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Abstract

In this paper, motivated by Fulga and Proca [1], we define the notion of dualistic E-contraction, generalized dualistic E-
contraction, and Dass-Gupta dualistic rational E-contraction. We establish some new fixed-point theorems for E-
contraction, generalized dualistic E-contraction, and Dass-Gupta dualistic rational E-contraction in a DPM space. Also,
we define dualistic E,-contraction, generalized dualistic E,-contraction, and Dass-Gupta dualistic rational E,-contraction.
We establish some common fixed-point theorems for E,-contraction, generalized dualistic E,-contraction and Dass-
Gupta dualistic rational E,-contraction in the setting of DPM spaces. Our results extend and generalize some well-known
results of [1] and [2]. We also provide an example that shows the usefulness of these contractions.
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1 Introduction

During the past twenty years, one of the most active areas of study has been fixed point theory. Novel and
captivating outcomes are attained, primarily in two aspects: altering the framework (the composition of the
abstract space, such as the b-metric, delta symmetric quasi-metric, or non-symmetric metric space, among
others) or modifying the characteristics of the operators.

The common idea of a metric space has been numerous times generalized. A partial metric (PM) space, which
Matthews developed and examined, is one such generalization [3]. He verified the exact correspondence
between the so-called weightable quasi-metric spaces and PM spaces. PM space has certain generalizations. One
major modification to Matthews' definition of the PM, for instance, was suggested by O'Neill [4] and involved
moving their range from [0, ) to (—oo, ). Dualistic partial metric (DPM) is the term used to refer to the PM
space in the O'Neill sense, and a pair (C, ) here C is a nonempty set and t* is a DPM on C is called a DPM
space, according to [4]. O'Neill established multiple links between PM space and the topological features of
domain theory in this manner. Studying Banach's contraction principle is the first step in creating contractual
requirements. Several fixed-point theorems for some generalized metric space have made use of these criteria.
Fulga and Proca [1] established the idea of E-contraction. Several writers have since refined this idea, including
[5, 6].

A coincidence point in mathematics is the location at which two or more functions coincide, or intersect,
indicating that they have the same value at that particular position. Numerous areas of mathematics, such as
algebra, differential equations, and calculus, are interested in coincidence points. They can be used to solve
equations, comprehend the behavior of mathematical models, and solve optimization problems. A key finding in
the theory of fixed-point theorems is the Coincidence Point Theorem, which establishes the circumstances in
which two mappings share a fixed point. The Kakutani-Ky Fan Coincidence Theorem is another name for it, and
it bears the names of the mathematicians Ky Fan and Shizuo Kakutani who independently proved it in the
1940s.

The theorem states the following:

Let C be a topological space and A a convex subset of a Hausdroff vector space. Let Y, A: ¢ — C be mappings,
where Y is upper semi-continuous and A is compact and continuous. If there exists a point 6 € C such that
Y(0) < A(0), then there exists a point 9 € C such that Y(99) = A(W).

Aydi et al. [7] proved some coincidence and common fixed-point results in partially ordered cone metric spaces.
Since then, there have been many results related to coincidence and common fixed-point, we refer to ([8], [9],
[10], [11]) and references therein. Fixed point theorems for generalized contractions on partial metric spaces
were established by Altun et al. [12]. Some fixed-point theorems in ordered dualistic partial metric spaces were
introduced by Arshad et al. [13]. Certain fixed-point results for dualistic rational contractions were established
by Nazam et al. [14]. Certain fixed-point outcomes in ordered dualistic partial metric spaces were proven by
Nazam and Arshad [15]. Fixed point theorems for contractions with rational inequalities in the extended b-
metric space were proved in 2019 by Algahtani et al. [16]. Fixed point theorems for rational type contractions in
extended b-metric spaces were demonstrated by Huang et al. [17]. Within the context of super metric spaces,
Karapinar and Fulga [18] established fixed point theorems for contraction in rational forms.

In this paper, we shall propose three types of contraction, namely, E-contraction, generalized dualistic E-
contraction and Dass-Gupta dualistic rational E-contraction, which combine the dualistic contraction approach,
E-contraction and rational contraction setting and establish some fixed-point results in the framework of DPM
spaces. Also, prove some common fixed-point results via dualistic E,-contraction, generalized dualistic E,-
contraction and Dass-Gupta dualistic rational E,-contraction in a DPM space. Our result extends and generalizes
some well-known results of [2] and [1]. Also, we verify our results with an example.
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2 Preliminaries
We recall some mathematical basics and definitions to make this paper self-sufficient.

Definition 2.1 (see [3]) Let C be a non-empty set. A partial metric (PM) on C is a function 7: € X € — [0, )
complying with following axioms, for all 6,9, w € C

(11) 0 =9 = 1(0,9) =1(6,0) = t(¥,9);
(12) ©(6,0) < 1(6,9);
(73) 7(0,9) = (9, 6);
(t4) 7(6,9) < 1(0,w) + T1(w,9) — T(w, W)

The pair (C, 1) is called a partial metric space (PM space).

Definition 2.2 (see [4]) Let C be a non-empty set. A dualistic partial metric (DPM) on C is a function t*: € X
C — (—o0, ) satisfying the following axioms, for all 8,9, w € C

() 8 =9 < 17(0,9) =1"(0,0) =1"(9,9);
(z3) t*(6,0) < t7(0,9);
(r3) T°(6,9) = (¥, 6);
()70, w)+ 7,9 <t*(6,9) + T (Y, w)

The pair (C,7*) is called a dualistic partial metric space (DPM space).

Remark 2.3 Noting that each PM is a DPM, but the converse is false. Indeed, define t* on (—o0, ) as
7*(0,9) = max{#,9},v0,9 € (—ow, ) . Obviously, t* is a DPM on (—o,) . Since t*(0,9) <0 ¢
[0,0),V 6,9 € (—,0) and then 7* is not a PM on (—o, o). This confirms our remark.

Example 2.4 (see [19], [4])

(1) Define1}:C x C — (—o,) by t;(8,9) = d(8,9) + b, where d is a metric on a nonempty set C and
b € (—oo, ) is arbitrary constant, then it is easy to check that t;; verifies axioms (t7) — (z3) and hence
(C,t*) is a DPM space.

(2) Lett be a PM defined on a non-empty set C. The function t*: € X € — (—o0, 00) defined by 77(8,9) =
7(0,9) — (0, 0) — (I, 9) satisfies the axioms (z7) — (r;) and so it defines a DPM on C. Note that
7*(6,9) may have negative values.

(3) Let C = (—, ). Define t*:C X C - (—,) by 7°(0,9) =6 — 9| if 6 #9 and t7(0,9) = —y if
6 =9 andy > 0. We can easily see that * isa DPM on C.

