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Abstract: To reduce the communication and computation overhead of neural networks, a novel
pinning event-triggered scheme (PETS) is developed in this paper, which enables pinning syn-
chronization of uncertain coupled memristive neural networks (CMNNSs) under limited resources.
Time-varying delays, uncertainties, and mismatched parameters are all considered, which makes
the system more interpretable. In addition, from the low energy cost point of view, an algorithm for
pinned node selection is designed to further investigate the newly event-triggered function under
limited communication resources. Meanwhile, based on the PETS and following the Lyapunov
functional method, sufficient conditions for the pinning exponential stability of the proposed coupled
error system are formulated, and the analysis of the self-triggered method shows that our method
can efficiently avoid Zeno behavior under the newly determined triggered conditions, which con-
tribute to better PETS performance. Extensive experiments demonstrate that the PETS significantly
outperforms the existing schemes in terms of solution quality.

Keywords: event-triggered mechanism; memristor; Zeno behavior; synchronization; pinning control

MSC: 93C10

1. Introduction

In the past decades, the control and synchronization of coupled memristive neural
networks (CMNNSs) have attracted attention from research science and engineering fields [1].
This is partly because the memristor can simulate the synapses of biological neurons better
than the resistance. From the biological point of view, CMNNSs can better describe the
function of the human brain and the process of information transmission than traditional
neural networks [2]. Because of this, the synchronization of CMNNs can be applied to
secure communication [3], social networks [4], image protection [5], multiplex networks [6],
etc. For many biological and artificial intelligence systems, the dynamical behaviors of
CMNNEs are significant. Meanwhile, investigating the synchronization and control of
CMNNs can help to reveal the structure of the human brain nervous system and extend it
to the field of artificial intelligence [7].
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It should be noted that network synchronization is usually achieved by controlling
all nodes of the network. However, CMNNSs are often required to realize synchronization
with a limited resource. In this case, it is costly and difficult to control all nodes in practical
applications. Therefore, pinning control in CMNNs has become a hotspot in theoretical
studies and practical applications [8-10].

Recently, various pinning control mechanisms have been proposed for different neural
networks [11-13]. Wang et al. [11] designed an adaptive pinning controller for complex-
valued time-varying bidirectional associative memory neural networks (BAMNNS).
Yu et al. [12] investigated the pinning synchronization of inertial neural networks with
complex-valued time-varying characteristics under a fixed-time interval. In addition,
Zhou et al. [13] designed the event-triggered pinning control scheme, which realizes the
cluster synchronization for specific coupled neural networks under Lévy noises. However,
most of these control methods are based on the application of the pinning controller with
continuous feedback input as time changes.

Moreover, such a pinning scheme cannot meet the requirements of practical applica-
tions under a limited network bandwidth, especially for mechanisms mimicking the human
brain. In practice, many nonidentical characteristics cannot be avoided, e.g., mismatched pa-
rameters and structural instability caused by random perturbation of internal faults [14,15].
Currently, the time-varying delays and uncertain factors in chaotic neural networks are
rarely discussed in the pinning synchronization of CMNNSs. Therefore, it is significant to
investigate these issues for CMNNSs [16]. Further, the continuous communication among
the nodes is an essential condition for synchronization in the above-mentioned literature,
i.e., scholars usually employ a continuous feedback control method. The event-triggered
mechanism is different from the traditional time-triggered mechanism in that the controller
sends data only when the trigger condition is satisfied, which can save resources and reduce
the update frequency of the controller. As a result, such a control method avoids unneces-
sary use of communication resources and network bandwidth [17]. Current instantaneous
CMNN states are taken as triggering conditions by many previous event-triggered schemes,
but they do not consider the uncertain factors in the information exchange process; that is,
the triggered condition is not related to any uncertain factors and coupling conditions. In
addition, in the existing schemes, much event-triggered control uses the fixed parameters
and the time-varying delays of the system. Zhou et al. [18] established a new self-triggered
control scheme to tackle pinning synchronization in the case of delayed complex networks.
Zhang et al. [19] established an efficient event-triggered sampling control scheme for syn-
chronization of T-S fuzzy complex systems. Wang et al. [20] developed a fuzzy pinning
adaptive event-triggered control scheme for complex neural networks.

However, it has been proven that uncertain factors and mismatched parameters that
are destructive in dynamic behaviors [21,22], often lead to desynchronization, oscillatory
behaviors, or even instability. To handle such negative factors, new practical pinning
control mechanisms have been designed for event-triggered schemes to improve the syn-
chronization or stability of CMNNs. Furthermore, the new appropriate triggered condition
and the Lyapunov function of the pinning schemes should be considered. In this regard,
it is imperative and significant to study the exponential synchronization issue with the
pinning event-triggered scheme (PETS) for CMNNSs under time-varying uncertain factors.
The contributions of our work are summarized below.

(1) Different from general CMNNSs, the proposed model considers the time-varying un-
certain factors and belongs to an uncertain switching system, which is conducive to
studying the dynamic behavior of the system under different communication situa-
tions. Taking the superiority of both event-triggered control and pinning schemes, a
fresh pinning event-triggered scheme is proposed, which contains the characteristics of
pinning and impulsive control simultaneously to decrease the control cost-effectively.

(2) To clarify the issue of the pinning synchronization for the event-triggered scheme, an
algorithm (Algorithm 1) is designed to identify the number of nodes that need to be
pinned in the CMNNSs. Considering the essentials of the PETS, the designed triggered
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function shows the relationship between the degree of nodes, coupling matrix, and
triggered instants.

(3) By designing a fresh Lyapunov functionality and adopting some inequality techniques,
sufficient criteria for pinning event/self-triggered synchronization of CMNNSs are
obtained. It is evidenced that a higher connection degree of the pinned nodes can
contribute to better performance under the PETS for the more complex coupled system.
Meanwhile, the controller updates of each pinned node are driven by properly defined
events, and they only depend on the combinational triggered condition. Thus, the
proposed model achieves more practical results than some advanced works.

As for the rest of this paper, Section 2 introduces the model of CMNNSs and the involved
definitions and assumptions, as well as lemmas. Then, in Section 3, the theoretical analysis
results of this paper are presented, including a theorem and two corollaries. Numerical
examples are given in Section 4 to validate the main results. Section 5 draws together the
main conclusions of this paper.

Notations: C ([—r, O],R”) (r > 0) in this paper denotes the Banach space of all con-

tinuous functions mapping from [—r,0] to R"” with g-norm or co-norm, R” denotes an
Euclidean space of n dimensions, and the superscript T denotes a vector transposition or

matrix transposition. In this paper, the vector norm is defined as ||x;||, which means the

2-norm of a vector x;; ||x;]| = (Z/; x7) 3, co [a, b] refers to the closure (convex hull) of {a,b};

and Amax (P) represents the maximum eigenvalue of matrix P.

Algorithm 1 Algorithm for self-triggered scheme

Require: t = to,k € Ny, tx_1 =t
Ensure: Amax (D" ),Amax(A™T),Amax(B™),Y1,Y2
1: fori,jton,and p to N do
2. // Determine Amax(D™),Amax(A™),Amax(B™) by (2) concerning initial values x(#)

and y(to);

3: end for

4: // Denote e(t) = €(tr_1)

5. whilet < T, // T is the complete time of the whole system. do

6: fori,jton,and p to N do

7: // Determine Amax(D™),Amax(A™),Amax(BT) by (2) concerning x(#;_1) and
y(tk-1);

8: end for

9: // Compute Y1,Y>,
0 /=t Yizln(1 n %\/h(e(t)))

11: if t = f // which means the system is triggered. then
12: // Updatek =k+1;ty 1 =t;e(t) = €e(ty_1)

13: end if

14: end while

2. Preliminaries of the Neural Network Model

Here, the neural network model is first elaborated, and then the error systems and the
lemmas involved in the model are provided.

