Leffler function
so the solution at step k =1 is:

n=0

u'(z,t) = P B, (—if%t™)

At step k = 2, we have:

(e t) = ¢ + I3 (N (@) 520
i (2, t) = I (R(uZ(x,t))); n>0 ’
let’s calculate N(u'(z,t))
N(u!(2,t) = iglu(@,0)]" ' (@,)
) 2
= iq|e"" . Ea(—if’tY)| 7. Ea(—iB%t™)
= iq [eif“.Ea(—w?t“).eww.Ea(—w%a)} &P o (—iB%t%)
= igxu'(z,t)
£ 0
as N(u'(z,t)) # 0, then we will modify the initial problem, we have
e ma Pz, t . . .
Dputa,t) =148 ig ute, 0 u(a,0) + igu(z, ) — igu(z, 1) (5.27)
u(z,0) = e#”
2
let’s put L(u) =° Dfu(z,t); R(u) = Z% +iqu(z,t) and
N(u) = ig [u(z, t)|* u(z, t) — iqu(z, t)
so we have:
L(u) = R(u) + N(u) (5.28)
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apply L™ = I$ the fractional integral to (5.28), we have:
u(z, t) = P + I§ (R(u(z, 1)) + 15 (N (u(z, t))) (5.29)
Applying the method of successive approximations to (5.29), we have
uF(z,t) = " + IS (R(u" (1)) + IS (N (" (z,1)); k>1 (5.30)

of (5.30), we obtain the following SBA algorithm:

u’é(m,t) =P 4 Ié’(N(uk_l(ﬂc,t))); k>1
{ Wy (2.t) = IS (R(uE (2, 0)); n >0 (5.31)
At step kK = 1, we have: ;
up(z,t) = 7 + I§ (N (u’(z,1)))
{ Ul (2,8) = IS (RO (2, £)): 1> 0 (5.32)

let’s assume that u®(z,t) = €P®. Eo(—i8%t*)
let’s calculate N (u®(z,t))

N(uo(az,t)) = iq|u0(:c,t)‘2uo(a?,t)fiquo(x,t)

. 2 .
e’ﬂx.Ea(—iﬂQto‘) elm‘Ea(—iﬁQta) — iqelﬁm.Ea(—i,BQta)

= g [ew”.Ea(—iBQta).eiﬁx.Ea(—i,62ta)] P B (—if2%) — g™ B (—if*t%)
= iqemm.Ea(—i,BQto‘) — iqewx-Ea(—iﬂQta)
= 0

The algorithm above becomes:

1 __ _ifBx
{ uo(m,t)t—e ) . (5.33)

let’s calculate u'(x,t)
for n = 0; we have:

2,1
W) = 1R 0) = ity (S0 4 e )
_ilg = Bt s
T T(a+1)
for n = 1; we have:
2,1
W) = @) =it (U 4 i)
N I'(2a+1)
for n = 2; we have:
2, 1
W) = e 0) =ity (P28 4 i)
_ ia=8]" s
N I'(3a+1)
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in a recursive way we have:

up(z,t) = €F°
1 _ i(qfﬁz)ta iBx
Ul(l’,t) = [1_(‘(a_i_1§ ]:
1 _ q =BT s,
up(z,t) = meﬁ
_ [Z(Q7ﬁ2)ta]3 iBx
uz(z,t) = TGax1) e
i .[i(q_ﬂﬂto‘]n iBz
up (z,t) Weﬁ

we have:

u' (x,t) Ji:.o Meiﬁz _ B f M

— D(na+1) I'(na+1)
= PBa(i(q - 7))
so the solution at step k =1 is:
u'(z,t) = €. Ba(i(q — B7)t%)
with Eq (i(q — 8%)t*) the Mittag-Leffler function
At step k = 2, we have: ,
w2 (2, t) = I§(R(uZ(x,t))); n>0 ’

let’s calculate N (u'(z,t))
N(u'(z,t)) = iq ’ul (z, 75)‘2 u'(z,t) — iqu' (z,t)
= ig|e " B (8 — )| €T B (87 — q)t%) — iqe’™ Bali(8® — t)
= i [ B (8 — ) BB — @))€ Eali(8 — %) -
iqe’™ Ea(i(8* — q)t”)
= ige"" Ba(i(B* = )t") = ige"™ Ea(i(8* — 9)t%)
= 0

The algorithm above becomes:

{ ud(z, t) = eh®

w2y (z,t) = IS (R(u2(2,1))); n>0 (5.35)

The algorithm at step & = 2 is the same as the algorithm at step k = 1.
so we have

w?(z,t) = u' (z,1) = e Ea(i(g — B)t)
In a recursive way we have

uF(z,t) = €7 Ea(i(q — BO)t%); t>1

w(z,t) = lim u"(z,t) = u'(2,t) = P Ea(i(q — B*)t%)

k—+oco
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the exact solution of the modified problem for o = 1 is therefore
u(x,t) = ei[Bqu*BQ)t]

and since the modified problem is equivalent to the initial problem, then the exact solution of the
Schrédinger equation for v = 1 is:

u(z,t) = ei[ﬁz+(q—ﬁ2)t]

6 Conclusions

This work shows that SBA method is a mathematical tool able to calculate the time-dependent wave
function of the time-fractional Schrédinger Equation in one dimension. We have successfully solved
the Schrodinger Equation by the homotopy perturbation method (HPM) and the Some Blaise Abbo
method (SBA). We find the same result with these two methods.
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