O’Neill [4] established that each DPM t* on C generates a J;, topology 7(t* ) on C having a base, the family of
t*-balls {B,- (6,€) | 6 € €, e > 0}, where

B,-(0,6) ={9 ec|t'(6,9) <1°(6,0) + €}. (2.2)
If (C,7*) is a DPM space, then the function d,» : C X C — [0, ») defined by
d,-(6,9) = t°(6,9) — 7°(6,6) (2.2)
defines a quasi-metric on A such that t(z*) = t(d,+) and
d;-(6,9) = max{d,~(0,9),d.-(9,0)} (2.3)

defines a metric on C.

Definition 2.5 (see [20]) Let (G, ") be a DPM space.
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1. Asequence {6;} in C is said to converge or to be convergent if there isa 6 € C such that
limt*(6;,0) = t7(0,0).
L—>00
0 is called the limit of {6;} and we write 6; — 0.

2. Asequence {6;} in C is said to be Cauchy sequence if lim 7*(8,, 6,,) exists, finite.
L,]—)OO

3. A DPM space C = (G, ") is said to be complete if every Cauchy sequence {6;} in C converges, with
respect to T(z* ), to a point 8 € € such that

(0,0) = lim 7°(6,,6)).

Remark 2.6 For a sequence, convergence with respect to metric space may not imply convergence with respect
to DPM space. Indeed, if we take y = 1 and {Gi = ?:i > 1}. y c C as in Example 2.4 (3). Mention that
1E
lim d(6;,—1) = —1 and therefore, 8; — —1 with respect to d. On the other hand, we make a conclusion that
1—00
6; » —1 with respect to 7" because lim t*(6;,—1) = lim 77|8; — (—1)| = lim |$ + 1| =0andt*(—-1,-1) =
i—oo >0 i—oo

-1.
Lemma 2.7 (see [20]) Let (C, ") be a DPM space.

(1) Every Cauchy sequence in (C, d3+) is also a Cauchy sequence in (G, t*).
(2) ADPM (C,t*) is complete if and only if the induced metric space (C, d;-) is complete.
(3) Asequence {6;} in C converges to a point 6 € C with respect to 7(d;-) if and only if

7(6,6) = lim°(6;,6) = lim °(6,6).

Definition 2.8 (see [11]) Let (C, d) be a metric space. A mapping and A: C — C is said to be an E-contraction if
there exists a real number r € [0,1) such that

(A8, AY) < t[d(8,9) + |p(0,A8) — b (I, AI9)]]
forall 8,9 € C.

Definition 2.9 (see [2]) Let (C,b) be a metric space. A mapping and A: C — C is said to be a Dass-Gupta
Rational contraction if there exist real numbers t;,r, € [0,1) with r; + r, < 1 such that

[1+2(6,40)]b(9,A9)
b(AH,A‘ﬁ) < IIW

forall 8,9 € C.

+1,0(6,9)

In DPM space, we define dualistic E-contraction, generalized dualistic E-contraction and Dass-Gupta dualistic
rational E-contraction. We establish some new fixed-point theorems for E-contraction, generalized dualistic E-
contraction and Dass-Gupta dualistic rational E-contraction defined on a DPM space. Also, we define dualistic
E,-contraction, generalized dualistic E-contraction and Dass-Gupta dualistic rational E,-contraction in DPM
space. We establish some coincidence and common fixed-point theorems for E, -contraction, generalized
dualistic E, -contraction and Dass-Gupta dualistic rational E,-contraction defined on DPM spaces. These
theorems expand and generalize several intriguing findings from metric fixed-point theory to the dualistic partial
metric setting. We also provide an example to support our results.

3 Main Results

This section contains some fixed-point theorems for dualistic E-contraction, dualistic rational E-contraction and
generalized dualistic E -contraction, an illustrative example and deductions. We begin with the following
definitions.
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Definition 3.1 Let (C,t*) be a DPM space. A mapping Y:C — C is called dualistic E-contraction, if for all
distinct 8,9 € C, there exists a number A € [0,1) such that

lT* (Y0, Y9)| < A[|7*(8,9)] + |I7°(6,Y8) | — |* (3, Y]] (3.1)

Definition 3.2 Let (C, t*) be a DPM space. A mapping Y: C — C is called dualistic rational E-contraction, if for
all distinct 6,9 € C, there exist numbers 1,, 4, € [0,1) with 1, + A, < 1 such that

[1+]7*(6,YO) ]It (9,YI)|
1+]|7%(6,9)|

1T (Y0, YO)| < A,[I77(8,9)] + |I°(8,Y0)| — |T* (3, YO)I|] + 1, (3.2

Definition 3.3 Let (G, t*) be a DPM space. A mapping Y: C — C is called generalized dualistic E-contraction, if
for all distinct 8,9 € C, there exists a number A € [0,1) such that

|7 (Y8, Y9)| < Amax{|7*(8,9)] + ||z (8, Y6)| — |z* (9, Y9)||, “EXDHTEIDN,

; (33)
Our first result as follows.

Theorem 3.4 Let (G, %) be a complete DPM space and Y: C — C be a dualistic E-contraction. Then Y has a
unique fixed point.

Proof. Let {6,} be the sequence in C defined as 8, = Y8,, 0, = Y6,_,, for any i € N, where 8, is an arbitrary
fixed point in C. If there exists r € N such that 6,,,; = 8,, then 8, is a fixed point of Y and t*(6,,,6,.) = 0.
Suppose that 6;,; # 6; for any i € N. By (3.1), we have

|7 (6, 01 )| = [T°(YO;—1,Y6,)|
< AT Bi—1, 0D + |17 (i1, YO, )| — |77(6:, Y6)|]
= AT Bi-1, 0| + |IT7(6i=1, 8D — |61, 61 D] (3.4)

If |t7(0;-4,60;,)| <177(6;,0,.1)| for some i, from (3.4), we have
1T°(65, 04| < AllT"(0;—1, 0] — |77 (8;-1, 0| + 1T7(6;, 62 D] = AT (6, 05411,
which is a contradiction. Hence, |t*(6;_4, 6;)| = |t*(6;, 6;,1)| and so from (3.4), we have

|76, 04| < A[lT7(8i-1, 0| + |77 (021, 0| — |77 (04, 6;41)]]
= /1[2|T*(9i—1: 0| — (6, 9i+1)|]-

The last inequality gives
* }' * *
|7 (61, 01| < 25 17" (6;-1, 0] = clt* (021, 6))].
where ¢ = ﬂ. From this, we can write,
1+
[T°(6;, 0;41)| < clt*(8;21, 0| < 2|77 (0i-3,0;-1)| < -+ < c'|77(B,, 0. (3.5)
Now, consider the self-distance
[T*(6;,0)| = |T"(Y0;_1,Y0;_1)|
< /1“7*(61‘—1» 0;i-)| + ||T*(9i—1rY6i—1)| - |T*(9i—1,Y9i—1)|”
= At (6;-1, 0i-1)| (3.6)

Similarly,
[T (0i-1,0i—1)| < AT"(0;—2, 6;-2)|

124



Ughade et al.; Asian J. Prob. Stat., vol. 26, no. 3, pp. 120-139, 2024; Article no.AJPAS.115882