2.1. The Dynamic Model of CMNNSs

According to Kirchhoft’s current law, the model of MNNs can be derived from the
circuit implementation of MNNs shown in Figure 1. Therefore, the model of delayed
MNNs is described as follows:
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Ck [i (D + Hypu) + Rik] +lipfklfl(xl(f))
=1 =1
1)

+

M:

Hprasgny fi(xi(t— 1 (t)) + L(t),

1=1

where f;(x;(t — 7 (t))) and f;(x;(t)) are neural feedback functions used in the MNNs; x;(¢)
is the voltage of the capacitor C; and Dy and H sy represent the memristance of the
memristor Mgy and Nk, respectively. Ry denotes the resistance; 7;(t) represents the
transmission delay; and 0 < 7;(t) < 7 and 7(t) < 7; < 1. Here, 7 is a constant, and it has
a positive value. sgn,, is a two-valued function determined by k and [; that is, sgn;; = 1 for
k> landsgn, = —1fork = 1.

I I, I,
N - N | Nu
N Nos Npo
[V N Ny
My Mo M,
s, I M,
M ‘M’” aee e Mﬂ(l
¢ [ C
C C ¢
X, R X, R x| L
{Tn 57 G
hv/ AV Avs
\/ v - v
/i I, 1,
a, b, a, b, a, b,

Figure 1. Circuit implementation of delayed MNNSs.

To simplify the mathematical model of the memristor on the premise of obtaining the
pinched hysteresis feature as shown in Figure 2, we select a surrogate model of MNNs
defined by the following equation:

da (t)

= Deln(t))x () + iakl(xk(t))fl(xl(t)) + i b (xx(t — (1)) filx(t — () + Le(t), )

=1 I=1

where di(xi(t)) represents the self-inhibition of the k-th neuron in the MNNSs; ay; (x4 (¢)) in-
dicates the memristor’s synaptic connection weight; and by, (xk(t —17(t))) is the memristor-

. M
based weight. Then, di (xk(t)) = ¢ H[ YLy (Mg and Ny ) + } ag (x (b)) = % X sghy,

b (xi(t — (1)) = Nc%kl X Sghy;-

Assume that x(t) = (x1(t),x2(t), ..., xx(t))T is a solution to MNNs (2) in the initial
conditions of x(s) = ¢(s) = (¢1(t), P2(t),...,¢x(t)T € C([—7,0],RT). In particular, the
solution can be further extended to [0, +o0] in Filippov’s sense, and MNNSs (2) could be
taken to be the differential inclusion in this case. A category of MNNs having time-varying
uncertainties, i.e., Aay; (t) and Aby (t — 7;(t)), is acquired in Equation (3).

dxdkt(t) € —coldy(xx(t) i [co A (xk ()] + Aag (t )}fl(xlu})

)

=

+ [co[bkl<xk<t—n<t>>>} +Abk1(f—Tl(f)))]fl(xz(f—Tl(f))) + Ii(t),

1
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Figure 2. The current and voltage characteristic of the memristor. (a) With a sinusoidal current.
(b) The surrogate memristor model

According to the characteristics of a memristor, the state parameters in Equation (3)
satisfy the following conditions:

di,  |xe(8)] < K, A, |x(t)] < g,
coldi, ap}, |xx(t)] = xy,
d

()] > g, |x(t)] > s

k
) \l;kl/ lxe(t =7 (1) < g,

colbe(xx(t — (1)) = ¢ co{bu, by}, |x(t—7(t))| =i, @
b, xe(t =7 ()] > .

According to the differential inclusion theory and set-valued map theory, Equation (3)
could be considered a drive system. Considering the state-dependent and measurable

functlijons d (t) € coldi(xk(t))], ag (t) € cola (xx(t))], by (t — 1(t)) € colb (xi(t — 7 (t)))],
we obtain

=1

" (5)
+ 3 [Bia(e = () + A (¢ = 1(0)] it = u(6) + 1),
I=1

Other parameters are defined in a similar way, and the introduction of the response
system is shown in Equation (6).

dydklgt) = —d (H)yi(t) + i {a,’;f(t) +Kﬂkl(t)}fl (i (1)

=1

n (6)
+ 1 [t (- m(0) + B¢ = D] A = 70 + ) + L),

where y(t) indicates a state variable of the k — th neuron in the MNN s (k,1 = 1,2,...,n),
and ¢ is not less than zero.

Suppose that in the initial conditions of y(s) = ¢(s) = (¢1(t), 2(f),...,
or(1)T € C([—7,0],RT), the solution to MNNs (6) is y(t) = (y1(t),y2(t), ..., yx(t)T.
In particular, U (t) is a controller that can achieve exponential synchronization of the
MNNs shown in Equations (5) and (6).
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In Equations (5) and (6), Aay(t), Aby (t — T(t)), Aag(t), and Aby(t — T(t)) indicate
time-varying uncertainties. Then, we have |Aay (-)| < ag, [Aby ()| < by, |Aa ()| < ay,
and Aby ()| < by. Consider N coupled MNNs (5) as follows

dx;(t)
dt

N
= —D*(H)xi(t) + [A*() + AA() | f(xi(1) + 0 Y, ;1)
b=

+ [B*(t) + AB(t)}f(xi(t — () + L), i=1,2,...,N.

(7)

Then, the CMNNSs could be a drive system containing N identical MNNSs, and it can
be described as Equation (7). In this expression, x;(t) = (x;1(t), x2(), ..., x;s(t))T € R”
are the state variables of dynamical node i; the D*(t) = diag(d;(t),d5(t),...,d%(t)T,
A*(8) = (a5 ()msens B () = (b3 (8)sns DAE) = (Aagg () wsrs Bt~ T(8)) = (b (£
T(t)))nxn; the constant o > 0 refers to the coupling strength; the matrix I' = (r;;) € R"*"is
a nondelayed inner connecting matrix; and the coupled matrix W = (wi]-) NxN represents
the whole network’s topology, and it satisfies the following conditions: (H;j): diffusive
coupling conditions are satisfied, i.e., w;; = — Z]’I\i 1,j2i Wij fori =1,2,...,N; (Hp): fora
directed edge that points from node j to node i, w;; = 1; otherwise, w;; = 0.

Remark 1. In recent scientific developments, MNNs have been widely applied in various fields, in-
cluding knowledge acquisition, static image processing, secure communication, associative memory,
motion tracking, and so on. These uncertainties refer to the unpredictable variations in the environ-
mental conditions that affect signal transmission. These variations can be thought of as random
fluctuations or disturbances that impact the accuracy of the synchronization made by the proposed
method. Many problems in practice can be modeled using MNNs with random uncertainties.
However, the mathematical formulation of these problems is difficult and needs more data-driven
knowledge to clarify uncertainty bounds [23,24], which we will study in the near future.