Inequality (3.6) implies that
1T7(0;, 6| < 22|7*(6;—2, 6;—>)|
Proceeding further in a similar way, we get
7 (6;,6)| < 217" (8o, 60)
Equation implies (2.2) that
de+(0;,0;41) < |T7°(6:,0141)1 — T7(6,, 6))
< 177°(6: 05401 + 177(6:, 6,1
< ¢'t7(60, 61)| + A'|T7 (60, 6|

Now, for j > i, we have

do+(6:,6;) < dp=(0;,0i41) + dpr (0141, 0i42) + -+ + dp+ (6,1, 6;)
< ¢t (6, 01)| + AT (B5, 8) | + ¢ HT* (6, 61)| + 2 |T* (6, 6)) |
+ o+ 7T (8, 00| + AT (6, 69)
= (i + o+ Y17 (6,, 0,)]
+(A + A e+ V) |27 (8,, 00) ]

L * ﬂ'l *
< 17 (00, 0| + 7 177 (6,,6,)]
The last inequality gives

i . Ai .
de-(8,,67) < <= 7" (80,0)| + 17" (60, 6,)!

1-—

We conclude that lim d3-(6;,6;) = lim max{d.-(6;,6;),d.-(6;,6;)} = 0, thus, {6;} is a Cauchy sequence
i,jooo i,jo

in (G, d3+). Since (C,t*) is a complete DPM space, by Lemma 2.7(2), (C, d;-) is a complete metric space. Thus,
there exists w € (C,d;-) such that 6; » w asi — oo, that is lim d,-(6;, ) = 0 and by Lemma 2.7(3), we know

i—>o0
that
T (w, w) = lim t°(6;, w) = lim r*(ei,ej). 3.7)
>0 i,jooo
Since, lim d+(0;, w) = 0, by (2.2) and (3.7), we have
i—>o0
T (w, w) = lim t°(6;, w) = lim r*(ei,ej) = 0. (3.8)
i—oo i,j—o0

This shows that {6,} is a Cauchy sequence converging to w € (C,t*). We shall show that w is a fixed point of
Y. From condition (3.1), we have

17701, Yw)| = [7°(Y6;, Yw) |

< A1 (6, )| + [177(6, YO) | = I7* (w, Yo) ]
= l7° 6y, @) + [177(8;, 014D = 177 (0, Y)|]
Applying limit as i — oo and using equation (3.8), we have

IT"(w, Yw)| < A|7*(w, Yw)|,

which implies that |7*(w, Yw)| = 0, because 1 < 1 and then *(w, Yw) = 0. Again from (3.1), we have

[T*(Yw, Yw)| < /1[|T*(a), w)| + ||T*(a),Ya))| - |T*((u,Y(u)||] = 7" (w, w)|
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Since 1 < 1, and 7*(w, w) = 0, we get |7*(Yw, Yw)| = 0. Hence, 7" (Yw, Yw) = 0, and
™ (w,w) =" Y, Yw) = 7"(w, Yw) 3.9
By using axiom (1), we have w = Yw. This shows that w is a fixed point of Y.

To prove the uniqueness of w, suppose that w* is another fixed point of Y, then Yw* = w* and 7" (w*,w* ) =
0. By (3.1), we obtain

7" (w, w")| = |T"(Yw, Yw™)|
< A[lr*(w,w*)l + ||T*(a),Yw)| — |T*((u*,Yw*)||]
= A" (@, @) + |I7*(w, )| = |7 (0", w)||]
= A" (w, w*)|

which implies that (1 — 1) |t*(w, w*)| < 0. This is possible only when |t*(w, w*)| = 0, since A < 1. Hence,
7T*(w, w*) = 0 and then,

T(w,w*) = 17"(w,w) =17 (0" ,w*)
By (t7), we have w = w*. Consequently, Y has unique fixed point w.

Theorem 3.5 Let (G, t*) be a complete DPM space and Y: C — C be a dualistic rational E-contraction. ThenY
has a unique fixed point.

Proof. Following the steps of proof of Theorem 3.1, we construct the sequence {6;} by iterating
0, =Y6,,0, =Y6;_,, forany i € N.
where 6, € C is arbitrary point. Then, by (3.2), we have

[T°(8;, 0| = [T°(YO;—1,Y6,)| (sle @ 6 IDle (016
* * * 1+|7” i— Y i— * i.Y i
< (177 (0im1, 01 + [17°(61-1, YO,_1)| — 177 (0, YO)I|] + 2, — 1+1|,*(9;1,9;|
* * * * ei— ‘9' * 9;9
= Ma[IT* @11, 81 + |17 (811, 0] = [T (61, 6,1 )I|] + A, POV ez
= W [17°(61-1, 61 + [17°(B1=1, 6] — 177 (6;, 03 DI|] + 22177 (65, 611 (3.10)

If |t7(0,-4,0;,)| <|77(6;,0,,1)| for some i, from (3.10), we have

1T*(65, 05+ )| < A1 [1T°(8i-1, 00| — |T°(0;-1, 0| + |77 (01, 014111 + A2 177 (61, 0144)]
= A4 + 2)|T7(0;,6;41)1,

which is a contradiction. Hence, |t*(6;_4, 6;)| = |t*(6;, 6,,1)]and so from (3.10), we have

17°(0;, 0141)] < A1[IT*(0i—1, 0| + |77 (0;—1, 0| — |77 (01, 014 )] + 2177 (6y, 6:44)
= L[2]77(8;-1, 0| — |77(6:, 0,411 + 25177 (65, 0:44).

The last inequality gives

* }' * *
17°(6;, 0141)| < —2—|7*(B;-1, 0] = c|T*(6;_1, 6))].

= 1+A1-1p

214

. From this, we can write,
1441 -1

where ¢ =

[7°(6:, 014D < clT*(8i-1, 0] < [T (62, 0i-1)| < -+ < c[T* (80, ). (3.11)
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Now, consider the self-distance

[T°(0;, 0| = 1T°(Y0;_1, YO;_1)| e i )
* * * 1+|7"(8;-1,Y0;—)DIT"(0i—1, YOI
< ) . . . — . .
== Al[l‘[ (el—llgl—l)l + ||T (91—1vY91—1)| |T (91—1:Y91—1)||] + /12 1+|7%(6;-1,01_1)|
. * * (147" (8i-1,0)DIT"(8;—1,6))]
= [T Bicr, 0D + |17 (8521, 0] = 177 (B, O[] + 2, 2mr i

1+|T*(9i_1,9i_1)|
= M1t7(0i—1, 0;- )| + 23|77 (0;-1, 6))|
< (4 + )Nt (0;-1, 0] = AT7(0;-1, 6))] (3.12)

where 4 = 1, + 1,. Using inequality (3.11), we have
|T*(9i' gl)l < Aci—ll.[*(go’ 91)'
Equation implies (2.2) that

dr+(6;,0i41) < [t7(0;, 04| —17(6;,6;)
< I7°(8, 03| + [7° (6, 6))]
< cHt* (6o, 01)| + ActHT* (6, 6)|

Now, for j > i, we have

d+(0:,6;) < dp= (85, 0141) + dps By, 0140) + -+ + dp= (61, 6;)
< c't* (6, 01)| + AT T* (g, 01)| + T8, 61)| + Act|T* (6, 64)|
+ o+ I (0,,0,)| + AT 2T (8, 6]
= (i + 4+ Y17 (6,, 0,)]
+A(ct + et 4+ 072 T (6,, 0,)|

i -1
< =17 (80, )| + 2= |7 (60, 61|

ol
1-c

The last inequality gives

-1

dy+(6:,6;) < =1t (65, 611 + 25— |77 (65, 6,

—Cc

We conclude that lim dg*(ei,e),-) = 0, thus, {6;} is a Cauchy sequence in (C,d;). Since (C,7*) is a complete

i,j—>00
DPM space, by Lemma 2.7(2), (C,d;-) is a complete metric space. Thus, there exists w € (C,d;-) such that
0; > wasi — oo, that is lim d~(6;, w) = 0 and by Lemma 2.7(3), we know that
1—00

(0, w) = limt*(6;, @) = lim 7°(6,, Gj). (3.13)
[—>00 i,j—0oo
Since, lim d«(6;, ) = 0, by (2.2) and (3.7), we have
L—00
(0, w) = lim7°(6;, ) = lim 7°(6,,6;) = 0. (3.14)
[—>o0 i,j—>o0

This shows that {6,} is a Cauchy sequence converging to w € (C,t*). We shall show that w is a fixed point of
Y. From condition (3.2), we have

|7 (011, Y)| = [7° (Y6, Yo)|
* * * (1+4]77(0;,Y0)DIT"(w,Yw)|
< A[I7 @ @)l + 178, Y8) | — |2 (w, Yo) |[] + 4, =1 2Ee e
(1477 (08i+DDIT" (W Yw)|

1+ (0w

< [l 0, )| +[127(85, 014D = |7 (@, Y)|] + 2,

Applying limitas i —» oo and using equation (3.14), we have
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17" (w, Yw)| < (4 + )77 (w, Y)I,
which implies that |t*(w, Yw)| = 0, because 1, + 1, < 1 and then t*(w, Yw) = 0. Again from (3.2), we have

A+|t*(w,Yw))|t"(w,Yw)|
1+t (w,w)|

lo*(Yw, Yo)| < A4[lt* (@, )| + || (0, Yo)| = |7 (@, Y)|] + 4,

= A4l (w, w)|
Since 4; < 1,and 7" (w, w) = 0, we get |[T*(Yw, Yw)| = 0. Hence, " (Yw, Yw) = 0, and
7w, w) =" (Yw,Yw) = (0w, Yw)

By using axiom (t7), we have w = Yw. This shows that w is a fixed point of Y. To prove the uniqueness of w,
suppose that w* is another fixed point of Y, then Yo* = w* and t"(w*,w* ) = 0. By (3.2), we obtain

It (w, w)| = |[T"(Yw, Yw*)|
< A [l (@, o) + |1t (@, Yo)| = " (0", Ya©)||] + 2, LDl @ o)l

1+|t* (w,w)|
(1+|t"(w,w)DIt" (w,0)|

1+|t*(w,w)|

< LIt (@, 0)| + |It* (@, )| = |t* (@, @[] + 2,
= (11 + /12)|T*(CU.<U*)|

which implies that (1 — (4; + 4,))|7"(w, ")| < 0. This is possible only when |z*(w, w*)| = 0, since 4, +
A, < 1. Hence, t*(w, w*) = 0 and then,

T(w,w*) =1t"(w,w) =17"(w",w*)
By (1), we have w = w*. Consequently, Y has unique fixed point w.

Theorem 3.6 Let (G, t*) be a complete DPM space and Y: C — C be a generalized dualistic E-contraction. Then
Y has a unique fixed point.

Proof Following the steps of proof of Theorem 3.1, we construct the sequence {6;} by iterating
6, =Y0,,0; =Y6;_,, forany i € N.
where 6, € C is arbitrary point. Then, by (3.3), we have

I7°(61, 011 = |7 (Y01, Y6)|
* * * *(6
< Amax{|z* (6;y, 0] + |17 (611, Y6,_)| — I (8:, YOI |, ™=

= amax {[* (01—, 01 + |1 (01—, 00| = [7* (6, 6|, =2y 315

2

i—1,Y0i_)|+|T" (9i,Y9i)|}

If |T7(0,_4,0,)| <|77(6;,0,,1)| for some i, from (3.15), we have

1T7(0;, 0i41)| < lmaX{lf*(é’i—in)l —1t7(0i=1, 0| + 177(6;, 6i41)
_ lmaX{|T*(9i,9i+1)|, IT*(Gz—1r9i)|4z-lf*(9zr9i+1)I
< A max {|T*(9i: 6i:1)l, |T*(ei'9i+1)|‘;|T*(9ir9i+1)|}
= 277 (0;,0;11)|

| IT* (9i—1.9i)|+|T*(9i.9i+1)|}
) 2 )

which is a contradiction. Hence, |t%(6;_4,0;)| = |t*(8;, 6,,1)| and so from (3.15), we have

* * * * * 0
(81, 6121)| < Amax (|7 (8-, 6D + |7 (011, 8] — |7 (6, 0111)], ™=
< Amax{2[t* (6,—y, 6| — |7°(6;, 61411, 17" (8-, 6)1}
= M2lt" (6121, )] — |t (6:, 61111}

i—1.9i)|+|7*(9i.9i+1)|}
2
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The last inequality gives
. 20 . .
17°(6: 01 < T (6i-1,0)| = c|t(6;-1,6))I. (3.16)
where ¢ = % From this, we can write,

17°(0;, 01411 < clt* (021, 0] < 2|T*(0;—2, 0;_)| < -+ < cHT* (B, 61)I. (3.17)
Now, consider the self-distance

|T*(6;, 0] = 1T (Y0;_1, YO;_1)|
* * * HC
< Amax (|t (6,y, 01| + |I7" (Bros, YO_)| = 17" (61, YO, ],
= Amax{|t"(0;-1,0;-1)|, 17" (0;-1, 01}
< Amax{|t*(0;—1, 0], [T"(0;-1, 01}
= A7 (61,6,
< A¢t1 77 (65, 6,)| (3.18)

i—1:Y9i—1)|+|T*(9i—1'Y9i—1)|}
2

The equation implies (2.2) that

A+ (0, 0;41) < |77(8;, 0.0 —77(0;, 6,)

< 765, 6i4 )] + 177(6;, 6,
ctt* (0o, )| + AT (6, 6]
(c' + A7 (65, 6,)|

IA

Now, for j > i, we have

dr+(6;,6;) < dp+ (83, 0141) + dp* (0141, 0142) + -+ + d (61, 6)
< (' + At DT (60, 0| + (™ + AcH)|T7 (60, 601
+o+ (7 + 207D [T (0, 6,)]
=[(ct+ 4 I+ A+ et e+ T[T, 6,)]
=+ A A +c+ e+ DT (6,,04)]

i y i-1 .
< 2 1149, 6)]