Then, the response system is shown in Equation (8):

dycﬁt) = =D ()yi(t) + [A**(t) + ZA(t)]f(yiu)) + [B**(t —7(t)) + AB(t — T(t))}f<yi(t — (1))

N
—I—UZwl]l"y](t) + Il'(i') + Ul-(t), i= 1,2,...,p,
j=1

. 8)
WD — Do (tyyu(e) + [47(6) + BAW] Fyu(1)) + [B (6~ (1) + BB(t — (1) £yl — (1))

N
+0 Y wiTyi(t) + L), i=p+1,p+2,...,N,
j=1

where U;(t), i = 1,2,...,p represents a nonlinear pinning controller. In Equation (8),
yi(t) = (yin(t),yi2(t), ..., yin(t))T € R" are scalars corresponding to the response state.
Here, make the first p nodes in control and rearrange the nodes’ order in the networks.
Additionally, D**(t) = diag(d;*(t), @*(t),...,d}‘\z(t))T, A™(t) = (a7 (8))nxn, BT (t =
©(#)) = (b (£ = T(8)))nxcn, DA(E) = (Dagg (8) )nxen, AB(E = T(8)) = (Abyr (¢ = T())) -

2.2. Error Systems of CMNNs

The synchronization error is formulated as €;(t) = ((yi1(t) — xi1(t)), (vi2(t) — xi2 (1)),
ooy (Yin (1) — xin(t)))T € (ein(t),€n(t), ..., €pn(t))T with the initial condition e(s) = ¢(s) —
¢(s) = ¢(s) € C([—7,0],RT). The design of the nonlinear hybrid controller U;(t) is:

Uj(t) = Kiei(ti—1) + Y [urei(t) —ei()]6(t —teq), i=1,2,...,p,
k=1 )

Ui(t):O, i=p+1,p+2,...,N,
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where t € [ty_1,tx),k € N, px > 0,t; represents the impulsive time instants that conform to
O=ty<th <t <...<t_1 <t <..limg, ot =+00; K; € Rrepresents the gain of
state feedback control; and 6(+) refers to the Dirac impulsive function, and its definition is

shown below
+oo, t=t,keN,
5(t—t) = k (10)
0, t>t.

Here, tp = 0 is the initial time, and {f1,t,, t3,... } represents time instants that are
determined by a series of subsequence events. It is assumed €(t) shows right continuity
at the time t = t, i.e., €;(tx) = €i(txy1). Thus, the solution to the error system exhibits
jumping discontinuity under impulse at t = f;. In particular, the state information in
Equation (8) is considered a control input and sent to Equation (7). This will cause the state
variables in the error system to change immediately at t = #;.

Remark 2. The pinning event-triggered scheme (PETS) for the proposed CMINNs is demonstrated
in Figure 3. It can be seen that only the local information has been utilized by the PETS, which
differs from some existing results in [25,26]. Moreover, “pinning” does not mean the fractional of
nodes is controlled but implies that such local information of the pinned nodes is taken advantage
of by the triggered instants ty determined. Then, the information €;(t;) can be exchanged from
CMNN:s to actuators at each instant t. Meanwhile, the sample has arisen in event generators and
the PETS is activated for the whole system until the new loop relays on the updated event.

\
| | Dri | i
rive system . .
| Y I .Deig'e? Pinned Pinned Control ), 1=t
| distribution nodes u, =1,
| | I » nodes »  Input — )
| | selection generator Uncertainties | Time-
| Response system | varying
\ J delays
Y U \
Signal of continuous time .
: g > Coupled memristive
| Actuator | Signal of discrete time neural networks
A o
€, 1=1, v
€(t),t=t,

........................... i PETS I< { Event generator

Figure 3. A block diagram of PETS.

Based on this, the event-triggered impulsive hybrid controller error system with state
feedback can be designed as

B0 — (D™ (5)ys(t) ~ D*(x(1)) + Fa®) + Fanlt) + Fo(t — (8)) + Fa(t — 7(1))
+U%wijl“ej(t) + Kiei(fp_1),t € [tr_1, tr),k € N,i = 1,2,...,p,
j=1
€; +
dd(;k)ZPlkez( e FO t=H,i=12,p, (1)
B0E) — (D™ (5)yi(t) ~ D (x(1)) + Fa®) + Fanlt) + Fo(t — (6)) + Fas(t — 7(1))

N
+0) wiTei(t), i=p+1,p+2,...,N,
j=1

where Fs(t) = A™ () f(yi(t)) — A™(£)f (xi(t )) Faa(t) = AA(H)f(yi(t)) — AA(E) f(xi(h),
Bp(t —7(t)) = B (t = w(8)) f(yi(t = T(t))) = B*(t = (£)) f (xi(t = 7(£))), Fap(t — T(t)) =
AB(t —7(t)) f(yi(t — 7(t))) — AB(t — ©(t)) f(yi(t — T(t))). Ki€i(tx_1) is the control input
with state feedback. In addition, the impulsive control can only work at time #.
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Then, fori =1,2,..., N, the measurement error of Equation (11) is:
ei(t) = €i(tk—1) —€i(t),t € [te—1,tx), k € N. (12)
and e(t) satisfies e(t) = (e1(t),ex(t),...,en(t))T.

2.3. Some Useful Definitions and Assumptions

Before investigating the exponential synchronization of Systems (7) and (8), some
related assumptions, definitions, and lemmas are given.

Assumption 1 ([27]). The activation function f;(-) is Lipschitz continuous. In this case, positive
scalars Ly exist such that

fi(r1) = fi(Kk2)| < Lgly — %2, (13)
forallxy € R, i € N.

Assumption 2 ([28]). Foranyi € N, f;(-) is a bounded activation function, i.e., it satisfies the
positive constant M; > 0:

|fi(s)| < M;,Vs € R. (14)

Assumption 3 ([29]). The matrix W is irreducible if matrix I is positive definite, which means
that there is no isolated node.

Lemma 1 ([30]). Supposing that real matrices X and Y have appropriate dimensions, a positive
number « exists such that

XY +YTX <aX"X +a1YTY (15)
Lemma 2 ([27]). Let

0<7(t) <% F(tuiy,..., 0y) : R" xRxR—R
N——
m+1

(16)

and do not decrease in ii; for a fixed (t,u,iy,...,iy), wherei = 1,2,...,m. Additionally, let
I(u) : R — R and do not decrease in u. Assume that u;, v(t) satisfy

DYu(t) < F(t,u(t),u(t— 7 (t)),..., u(t — w(t))),t >0, 17)
u(ty) < Le(u(t™)k)), k € Ny,
and
Dt u(t) > F(t,0(t),o(t — T (t)),...,0(t — Tu(t))),t >0, 18)
o(te) < I(v(t™)k)) k € Ny,
where DV y(t) represents the upper right Dini derivative, and DV y(t) = h@+ w ; and

h — 07 indicates that h is approximated to 0 from the right-hand side. For —T < t < 0,
u(t) < o(t) indicates that u(t) < v(t) (t > 0).

Lemma 3 ([29]). It is supposed that the continuous function V(t) corresponds to a nonnegative
value if t € (a — T, +00) conforms to the following:

V(t) < —kiV(t) +ky max V(s)exp{—r(t—a)},t > a. (19)

t—T<s<a



Mathematics 2024, 12, 821 9 of 28

and r is a unique and positive solution to
r — ki + kpexp{rT} = 0. (20)
Lemma 4 ([31]). Based on Assumptions 1 and 2, the following expression is formulated

|y (t) — dpxe ()| < d ye(t) — xi (1),

i f (i (1) = ag f ()| < af Lelye(£) — x (1)1,

b3 f (i (t = T(1)) = b f (i (£ = T())| < B Lsly(t — () — x(t — (1)), (21)
| Aag f (yi(t)) — Dagg f(xi(8))| < @G Lslye(t) — xe(£)],

|Abg f (i (t = T(£))) = Db f (e (8 = T(8))| < b Lelyi(t = T(8)) — xx(t = T(£))1,

where D = diag{d{,d5,...,dj;}, AT = Lf(ﬂ]jl)nxn/ Bt = Lf(b,g)nxn, At = Lf(ﬁ;?)nxn,
BY = Ly(b)nxn, df = max{|dy|, |dy|}, agy = max{|anl, |aul}, by = max{|bal, [bul},
agy = max{|ay|, @}, by = max{|by], bl }-

Definition 1 ([28]). The drive system, Equation (7), and the response system, Equation (8), are
said to be exponentially synchronized according to the control strategy, Equation (43). Constants
u >0, M > 1 exist such that for t > 0,

lle(t)[| = Mexp{—pt} max_ [lg(s)l], (22)

T<s<0
then, e() = (] (8), 4 (1), ., e ()T, 9(s) = ($T(), 93 (5), .., Py ()T

Definition 2 ([32]). The error system (11) does not have Zeno behaviors if constant p > 0 exists
such that

inf {tx —ti1} =2 p>0. (23)
keN4

Remark 3. Zeno behavior is the phenomenon where events are triggered an infinite number of times
within a finite time. The event-triggered strategy with Zeno behavior is equivalent to continuous
communication. If Zeno behavior is not excluded, the event-triggered strategy is ineffective. This
not only fails to reduce the utilization of communication resources but also adversely affects the
stability of the system.

3. Main Results
3.1. Synchronization of CMNNs

This section presents the solution to the exponential synchronization of delayed
uncertain CMNNSs under the proposed PETS strategy.

To present results, this paper gives the denotations as follows, R = diag{r,r,r,...,0,0,0},

—~— ——
p N—p

~ . AN X D 7\ A A, min s 1
ij = wig(i # 1), A = Amax (We = R), W = (@y)n e, @i = 230 [[W]] = (Amax(WTW))2,
ws = 1(W+WwT).

Theorem 1. Based on Assumptions 1 and 2, Systems (7) and (8) demonstrate pinning exponential
synchronization with the control law (9) if there exist constants py > p1 > 0,e4 >0 (9 =1,2,3),
such that

u2>1, (24)

-
—(ﬂ +a>1> > By > 0, (25)
01



Mathematics 2024, 12, 821 10 of 28

A:a72+,31<0, (26)
S 12 4 1 4 s 1 oo -
& — (281 YA max|| BT (282 YA max|| BT —§83K1» >0,i=12..,p, (27)
n(t) <0, te k1) (28)
where k € Ny, @1 = —Apin(DT) + Apax(AT) + Apax (A7) + Kj + & + o(r + A)

Bp=Pp =p= %(51 +e) fl = m}ilx{}l%}, pe # 0, @ = —Ayin(DT) + Apax (A1) +
Amar(AT) + 2e7 Amax ([BF[2) + 35 Amax(||BT[[?) + AT

This paper designs the triggered function as
10) = Nl 0)] 2 = e5ley (D18 — 3¢5 Amax(11B¥1P) + 365 Amax(11B 1) — 33K es(0)]. 9)
The triggered instant t;, depends on the event-triggered condition shown in Equation (30)
te = inf{t € (1, 0)[5(t) = 0}. (30)
Systems (7) and (8) can achieve pinning exponential synchronization.
In addition, if Equations (26)-(28) and (30) hold, Equations (24) and (2) can be rewritten

as the following inequalities

0<us<l, (31)

.
~(ZEt@) > >0, (32)
02

Proof. For System (11), consider the nonnegative function as

g a £)e;(t 33
_Ei;ei()el( )- (33)
Let ) N
Vi) =Y el (ei(t),  Valt) = Y € (Heilt). (34)
i=1 i=p+1

When V() and the solution to (11) are differentiated for the [f;_1, ),k € N4, there is

DTV(t) = %Q‘T(t)éi(t) + i el (HUi(1). (35)
i=1 i=1

Let DV, (t) = TN, €] (t)¢;(t) and D+ V4 (t) = b, €] ()U;(t). For V,(t), we have

DT Vu(t) = ie?(f) [ — (D™ (B)yi(t) = D*()xi(t)) + Fa(t) + Faa(t) + Fp(t — (1))

(36)
N
<) [—eiT(f)lD**(f)}/i(f) = D*(t)xi(8)] + €] (1)[Fa(t)| + €] (8)|Fp(t — 7(1))]

el (D) Eaa(B)] + € (1) [ Fap(t — ()] + ¢ ( zwure]}
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Combining with Lemma 1 and Lemma 4, we have

— & (DD (yi(t) = D*(1)x; (1) < € () Amin(D)ei(8),

el (DIFa(t)] < €] () Amax(A)ei(t),

el (D)|Faa(t)] < €] () Amax(AT)ei(t), (37)
e (NPt —T()| < & () Amax(BF)ei(t — (1)),

e (1) Eap(t — ()] < € () Amax(B)ei(t —T(t)).

Then, there is
€7 (1) Amax (B )ei(t — 7(1)) < %el1e?<t>Amax<B+>Amax<B+>T ilt) + nerel (£ — T(t)ei(t — (1))

2 (38)

< 265 Pmax (BHIPEF (Bes(t) + geael (¢ — T(t))eslt — (1)),

Considering that w;; < 0,7 = 1,2,..., N, in this condition, we have the inequality
shown in Equation (39)

N N
el (o ) w;Te;(t) <UIITIIZ Z wijl|el (1)[2]1€; (1) |2 + CAmin(T5) Y wiiel (£)e;(t
j=1 i=1

i=1j=1,j#i
= U||T||~T( HWE(t) (39)
N
= UZ r+M|ITllef (Dei(t) +o lelf\\ie?(f)ei(f)
i=p+

In Equation (39), &(t) = (|le1(t)||2, lle2(t) |2, - - -, [len(t)] |2)T. According to Assump-
tion 3, W is irreducible, so W® is also irreducible. According to the discussion in [29],
A = Amax(W? — R) < 0 holds for any positive constant.

Then, there is
N
D) < Lol ()] T (O Amin(DF)es() + €] (D Amax(AF)ei(1)
1 €
+ € (D Amax (AT )ei(t) + Ee?(f)llAmax(Bﬂllzei(t) + el (= T(t)ei(t — (b))
40)
1 ~ 3 (
+ 5l (OB Pei(t) + Zel (¢ = T(0)ei(t = T(0))
z 3 T al 3T
+o ) (r+M)|[Tlef (Nei(t) +o ) [TlIAe; (tei(t).
i=1 i=p+1
For
p
DTV, (t) Z (41)
the measurement error introduced to Equation (11) is expressed as
ei(t) =¢€i(tp_1) —€i(t), tE€[tr_1,tk),kENL,i=12,...,p. (42)
Here, the controller (9) can be transformed into
Uj(t) = Ki€i(te—1)- (43)

Next, the event-triggered function #;(t) shown in Equation (29) is designed, and it
should satisfy #;(t) < 0,t € [t,_1, k).
After combining with the mentioned condition, consider DV, (t) such that
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"1
DTVy(t) = )& (DKiei(t) +ei(t))
i=1
Lot € v T 2 .
< Y el (HKei(t) + > Y el (HKFei(t) + e Y el (t)ei(t) (44)
i=1 i=1 i=1
Lorp %) T
= Y [eF () (Ki+ 5KD)ei(t) + 5] (Dei(t)]
i=1
Combining with D™V, (t) and D"V, (t), there is
- 1 1 -
D*VU)g2:[—Ammﬂyﬂ+wumAA+)+Amﬂ@4ﬂ—kzgmmAB+HF4—ZE&mAB+HH
i=1
Soe1ter 1 Lot €3 12 b
+) — € (t—t(t))ei(t—T(t) + Y € () [Ki+ EKi +o(r+A)[|T]]] (45)
i=1 i=1
o1y S 5 T
+ )Y 5 (Bet) +o ) [ITlIAe (Heit)
i=1 43 i=p+1
Taking #;(t) < 0 into consideration, we have
p ~
D*V() < Y- ] (1) = Amin(D¥) + Amax(AT) + Amax(A7) + Ki + &+ o (r + D)/l | ei (1)
i=1
N ~
+ Y ()] = Amin(DT) + Amax(AT) + Amax (A7)
i=p+1 (46)
o Amax(BV)I P+ 5 Amax (B2 + o] 1A (8
281 max 282 max 1
Poep+e N g te
+ ) e (- T)e(t—T(0) + ) el (t—T(D)eilt — T(h)).
i=1 i=p+1
According to Equation (34), we have
D+V1(t) < (t) + ,81V1 (i’ — T(i’)). 47)
DT Va(t) < @y(t) + B2Va(t — T(t)). (48)
That is,
DYV(t) < @1(t) + B1Vi(t — T(t)) + @2(t) + B2 Va(t — T(t)), (49)

fort € [f_1, 1), k € Ny.