The last inequality gives

1
|T*(80, 00)|

—Cc

ol
1

dT*(HL-, 9]') < 16: [T*(60,61)| + 4
We conclude that i,l,-ifloo d:-(6,,6;) = i‘lji_rpw max{d.-(6;,6;),d.-(6;,6;)} = 0, thus, {6,} is a Cauchy sequence

in (G, d3+). Since (C,t*) is a complete DPM space, by Lemma 2.7(2), (C, d;-) is a complete metric space. Thus,
there exists w € (C,d;-) such that 6; » w asi — oo, that is lim d,-(6;, w) = 0 and by Lemma 2.7(3), we know
[—>00

that
(0, ) = limt*(6;, @) = lim 7°(6,, Gj). (3.19)
[—>00 i,j—00
Since, lim d+(6;, w) = 0, by (2.2) and (3.19), we have

(0 w) = lim (0, @) = Jim 7(6;,6;) = 0. (3.20)

This shows that {6,} is a Cauchy sequence converging to w € (C,t*). We shall show that w is a fixed point of
Y. From condition (3.3), we have

177 (0141, Y| = |7°(Y6;, Yw)|
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< Amax {|7*(8;, )| + |I7°(8, Y6)| - I" (o, Yw) |, =222
* * * "(03.0i+1)
= Amax{h (Gi' a))l + ||T (Gi, 9i+1)| — |'[ (w’Yw)”‘ It +1

i)|+|T*(UJ»Y0J)|}

|+Ir*(w.Yw)|}
2

Applying limitas i —» oo and using equation (3.20), we have

I7*(w,Yw)|

IT*(w, Yw)| < Amax{lr*(a),Ya))l, >

} = 7" (w, Yw)|

which implies that |77 (w, Yw)| = 0, because A < 1 and then t*(w, Yw) = 0. Again from (3.3), we have

It* (Yo, Yo)| < lmax{lr*(w, )| + [IT° (@, Yo)| — |7° (@, Yo) ||,
= Amax{|t"(w, w)|, |T*(w, Yw)|}

(w,Yw)|+]|t" (0, Yw) |}
2

Since A < 1,and ¥ (w, w) = 0, 7" (w, Yw) = 0 we get |t*(Yw, Yw)| = 0. Hence, 7 (Yw, Yw) = 0 and then

T(w,w) =7"Yw,Yw) = 7% (w, Yw)

By using axiom (z7), we have w = Yw. This shows that w is a fixed point of Y. To prove the uniqueness of w,
suppose that w* is another fixed point of Y, then Yo* = w* and t*(w*,w* ) = 0. By (3.3), we obtain

7" (w, @) = [T" (Yo, Yw©)|
< lmax{lr*(a),a)*)l + ||T*(a),Ycu)| — |t*(w*, Yw™)|

] 1T @)+t (w0
oI, ) }

IT*(w,Yw) I+IT*(w*,Yw*)I}
)

= lmax{l‘r*((u,w*)l + ||T*(w, w)| — |t"(w,
= At (w, 0|

which implies that (1 — A)|t"(w, w*)| < 0. This is possible only when |t*(w, w*)| = 0, since 2 < 1. Hence,
T"(w, w*) = 0 and then,

T(w,w*) = 17"(w,w) =1 (0" ,w*)
By (1), we have w = w*. Consequently, Y has unique fixed point w.
Now, we give an example in support of our results.

Example 3.7 Let C = (—, 0] and define 7*: C X C - (—o0, ) by 7*(08,9) = max{0,9}. It is easy to check
that (€, ™) is a complete DPM space. Define Y:C — CasY6 = %,v 0 € C. Further, for all 8,9 € C withg > 9

1
and A = > we have

[ (v, Y9)| = [max {2, 3}| = ]

anl
= %{lmax{e,ﬁ}l + | max{e,gn - |max{19,§}||}
=T (0,9| + |IT°(8,YO)| — |*(®, YO)||]

<>{io1 +

Cleary, (3.1) is satisfied. Also
7070 = (.2 -
- 12 M}
2 2 2
- fimaxto, 001+ |max 5, 2} - mafo ) L2l

2

< %max{lel +
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=2{I7° 0,91 + |Iz*(6,Y6)| — |z* (8, Y9)| |, FEXRHITLION

2

forA = %and vV 6,9 € C with 8 = 9. Cleary, (3.3) is satisfied. In the view of Theorem 3.4 and Theorem 3.5,
Y has a unique fixed point in C, indeed YO = 0.

Now, we present some coincidence point and common fixed-point theorems for dualistic E, -contraction,
dualistic rational E,-contraction and generalized dualistic E,-contraction, and deductions.

Definition 3.8 Let (C,7*) be a DPM space and Y, A be two self-mappings on . We say the mapping Y, a
dualistic E-contraction, if for all distinct 8,9 € C, there exists number A € [0,1) such that

IT* (Y8, Y9)| < A[|IT*(A8,09)| + |I7*(46,Y60)| — |t* (A9, YI)|]. (3.21)

Definition 3.9 Let (C,7*) be a DPM space and Y, A be two self-mappings on . We say the mapping Y, a
dualistic rational E,-contraction, if for all distinct 8,9 € C, there exist numbers A;,1, € [0,1) withA; + 1, < 1
such that

IT* (Y0, Y9)| < A,[|t* (A6, A9)| + ||T*(A6,Y8)| — |z (A9, YI)]|]
+1 [1+]|7*(A8,YO)|]|T* (A9, YI)|
2 1+|7%(46,A9)|

(3.22)

Definition 3.10 Let (G, t*) be a DPM space. and Y, A be two self-mappings on € . We say the mapping Y, a
generalized dualistic E,-contraction, if for all distinct 8,9 € C, there exists a number 1 € [0,1) such that

|T*(A8, A9)| + ||IT*(A6,Y0)| — |7 (49, YI)||,
|7*(Y6,Y9)| < Amax [T°(86,Y0)|+ |t (49,Y9)| . (3.23)

2

Theorem 3.11 Let (C,7*) be a complete DPM space and Y, A: € — C be two mappings such that

(1) Y(©) c A(C),
(2) Y isadualistic E,-contraction.

If Y(€) or A(C) is a complete subspace of €, then Y and Ahave a coincidence point. Further, if Y, A are weakly
compatible mappings, then Y and A have a unique common fixed point.