Here, the stability of Equations (47) and (48) is discussed, respectively. When t = t;,

i=1,2,...,p,k € Ni, according to Equation (11), we have

Vi(t) = (uee(t)) " (ie(te)) = mgvalty).

(50)

When 6 > 0, for the delayed impulsive system shown in Equation (51) and Lemma 2,

suppose v(t) is a unique solution:
D u(t) = @v(t) + Bro(t — T(t)) +6,t # ty, t >0,
v(ty) = mpvlte ) k € Ny,
o(t) = [l —u <t <.

(51)
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With the variable parameter formula,
Vi(t) <wu(t),t >0. (52)
The expression of v(t) is written as
+/ t)(Brv(s — 7(s)) +d)ds, t > 0. (53)
In Equation (53), W(t) means the Cauchy matrix for Equation (54)
D*u(t) = @yo(t), t # t, t > 0.
{ (0= 0wt £ b o
v(t)) = pu(ty ), k € Ny

Ate(%+w1)(t75) {ﬁﬁw(s —1(s)) + ﬁ&] ds < /

We have W(t) = e® (=) 11 2.

Remark 4. For the calculation of triggered constants ty, taking the definition of the Lyapunov
function V (t) and the relationship between measurement error e;(t) and synchronization error €;(t)
into account, triggered function n;(t) is designed as Equation (29) to convert Equation (45) to the
form that Lemma 2 needs as shown in Equation (46). Notably, the triggered function is derived from
Equation (41), which means the proposed triggered function contains more information about the
pinning scheme for the event-triggered control method.

Case 1: For 2 > 1.
As will be proved in Theorem 1, kirzl\; {ty —ty_1} > 0, and a constant p; exists and
ENy

satisfies inf {t; —tx_1} > p1 > 0. Then,
keN4

W(t) < e(ﬂl(tfs)‘z:«l(tgils“rl) S ﬂe(lpfl‘ﬂ+(i71)(t75) (55)

and ji = m,?x{pt%}.
Substituting Equation (55) into Equation (51) yields

Inji t Inji
o(t) < el F W le) P+ [ el O [pros —7(s) +6]ds, (66)
that is,
ln/,L lny s
o(t) < gelor T +/ I g u(s — (s)) + o ds, (57)
where { = i sup {le(t)|[2}.
7<t<0

Lethi(p) =20+ %ﬂ + @1 + i1 For the continuous function 7(p), according to

(2), 1(0) < 0, i(+00) > 0, and fi(p) = 2+ 27jiB1e*™ > 0. Moreover, a unique solution
p > 0toh(p) = 0 exists.
For —7; <t <0,p > 0and § > 0 hold, and we have r > 0 and ji < 1. Thus,

Inji
G P < ()| 2R < le(s) 2t = e, 9)

and

t (lnllerl)(t s) V.Bl(t s ds+/ ]/lé'e ]nHerl)(t*S)dS

i (59)
(ln’”r@l) ip1

0




Mathematics 2024, 12, 821 14 of 28

According to Equation (2), and by combining Equations (58) and (59), it will be proven
that, for t > 0, there is the following inequality

u(t) < e '+ — 14
(1 L+ @) - fipy (60)

For t > 0, Equation (60) will be proved. Thus, if Equation (60) does not hold, t* > 0
exists such that

p* > —2pt*+ ﬁg ,
u(t") > Ce (lnﬂ+w) B (61)

and

t) < ge 2Pt 4 " JE<
v(t) < Ce (111]4 o) — By (62)

According to Equations (58) and (62),

u(t") < @e 7ot +/ 1n#+wl =) [ﬁﬁlv(s —1(s)) + fis]ds,

L . Fo o (63)
<elo T {€+ e +/ e i O [apyu(s — 1(s)) +ﬁ5}d5}-
—(B o) — gy Do
When t < t¥,
u(t) <Ze ¥+ —— i ) (64)
(5 o) ipy
then
v(s—1(s)) < Ze2(s—7(s) 4 nf " —, (65)
— (5 +@1) —fip
and we have
* (hllerl)t* ﬁg
v(t*) < Ze' P {C+ -
~(58 + @) — fipy
—20(s— iig "
+ V,B(ge 20(s—7(s ))_|_ — - )—f—l,[(s ds}
/ —(lprr(Dl)—Vﬁl }
< 0(t*)ge lxlwt*{é THRN - (66)
(% o) - iy
il o207 [e—(p“—f+wl+zp>t* B 1} N s {e—(%ﬁ-‘rwl)t* - 1} }
(hl”+a) +2p —(h;fl+601)—ﬁﬁ1
:€e72pt' + ‘ﬂé

— —
—(5r +@1) —fip1

Obviously, Equation (66) contradicts Equation (61). Then, when ¢ > 0, Equation (60)
holds. Meanwhile, when J > 0, according to Equation (52), we have

oo jié
Vi(t) < o(t) < ge 2" + - ,t>0. 67
—(B + @) — ips ©7)
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Letting 6 — 0, according to (66), we have
Vi(t) < o(t) < e™" = i max {[[y1(1)[[e™}. (68
o o 7<s<0 )

Meanwhile, Equation (11) indicates that V,(t) is continuous for t > 0. Thus, based on
Inequality (48), we have
Va(t) < @ Va(t |%
2(t) < @2Va(t) + B2, max Va(s) (69)
Since B, > 0, it can be deduced from Inequality (26) that @, < 0. Thus, the conditions

mentioned in Lemma 3 are met concerning Equation (68). Then, based on Lemma 3, the
initial value in Definition 1, and the Inequalities (49) and (69), we have

T <s SO

Va(t) < max [[ga(t)]Pe 7't > 0, 70)

where (1) = (@E +1,$;£ FYR ,@IT\,)T, and 7 is the unique solution Equation (78).
7+ @y + Bre = 0. (71)
Combining Inequalities (47)—(48), (67), and (70) and Lemma 3 yields

< 4] 2 —Zpt 2 —I]t < ({1 —}l*t T 2 >
V(t) < u_gg;o\\%(t)ll e +_g1§a5x§0||l/fz(t)|| e < (fi+1)e _gg;olltl}(t)ll 20, (72)

where p* = min{2p, 77}. Therefore

lle(t)]] < \/2(a+1) max |[p(t)|le” ", > 0. (73)

-7 <s<0

Case 2: For 0 < pt,% <L
When 0 < y% < 1,Vk € Ny, since sup {ty —ty_1} < +co, we have constant p,
keN4
satisfying p» > sup {t; — fx_1}.
keNy
Similarly, according to Equations (55) and (68), we have

W(t) < e®(t=9) U5+ < =105 +@(t=s), (74)
then
Vi(t) < u(t) < e = i max [lyi(1)][Pe” ¢ > 0. (75)
Similarly,
v <pt max ()P ¥+ max llya(t)]Pe < (71 + e max [[@(1ILEZ0, (76)

where y* = min{2p,,#}. Therefore

< ~—1 b —0.5u*t
lle@®ll < V2 +1) _max [fp(8)f[e"7 ¢ 0. (77)

Then, by Definition 1, the coupled memristive neural networks (7) and (8) can achieve
global exponential synchronization via the hybrid event-triggered pinning control law (9).
The completion of the proof is shown above. O

Remark 5. The frequency of the PETS update not only relies on the impulsive instants t. but also
the coupled structure of the system. By utilizing the event-triggered conditions x(t) — y(t) in
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exponential synchronization, the communication property of CMINNS is automatically satisfied, i.e.,
one can design distributed triggered conditions for CMNNS so that the information of the PETS can
be exchanged among pinned neurons or networks under limited resources. Therefore, the complete
PETS (9) considers both the impulse effect and nonidentical property of CMNNSs, which indicates
that our proposed PETS is more practical than the impulsive controller in [33,34].