Proof. Let 8, be an arbitrary point in €. Since Y(C) c A(C), we can find 6, € C such that Y6, = A6;. In
general, 6; is chosen such that Y8; = Af;,, fori =0,1,2,.... If YO; = YO,_; = AH; for some i € N, then 9 =
Y6O; = YO,_, = A6; is a point of coincidence of Y and A. Suppose that Y8; = Y0,_, and thus A8; + A6, for all
i € N. By the dualistic E,-contraction condition (3.21), we obtain

1T (Y0, Y0;41)| < A[|T7 (86, A0;41)| + ||T7 (46, Y0)| — |T* (80,41, YO )]
= AT (Y0,_, YO + [T (Y0,_1, YO)| — T (YO, YO, )I|]- (3.24)

If |T*(Y6;_1,Y0,)| < |T*(Y6;,Y0;,,)| for some i, from (3.24), we have

1T (Y6, Y04 < A7 (Y6;_1, YO)| — |77 (Y61, YO + |77 (Y6, YO;14) ]
= A" (Y6, Y04

which is a contradiction. Hence, |t*(Y6;_,,Y6;)| = |t*(Y0;,Y0,,,)| and so from (3.24), we have

177 (Y6:, Y04 < AllT"(Y0;-1, YO)| + |77 (Y01, YO)| — |T° (Y6, YO;11)]
= AL2]T"(Y6;-1, YO)| = |T°(Y6;, YO,;11)]].

The last inequality gives
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i 24, .
17" (Y6:, Y0u41)| < 5 177 (Y621, Y0)| = c|T" (Y61, YE,)|.

22 . .
where ¢ = T From this, we can write,

[T (Y0;, YO, 41| < c|t"(Y0;_1,Y6))|
< 02|T*(Y9i—2:Y9i—1)|
< - <t (Y6,,Y0,)). (3.25)

Now, consider the self-distance

lT*(Y6;,Y6,)| < /1[|T*(A9i.A9i)| + ||T*(A9irY9i)| - |T*(A9i:Y9i)||]
= AT (YO,_1, YO, _ )| + ||t (Y01, YO) | — [T (Y0;_1, Y6))]|]
= A" (Y0;_1,Y0;_1)| (3.26)

Similarly,
|T*(Y0;_1,Y0;_1)| < AlT"(Y0;_5,Y6,_,)|

The inequality (3.26) implies that
[T (Y0, YO)| < 2|1 (Y62, YO, )|
Proceeding further in a similar way, we get
[T (Y6, Y6,)| < A'|7* (Y6, Y6,)|
The equation implies (2.2) that
d(Y0;,Y0;,1) < |T7°(Y0, Y0, )| — T (Y6;,Y0,)
< |77 (Y6, Y6;40) | + |77(Y6;,Y6,) |
< T (Y0y, YO)| + A" (Y6, Y6,)|

Now, for j > i, we have

d(Y0,,Y6;) < dps (YO, Y0;41) + dpr (Y0;41, Y00) + -+ + do= (Y61, Y6))
< cH T (Y8,, YO)| + AHT*(Y6,,Y6,)|
+cH (Y0, YO | + A+ |77 (Y8, YO,)|
ot T (YO, YO + V7T (Y6, YO,)|
=(ct+ 4+ YT (Y6,, Y6,
AP+ A 4+ VYT (Y6,, Y6, |

1A « }_l «
< 1T (Y06, YO)| + == |7 (Y0,, Y6,)|
The last inequality gives
i . Ai .
d+(Y6;,Y6;) < : |7 (Y65, YO + == 17" (Y8, Yo (3.27)

We conclude that lim d3-(Y6;,Y6,) = lim max{d,-(Y6,,Y6;),d.(Y6;,Y6;)} = 0, thus, {Y8;} is a Cauchy
i,j—o0

i,j—>o0

sequence in (C,d3+). Since (C,7*) is a complete DPM space, by Lemma 2.7(2), (C,d;-) is a complete metric
space. Consequently, there exists an element w € Y(C) c C such that such that Y6; —» w as i - oo, that is
lim d,-(Y6;, ) = 0 and by Lemma 2.7(3), we know that

[—oo

T (w,w) = limt*(Y0;,, w) = lim T*(Yﬁi,Yﬁj). (3.28)
i—oo i,joo0
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Since, lim d-(6;, ) = 0, by (2.2) and (3.28), we have
—00
(0w, @) = limt* (Y8, ) = lim 7°(Y6,,Y6;) = 0. (3.29)
[—>oo i,j—00

This shows that {Y#8,} is a Cauchy sequence converging to w € (G, t*). As w € Y(C) < A(C), there exists ¢ € C
such that w = Ao and by (3.29), we have 7*(Aco , Ag ) = 0. By condition (3.21), we have

[T (86141, Y| = |7 (Y8, Yo
< A[lr*(AOi,Aa)l + ||T*(A9i,Y9i)| - |T*(A0,Y0’)||]
= A[|T*(Y9i—1:AU)| + ||T*(Y9i—1'Y9i)| - |T*(AU.Y0)|”

Applying limit as i — oo and using equation (3.29), we have
[T* (Ao, Yo)| < A[IT*(AU, Ao)| + |IT*(A0, Ao)| — IT*(AJ,YG)IH = Alt* (Ao, Yo)|,
which implies that |7*(Ao,Yo)| = 0, because 1 < 1 and then t*(Ag,Yo) = 0. Again from (3.21), we have
[T*(Yo,Yo)| < A[IT*(AG, Ao)| + ||T*(AG,YJ)| — |T*(AG,YG)||] =0.
Since 4 < 1,and t*(Ag,Ac) = 0,7*(Ac,Yo) = 0, we get |7*(Yo,Yo)| = 0. Hence, (Yo, Yo) = 0, and
(Ao, Ao) = t°(Yo,Yo) = 17" (Ao, Yo)

By using axiom (z7), we have Ac = Yo. Thus, w = Ag = Yo is a point of coincidence of Y and A. Since Y and
A are weakly compatible mappings, w = Ao = Yo implies Yo = YAog = AYo = Aw. By (3.21), we get

[T7*(Yo, Yw)| < /1[|T*(AJ, Aw)| + ||T*(AJ,Ya))| — |T*(A0,Yw)||] = |t*(Yo,Yw)|

Thus, 7°(Yo,Yw) = 0 = t*(Yo,Yo) = T*(Yw, Yw). Hence, w = Aw = Yw, that is w is common fixed point of
Y and A. To prove the uniqueness of w, suppose that there exists another common fixed point w* of Y and A;
we prove that w = w*. By (3.21), we obtain

|7 (w, 0")| = |T"(Yw, Yo©)|
< /'l[l‘r*(Aw, Aw™)| + |77 (Aw, Yw)| — |T*(Aw*,Yw*)||]
= AIt" (@, 0)| + |IT*(w, )| = |7 (", @)]|]
=" (w, w")|

which implies that (1 — A)|t*(w, w*)| < 0. This is possible only when |t*(w, w*)| = 0, since 2 < 1. Hence,
T%(w, w*) = 0 and then,

T(w,w*) =17"(w,w) =17 (0" ,w*)
By (1), we have w = w*. Consequently, Y and A have a unique common fixed point w.
Theorem 3.12 Let (C,7*) be a complete DPM space and Y, A: € — C be two mappings such that

(1) Y(€) c AC),
(2) Y isadualistic rational E,- contraction.