Theorem 2. For the pinning control law (9), considering the error system (11), the impulsive
instants, i.e., ty(k € Ny.), are obtained under the event-triggered condition. Thus, p1 > 0 exists

such that inf {t; — ty_1} > 0. Thus, the error system can eliminate Zeno behaviors here.
k€N+

Proof. For [f, t;_1), according to Assumption 2, there is

D [le(t)]] < [le(t)[] = [le(t)]]

< || = (D™ (t)yi(t) — D*(£)x;(t)) + Fa(t) + Faa(t)

N
+ F(t — (1)) 4+ Fap(t — T(t)) + 0 Y w;iTe;(t) + Ke(te—1)]| (78)
i=1

=

< [)‘maX(D+) + Amax(AT) + Amax(AT) + UAmaX(W)HrH] Ile(t)]]
+ [Amax(D") 4+ Amax(AT) + Amax(AT) + 0Amax (W) [|T[| 4+ Amax (K)] [l€(te—1) || + |1E]],

where K = diag{|K1|, [Kz|, ..., [Kp|}, and & = [2Amax(B") 4 2Amax(B™)]||M]|.
Then, according to e(ty_1) = 0, there is

el < 3 fexp(¥a(t = b))~ 1), )

and Y1 = [Amax(DF) + Amax(AT) + Amax (AT) + 0Amax (W) || + Amax(K) (1) +
IE]], Y2 = Amax(DF) + Amax(AT) + Amax(AT) + 0Amax (W) ||
Based on the event-triggered condition (30), there is

VHe®) < 31 x fexp(Yalt = 1)) - 1], (80)

and Ti(e(t)) = eale’ ()] [5‘ — €1(Amax(B™))? — €2(Amax(B™))? — SS(AmaX(K))Z} le(t)]-
According to Ty_q =t — ty_q, fort € [ty_q4,), k € Ny, there is

1 Y,
> — — .
Ty > YZ1n(1 ty h(e(t))) 81)
Thus, it can be derived that the lower bound of the inter-execution time exists, and
Ti—1 = tx — ty—1 > 0. The error system (11) eliminates the Zeno behavior successfully.
The proof is completed as above. [

Remark 6. It should be noted that the triggered condition always needs to be detected during the
information exchange between the CMNNs. As a result, the self-triggered scheme is formulated to
solve this issue. The sampling and pinning control instants can be derived from Equation (81), and
the specific process is organized in Algorithm 1 for the self-triggered scheme. It is exhibited that
instants of the PETS will not renew until the triggered condition is more exhaustive than the second
part of Equation (81).

Remark 7. Note that the continuous communication between Systems (7) and (8) is needed for
monitoring of the triggered condition (30). As an alternative to event-triggered control schemes,
a self-triggered scheme is developed to produce triggered sequences so that the triggered condition
shown in (30) does not need to be monitored continuously. Next, based on Theorem 2, the formulation
of the self-triggered scheme makes it unnecessary to obtain the state information continuously.
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Clearly, Ty._1 satisfies Equation (81) all the time. Then, during this inter-execution process, there
will be no trigger. To achieve this goal, the subsequent triggered instant should be:

o= Fq 4+ Yizln@ + % n(e(s). (82)

This paper denotes the update instants for sampling and control as f;, and then this
sampling mechanism is represented with self-triggered instants. With a minimum triggered
interval, Equation (82) illustrates the calculation of the triggered instants. Note that in this
case, there is a possibility that the triggered condition does not hold once the interval in
use is larger than the second item within Equation (82).

Theorem 3. Taking the control law (9) with the error system (11) into consideration, with the
self-triggered method, the triggered sequence produced by Equation (82) ensures that the error
system can achieve pinning exponential synchronization between Systems (7) and (8). Meanwhile,
the error system (11) eliminates Zeno behaviors successfully.

Proof. For [t;_1,t;), because the self-triggered instants meet the condition shown in
Equation (82), according to Equation (81), f; > ;. Then, the formulation of the event-
triggered condition (30) is shown in Equation (82), and it holds for k € N,. More-
over, considering that the second term involved in Equation (82) satisfies the condition

%2111(1 + %\/h(e(t))) > 0 all the time, F;_; < I holds.

Thus, with the self-triggered mechanism (82), synchronization is realized between
Systems (7) and (8) following the pinning control law (9). Moreover, the error system (11)
can eliminate the Zeno behavior. The proof is completed. O

3.2. Pinned Nodes Selection

According to [35], A1 (Ln—p) > &/ is a common algebraic graph-theoretic criterion
for pinning synchronization under the various control methods. Only undirected CMNNs
are discussed in this paper, and then the minimal number of nodes will be predicted by
analyzing the relationship between A1 (Ly_,) and A, 11(Ly), to guarantee A (Ly_p) >
«/c. The details of the Algorithm 2 are designed as follows:

Algorithm 2 Algorithm for Pinned Nodes’ Selection

(1) Suppose that CMNNs are undirected and connected. Assume that there are no
empty sets of controlled nodes p. Then, the grounded matrix Ly, (the Laplacian matrix
minus the rows and columns of pinned nodes p) is positive definite; that is, the smallest
eigenvalue for such a matrix satisfies A (Ly—p) > 0for1 <p < N —1.

(2) Check whether there exists at least one node that is pinned to make a sufficiently
large c that can make oA (Ly_p) > « (a is a constant that is determined by feedback
functions and the inner connecting matrix) to ensure the synchronization of CMNN:Ss. If
such nodes exist, go to step (3); otherwise, go to (1).

(3) The minimal number of pinned nodes is chosen by A1 (Ly—p) < Ap;1(Ly) to ensure
M(Ln—p) > a/0 by considering the Laplacian spectrum of CMNNS. If satisfied with
such a condition, go to step (4); otherwise, re-perform (3).

(4) Consider the degree distribution and step (3); the nodes with larger degrees are
chosen as pinned nodes.

(5) According to the PETS and step (4), the convergence time of the error system is
calculated. If the convergence time is longer than the previous group, re-perform step
(4); otherwise, stop.
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4. Numerical Simulations
4.1. Pets for Three Nodes

Here, numerical examples are presented to validate our theoretical results.

This example involves three-dimensional CMNNs, (7) and (8), that consist of three
coupled nodes with the edge weights of 1. The system’s topology with three nodes is
demonstrated in Figure 4a.

@ . \m)(va
«
v

Vo6

@ V4

(a) (b)

Figure 4. The topology structure of CMNN:S. (a) Topology with 3 nodes. (b) Topology with 10 nodes.

For the coupled system, this paper sets the coupling strength o = 1. Meanwhile, the
inner connecting matrix I' and coupled matrix W are set as

100 -2 1 1
r=(010 | W=Wx=(w)ss=| 1 -1 0 [
00 1 1 0 -1

For Systems (7) and (8), the time-varying delay is T(t) = e'/(e’ + 1), and it satisfies
=05 1 = 025. f(-) = tanh(-), and it satisfies Assumptions 1 and 2 with Ly = 1,
M; = 1(i = 1,2,3). The values of node x; are initialized as follows: Vs € [7,0],
$1(s) = [~1.55,0.85,2.12]T, ¢ (s) = [0.35, —0.98,0.34]T, and ¢3(s) = [1.75, —1.15, —2.00]T. The
initial values of node y; are as follows: @1 (s) = [0.82,2.43,1.57]T, ¢ (s) = [0.35, —0.98,0.34]T,
and ¢3(s) = [1.75, —1.15, —2.00]T.

Inspired by [36] and Lemma 4, this paper sets D = diag{1.5,1.3,1.2}, and the other
parameters of Systems (7) and (8) satisfy the condition in Equation (4). We set x; = 1, and
then we construct the following matrices of parameters.

1.8 2.8 29 111
AT=( 13 17 16 |, A" =01sin(t)[ 1 1 1 |,
1.3 17 1.6 111

38 3.0 09 11 1
B"=| 04 03 06 |,B"=—-02cos(t—7(t))| 1 1 1
34 38 19 111

Within the drive and response system, this paper chooses three different dimensions
as phases for the nodes to depict the dynamic trajectory of CMNNSs, and the result is shown
in Figure 5. It can be seen that the dynamics of CMNNs show chaotic behaviors, and the
trajectories of the drive-response systems do not synchronize if the controller is not used.

For the designed pinning event-triggered control scheme (9), this paper chooses node
v1 as the pinned node, i.e., N = 3 and p = 1. For the controller, when y% =225 >1,
this paper sets K; = 30, r = 5, R = diag{5,0,0}. Then, « = 0.1, &1 = ¢, = e¢3 = 1, and
p1 = 15 are chosen to satisfy Theorem 1 and the triggered conditions. By employing
Equations (2)—(27), the following results can be obtained
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.
B=Pi=p2=1, (Z—flwl) ¥ jify = —0.2556 < 0,

(83)
A =@y + B = —8.2255 < 0,& > 450.0536.
When p? = 0.81 € (0, 1), this paper sets p, = 15, and then we have
Inii
(2—” n a)1) + 1By = —0.5506 < 0. (84)
2

Based on the above parameter setting, we choose the first nodes, i.e., v; as pinned
nodes to be controlled. Figure 6 demonstrates in detail the state trajectories. In order to
verify the rationality of the proposed theory, we compare different methods and pinned
nodes for the designed system. It can be seen from Figure 7 and Table 1, that the expected
synchronization is achieved by the CMNNs within the proposed event-triggered pinning
control frame (9).

Amplitude

0 2 4 6 8 10 12 14 16 18 20
Time-second

(b)

Amplitude

. L L L L L
0 2 4 6 8 10 12 14 16 18 20
Time-second

(c)

Figure 5. The state trajectories produced by Systems (7) and (8) without controller. (a) The phase of
systems in a complicated space. (b) The state curves corresponding to the drive system (7). (c) The
state curves corresponding to the response system (8).

Different control methods are taken for comparison, and the result is shown in Figure 7
and Table 1. The following observations can be made from different convergence trajectories
of synchronization error e(t): (1) It follows from Theorem 1 that Systems (7) and (8) under
the control law (9) can achieve synchronization. (2) Under the framework of pinning control,
the event-triggered method achieves better performance then the feedback controller, i.e.,
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faster convergence with lower energy consumption. The change in the controller and the

events of the pinned node are illustrated in Figures 8a and 9.

25
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Figure 6. The state trajectories produced by Systems (7) and (8) with event triggered pinning control
(9). (a) State curves of the drive system (7). (b) State curves of response system (8).
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Figure 7. Synchronization error trajectories of Systems (7) and (8) with different control methods.
(a) No controller. (b) Feedback controller for all nodes. (c) Pinning feedback control for the first node.
(d) Pinning event triggered control (9) for the first node.
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Figure 8. Change process of PETS (9). (a) For one pinned node {v;}. (b) For five pinned nodes
{1/1,1/2,1/3,1/6,1/7}.
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Figure 9. Event triggering time instants under PETS (9). (a) ;4,% = 2.25; (b) y% = 0.81.

Table 1. Performance comparison of pinning synchronization for convergence.

Control Approach None Feedback Control in [37] Our Approach
Event-Triggered Self-Triggered
Pinned Nodes 0 All Nodes 1
v1 01, U2, U3, Vs, and vy v1
Convergence of system(s) 0 0.7457 15.867 7.969 1.4687 0.7511

Based on the above parameter setting, it is calculated that Y; = 10.9831, Y, = 4.3118,
and T > 0. The calculation results indicate that Theorems 2 and 3 are reasonable. Moreover,
the error system (11) successfully eliminates the Zeno behavior. Figure 10a shows that
the state trajectories between Systems (7) and (8) converge stably. Figure 10b shows the
performance of the designed self-triggered strategy.

Remark 8. For the self-triggered scheme, Figure 10 and the comparison with Table 2 not only
indicate the effectiveness of Theorem 2, but also demonstrate that the self-triggered pinning scheme
converges faster than the event-triggered one. The self-triggered approach chooses the smaller trig-
gered interval as the update instant, which leads to a smaller sampling interval and a higher update
frequency. Thus, compared with the event-triggered method, the self-triggered synchronization
exhibits better performance in convergence. Howeuver, it does not fully utilize the limited network
bandwidth due to much information exchange taking place.
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Figure 10. The state trajectories produced by Systems (7) and (8) with self triggered pinning control.
(a) State curves of error system (11). (b) Self triggering time instants.

Table 2. Performance comparison of self-triggered scheme.

Mean Time Interval

Self-Triggered Convergence (s)
&8 1 2 3 &
[38] 0.0546 0.0641 0.0662 8.7435
[5] 0.0746 0.0746 0.0746 2.7184
Theorem 2 0.0158 0.0158 0.0158 0.9032

4.2. PETS for Ten Nodes
Case 1: Pinned Node Selection

Some pinned nodes are selected randomly in some existing approaches on pinning syn-
chronization [39,40]. Nevertheless, when it comes to the event-triggered scheme and uncertain
delayed neural networks, schemes on pinning event-triggered synchronization have so far been
seldom investigated. Therefore, in this section, inspired by [35,41], Algorithm 1 is selected to
choose the nodes that are pinned and to be controlled in Systems (7) and (8).

For Figure 4b, the number of nodes is N = 10 and the Laplacian matrix is Ly.
Then, all the eigenvalues of Ly are calculated in an increasing order; that is, {A,,1(Ln),
p=12,...,97.6561,7.1368,6.1810, 5.9315, 1.6720, 1.8704, 4.3112,3.6205,3.6205 }. Then the
eigenvalues from A;(Ly_) are derived as r;LaIX A(Lo) = 1.7544, 1;13( A(Lg) = 1.1780,

max M(Ly) = 1.6114, max M (Lg) = 1.6571, max A (Ls) = 1.6571, max A (Ly) = 1.6972,
P= pP= p= p=

max A1(Lg) = 1.6972, max A1(Ly) = 3.000, and max A1(L1) = 5.000.

p= p= p=

Considering the CMNNSs shown in Figure 4b, this paper sets the coupling strength
o = 1. Meanwhile, the inner connecting matrix I' = diag{1, 1, ..., 1}19x10 and the coupled
matrix W is as follows

-5 0 1 0O 0 O 1 1 1 1
0 -6 1 0 1 1 1 1 0 1
1 1 -6 1 0 1 1 0 0 1
0 0 1 -3 0 1 1 0O 0 O
W — 0 1 0O 0 -3 0 1 0 1 0
0 1 1 1 0O -4 0 0 O 1
1 1 1 1 1 0O -5 0 0 O
1 o o0 o o o0 o0 -2 0 1
1 1 0 0 1 0O 0 o0 -3 0
1 1 1 0 0 1 0 1 0 -5
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As pinned nodes increase from 1 to 9, the trends of max M(Ly—p) and Ap 1 (Ln)

are demonstrated as in Figure 11. According to analysis of Figure 11, it can be seen that
Apy1(Ly) stays at greater values than max A (Ln—p) with the increasing number of pinned

nodes, and it can predict the small fractional nodes to be controlled. The mpax M(Ln—p)

remains stable since 2 < p < 7, which means it is cost-effective to select the number of
pinned nodes from 2 to 7.