If Y(C) or A(C) is a complete subspace of C, then Y and Ahave a coincidence point. Further, if Y, A are weakly
compatible mappings, then Y and A have a uniqgue common fixed point.

Proof Following the steps of proof of Theorem 3.11, we construct the sequence {6;} by iterating
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Y6, = A8,,Y60; = Ab;,, fori =10,1,2, ...
where 6, € C is arbitrary point. By the dualistic rational E,-contraction condition (3.22), we obtain

T (Y6, Y0;41)| < /11[|T*(A9i: A6 1) + ||T*(A9i.Y9i)| - |T*(A9i+1,Y9i+1)|”
+1 [1+]77(86:,Y0)]1T" (A0;41,Y0i11)]
2 14|17 (80,0014 1)
= 4 [IT"(Y0;-1, YO)| + [T (Y0;_1, YO)| — |T° (Y0, Y6, |]
+A [1+|T*(Y9i_1,Y9i)|]|T*(Y9i,Y9i+1)|
2 14T (Y0;_1,Y6))|
= A1[|T*(Y9i—1:Y9i)| + ||T*(Y9i—1'Y9i)| - |T*(Y9i'Y9i+1)||] + 2,|t*(Y6;,Y0;,1)| (3.30)

If |t°(Y0,_1,Y0,)| < |t*(Y6;,Y0,,,)]| for some i, from (3.30), we have

[T (Y0, YO, )| < A [lT"(YO;_1, YOI — [T (YO;—1, YO)| + |7 (YO;, YO, 1) ] + A,1T"(YO;, Y611
= A + )T (Y6;, Y041

which is a contradiction. Hence, |t*(Y8;_,,Y6;)| = |t*(Y6;,Y6;,,)| and so from (3.30), we have

[T (Y0;, YO, )| < A [IT"(YO,_1, YO | + [T (YO;—1, YO)| — [T° (YO, YO )] + Az |t (YO;, YO;41) |
= ML[21T"(Y0;_1,YO)| — 1T (YO;, YO, )] + A,|T7 (Y6, YO, 1)

The last inequality gives

224
1+A1-2,

[T (Y0;, Y011 <

21 . .
L From this, we can write,
1+41-1;

[T (Y0;, YO, 41| < c|t"(Y0;_1,Y6))|
< 2T (Y0, Y6,y
< - < Cl T (Y8, Y0,)|. (3.31)

IT"(Y0;-1,YO,)| = clr"(Y6;_1,YO,)|.

where ¢ =

Now, consider the self-distance

* * * * [1+]7"(48;,Y0)1]IT"(46;,Y6))]
|7 (Y6, YO)| < s [I2° (86, 86| + |17 (86, Y6)| — 7 (86, YO)|[] + 2, = smist

= [l (Y6;-1, YO, )| + |17 (Y0;-1, YO — |T°(YO,_1, YO)I|| + A |7 (Y61, Y6))
= (4 + 2)|T"(Y6;-1, YO | = Al7"(Y6;-1, Y6, (3.32)

where 1 = A; + 4,. The inequality (3.31) implies that
[7°(Y6;, YO)| < ActH[z*(Y6,, Y6,)|
The equation implies (2.2) that
d(Y0;,Y0;41) < |T°(Y60, YO, )| — (Y6, Y6,;)
< |7 (Y6:,Y6;,0)| + |T7°(Y6;,Y6,) |
< cHT*(Y0,,YO,)| + Act " (Y0, YO,)|
Now, for j > i, we have
d.-(Y8,,Y0;) < Ao (Y6, Y0;41) + dp (Y0;10, YO15) + - + d.-(Y6,_1,Y6;)
< Mt (Y0,,Y0,)| + Ac T (Y6,, YO,)|

et (Y0,, Y6,)| +Aci|T*(Y90,Y91)|
R Cj_llT*(Yeo’Yel)l +/10}—2|T*(Y90,Y91)|
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— (Ci + Ci+1 4+ - 4 Cf—l)|f*(Y90,Y91)|
FACT + ot T[T (Y8, Y6,

t i-1
< T (Y05, YOL)| + 25— |7 (Y8, Y0,))|

c
1-c

The last inequality gives

i-1

de-(Y6,,Y6)) < -5 |7 (Y6, Y0,)| + A5— 7" (Y6,,Y6,)| (3.33)

C

1-c

We conclude that lim d3(Y6;,Y6,) = lim max{d,-(Y6,,Y6;),d.-(Y6;Y6;)} = 0, thus, {Y8;} is a Cauchy
i,j—ooo [,joo0

sequence in (C,d3+). Since (C,7*) is a complete DPM space, by Lemma 2.7(2), (C,d;-) is a complete metric

space. Consequently, there exists an element w € Y(C) c C such that such that Y8, » w as i — oo, that is
lim d«(Y6;, w) = 0 and by Lemma 2.7(3), we know that
>0

T (w,w) = limt*(Y0;, w) = lim T*(YGi,YGj). (3.34)
i—»oo i,j—>o0
Since, lim d-(6;, w) = 0, by (2.2) and (3.34), we have
i—>oo
(W, w) = limt*(Y0;, w) = lim T*(YOi,YGj) = 0. (3.35)
i—oo i,j—>o

This shows that {Y#8,} is a Cauchy sequence convergingto w € (G, t*). As w € Y(C) < A(C), there exists ¢ € C
such that w = Ao and by (3.35), we have t*(Ag,Ac ) = 0. By condition (3.22), we have

[T*(A0;44,Yo)| = |T*(Y0;,Y0o)|
< M4[I77(86;, 80)| + |I°(46,,Y6)| — 7" (B0, Yo)|]
17, 0T @0 Y0DII I (Ao Yo
2 1+|7*(A0;,A0)|
= L [IT"(Y0;_1, A0)| + |7 (Y6;_1, YO,)| — |7* (A0, Yo)|]
1 [1+[T*(Y0;—1,YO)I]IT* (Ao, Y0)|
2 1+[7*(Y0;_1,00))|

Applying limit as i — oo and using equation (3.35), we have

|T* (Ao, Yo)| < Al[lr*(Aa, Ao)| + ||‘L'*(AJ, Ao)| — |T*(AG,Y0)||] + A, |t (Ao, Yo),
= A,|t* (Ao, Yo)|

which implies that [t*(Ag, Yo)| = 0, because 1, < 1 and then t*(Ag,Yo) = 0. Again from (3.22), we have
[T*(Yo,Yo)| < A |t*(Ag, Ao)|
Since 4; < 1, we get |t*(Yo,Yo)| = 0. Hence, 7°(Yo,Yo) = 0, and
(Ao, Ac) = 1" (Yo,Yo) = % (Ao, Yo)

By using axiom (1), we have Ag = Yo. Thus, w = Ao = Yo is a point of coincidence of Y and A. Since Y and
A are weakly compatible mappings, w = Ag = Yo implies Yo = YAog = AYo = Aw. By (3.22), we get