T
Apet (Ly)
—e— (L)

Eigenvalues

| | | |
1 2 3 4 5 6 7 8 9
Number of pinned nodes

Figure 11. Evolution of m;ix M(Ln-p) and A, 1 (L) for the increasing of pinned nodes.

Remark 9. Note that the pinning synchronization of MINNs was adopted in our previous work [37],

but the algorithm for pinned node selection was not designed. Inspired by [35], we noticed that

max Ay (Ln—p) remains at 1.6 as p increases from 2 to 7, i.e., the percentage of pinned nodes
p

increases from 22.2% to 77.8%. It illustrates that that max A1(Ln_p) is stable as the number of
P

pinned nodes p increases. This means that the lowest number of pinned nodes (2 < p < 7) can be
selected since each m;zx M(Ln—p) are at the same value. As mentioned above, this paper greatly

improves both the applicability of the model and the innovation of the pinning scheme.

Case 2: Pinning Event-Triggered Synchronization

Taking Algorithm 2 and the Laplace matrix of CMNNSs, five nodes are chosen as
pinned nodes to be controllers, which satisfies the sufficient conditions of Theorem 1.
Therefore, the PETS is a cost-effective method to realize pinning synchronization under
uncertain and delayed situations.

For the designed pinning event-triggered control scheme (9), this paper sets
D = diag{5.7,4.6,3.5,4.8,5.9,4.2,3.7,5.5,3.9,4.6}, and other parameters for Systems (7)
and (8) are set as follows

1.0 22 1.8 32 04 15
1.0 1.0 24 04 36 21
04 06 1.8 26 32 26
1.1 23 19 31 09 11
AT — 1.2 09 23 Bt — 09 31 24
05 07 15 [’ 21 34 25
1.2 22 20 39 12 19
1.3 1.0 24 01 34 28
04 08 1.6 25 33 27

1.5 31 19 3.0 07 19
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Figure 12a illustrates the chaotic dynamic behavior of such CMNNS, and Figure 12b
shows the rationality of the event-triggered pinning scheme.
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Figure 12. State curves of drive and response systems with 10 nodes. (a) States of error system (11)
without control. (b) States of drive system (7) with PETS (9) on 5 pinned nodes. (c) States of drive
system (8) with PETS (9) on 5 pinned nodes. (d) States of error system (11) with approach (9).

For the controller, when yi = 2.25 > 1, this paper sets k11 = 100, k1 = 100, k13 = 20,
ko1 = 35, kop = 20, ko3 = 100, k31 = 20, k3 = 38, ka3 = 30, kg1 = 50, kg2 = 80, ke3 = 30,
k;1 = 50, k7, = 80, k73 = 60, r = 5, and R = diag{5,5,5,5,5,0,0,0,0,0}. Then, « = 30,
€1 =0.1,e, = 0.005,e3 = 1, and p; = 15, by employing (2)—(27), and the obtained results
satisfy Theorem 1 and the triggered conditions. When y% = 0.81 € (0,1), this paper sets
p2 = 15, and we have <1:;—f + @1) +a 1 <.

Inspired by [18,35], this paper analyzed the control scheme of pinned node selection
in depth. Considering Algorithm 1 and the degree distribution of CMNNSs, we choose
five nodes as pinned nodes; that s, {vy, v2, 3, vg, v7 }. Table 3 presents the mean time interval
of the triggered instants and the convergence time of the error system (11) when the fresh
PETS (9) is utilized. Table 3 presents the mean time interval of the triggered instants and
the convergence time of the error system (10) when the fresh pinning scheme (43) is used.
Figures 8b and 13 demonstrate the information exchange and resource utilization, which
confirms the advantages of the proposed method in saving energy and control efficiency.

To investigate whether the control performance is affected by the change in the degree
of pinned nodes, this paper replaces the pinned nodes with {vy,v2,v3, 14}, {v3,v6, 19,10},
{12, v4,5,v7}, and {vs,v7, g, 19 }. Then, Figure 14 presents the mean time interval of the error
system under the pinning control with four nodes. From the numerical analysis, it can be
noticed that when the nodes with less connectivity are pinned, it will make the triggered instants
more frequent and lead to more energy consumption. Therefore, the larger connection degree of
the pinned nodes will contribute to a better performance of the PETS.
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Table 3. Pinned nodes {v1, v, v3, v, vy} on synchronization.
V11 V12 V13 V21 V22
Maximum Time Interval 0.0877 0.0255 0.9139 0.2133 0.1541
Mean Time Interval 0.0149 0.0149 0.0137 0.0149 0.0137
V23 V31 V3p V33 Ve1
Maximum Time Interval 0.0255 1.4954 0.1487 0.1496 0.1301
Mean Time Interval 0.0149 0.0149 0.0149 0.0149 0.0137
Ve2 V63 V7 V72 V73
Maximum Time Interval 0.0255 0.0766 1.4290 0.0350 0.2824
Mean Time Interval 0.0149 0.0149 0.0123 0.0433 0.0147
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Figure 13. Event triggering time instants for 5 pinned nodes. Different dimensions of pinned nodes

correspond to different colors.
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Figure 14. Influence of node selection on convergence. (a) {vy,vs,v3,v4}; (b) {v3,vs,v9,v10};
() {va,v4,v5,v7}; (d) {vs,v7,v8,v9}.

Comparing with the current literature [5,42—44], it can be seen that the PETS relies on
fewer triggering events from Table 4. Meanwhile, combined with the algorithm of pinned
node selection and Theorem 1, it can be seen from Table 2, that our method consumes re-
markably less energy for data calculation and detection than other methods. Our proposed
method is compared with other advanced works to verify its superiority, and the result is

presented in Table 4.
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Table 4. Performance comparison of event-triggered scheme.

. Mean Time Interval
Event-Triggered

1 2 3 4

[5] 0.0198 0.0198 0.0198 -

[42] 0.0127 0.0119 0.0151 -
[43] 0.0114 0.0116 0.0117 0.0046
[44] 0.0153 0.0114 0.0160 0.0214

Theorem 1 0.0467 0.0325 0.0249 -

5. Conclusions

This paper proposed a novel event-triggered pinning control scheme (PETS) for a class
of uncertain delayed CMNNSs. According to the theory of pinning control schemes and
degree distribution of complex neural networks, the algorithm for pinned node selection
has been designed. Additionally, taking the pinned nodes into account, a fresh Lyapunov
function has been formulated, with a new pinning event-triggered control scheme, a trig-
gered function, an average update interval, and several criteria contrived to guarantee the
pinning synchronization for CMNNSs. Accordingly, the Zeno behavior could be naturally
avoided through the appropriate triggered conditions, which combine the mismatched
parameters, nonlinear properties, uncertainties, and the topology of CMNNSs. More com-
parisons indicated that the PETS possessed better energy efficiency and faster stability
convergence than other event-triggered approaches.
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