[T*(Yo,Yw)| < A4|t" (Yo, Yw)]|
Thus, T*(Yo,Yw) = 0 = t*(Yo,Yo) = T"(Yw, Yw). Hence, w = Aw =Y. To prove the uniqueness of w,
suppose that there exists another common fixed point w* of Y and A; we prove that w = w*. By (3.22), we
obtain

I (w, @) = |T"(Yw, Yw)|
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(1+|tT" A, Yw) |t (Aw* Yw™)|
1+|t*(Aw,Aw*)|

< Al[lr*(Aa), Aw™)| + ||T*(Aa),Ya))| — |T*(Aa)*,Y(u*)||] + 1,

= A4t (w,w")|

which implies that (1 — A,)|t*(w, w*)| < 0. This is possible only when |t*(w, w*)| = 0, since A < 1. Hence,
7" (w, w*) = 0 and then,

*(w,0") =1"(w,w) =1t"(w",w")
By (1), we have w = w”. Consequently, Y and A have a unique common fixed point w.
Theorem 3.13 Let (C,7*) be a complete DPM space and Y, A: € — C be two mappings such that

(1) Y(©) cA(©),
(2) Y isadualistic generalized E,-contraction.

If Y(C) or A(C) is a complete subspace of ¢, then Y and A have a coincidence point. Further, if Y, A are weakly
compatible mappings, then Y and A have a unique common fixed point.

Proof Following the steps of proof of Theorem 3.11, we construct the sequence {6,} by iterating
Yeo = A91,Y9i = A9i+1 fOI’ i= 0,1,2,

where 6, € C is arbitrary point. By the dualistic rational E,-contraction condition (3.23), we obtain

x * * * [T (A0, YO )|+ (A041,Y041)]
[ (Y0, Y0:,.)| < Amax {IT" (A6, A6;,.)] + [I7* (46, Y8)| = 7 (86341, YOy )I | e

= Amax {[v* ((O-1, YO | + |7 (0011, YO | = 7 (Y0, Y61

| IT*(Yei—LYGi)I+|T*(Y9i,Y9i+1)|}
)
2

(3.36)
If |7*(Y6;_1,Y0,)| < |t*(Y6;,Y0;,,)| for some i, from (3.36), we have

[T (Y0, Y0;,1)| < Amax{|t"(Y0;_1, YO)| — |T"(YO;_1, YO)| + [T (YO, YO, )|, [T (Y0, YO, )}
=t (Y0;, YO;41)|
which is a contradiction. Hence, |t*(Y6;_,,Y6;)| = |t*(Y0;,Y0;.,)| and so from (3.36), we have
* " " " [T*(Y0;_1,YO)|+|T"(Y6;,Y6;11)|
7" (Y6;,Y0; 11| < /'lmax{l‘r (Y0,_1,YO)| + |T°(Y0;_1, YO )| — |7 (Y0, YO, 1), }

2
< Amax{2|t*(Y6;_1,YO)| — [t"(YO;, YO, )], [T (Y6;_1, YO}
= /1[2|T*(Y9i—1:Y9i)| - |T*(Y9i,Y9i+1)|]-

The last inequality gives
. 20 | . .
|T*(Y0;,Y0;,1)| < mh’ (Y0;_1,Y0)| = c|t"(Y0;_1,Y0,)|.
where ¢ = % From this, we can write,

IT"(Y0;, YO;11)| < c|T"(YO;-4,Y6,)]
< c2|'L'*(Y6i—2:Y6i—1)|
< < Tt (Y0, Y6,)|. (3.37)

Now, consider the self-distance

|7 (Y6, Y0.)| < A max {|7(86;, 46)] + |I7°(86,, Y0,)| — |z (46;, Y6)) ||, =22

IT*(Y0;_1, YO, )| + ||t (Y0,_1,Y0)| — |*(Y0;_1, YO,
= Amax |7 (Y0;_1, YO | +I7" (Y0;_1, Y|

i)|+|T*(A9i.Y9i)|}
2

2
=1 maX{|T*(Y9i_1, Yei—l) |, |T*(Y6i—1v YBL) |}
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< At (Y0;_1,Y6)| (3.38)
Above inequality implies that
IT*(Y6;, Y0)| < Ac|T*(Y0,,Y6,)|
As already elaborated in the proof of Theorem 3.12, the classical procedure leads to {Y6;} is a Cauchy sequence
in (C,d;+). Since (C,7*) is a complete DPM space, by Lemma 2.7(2), (C,d3-) is a complete metric space.

Consequently, there exists an element w € Y(€) c C such that such that Y8, - w as i » oo, that is
lim d«(Y6;, w) = 0 and by Lemma 2.7(3), we know that

=00

T (w,w) = limt*(Y8;, w) = lim T*(YGi,YGj). (3.39)
[—oo i,j—>o0
Since, lim d-(6;, ) = 0, by (2.2) and (3.39), we have
—00
(0w, @) = limt* (Y8, w) = lim 7°(Y6,,Y6;) = 0. (3.40)
i—oo i,j—00

This shows that {Y#8,} is a Cauchy sequence converging to w € (G, t*). As w € Y(C) < A(C), there exists o € C
such that w = Ac and by (3.40), we have t*(Ag,Ag ) = 0. By condition (3.23), we have

|T*(AB; 11, Yo)| = |T*(Y0;, Yo)|
< Amax{|z* (86, Ac)| + ||2(86,,Y6)| — |7* (Ac, Yo)

= Amax {|t*(Y6,1, 40)| + [l (6,1, Y0)| = [t* (A0, Yo

| [T*(A0;,Y0)|+]|t* (A0, Y0o)|
)

| [T*(Y0;_1,YO)|+|T* (A0, Y0) |}
)
2

Applying limit as i — oo and using equation (3.40), we have

|T* (Ao, Yo)| < lmax{lr*(Ao, Ao)| + ||T*(Ao, Ao)| — |T*(A0,Y0)||,
= Alt* (Ao, Yo)|

|r*(Aa,AU)|+|T*(AJ,YU)|}
2

which implies that |7*(Ao,Yo)| = 0, because 1 < 1 and then t*(Ag,Yo) = 0. Again from (3.23), we have
[T*(Yo,Yo)| < A |t*(Ag, Ao)|
Since 4 < 1, we get |7*(Yo,Yo)| = 0. Hence, t*(Yo,Yo) = 0, and
(Ao, Ao) = t*(Yo,Yo) = 17" (Ao, Yo)

By using axiom (1), we have Ac = Yo. Thus, w = Ao = Yo is a point of coincidence of Y and A. Since Y and
A are weakly compatible mappings, w = Ag = Yo implies Yo = YAog = AYo = Aw. By (3.23), we get

[T*(Yo, Yw)| < /Imax{lr*(Ao, Ag)| + ||T*(A0,Y0)| — |t*(Ao, Yo)]|
= Alt* (Ao, Ao)|

| |[T*(A0,Yo)| +|‘r*(AU,Ya)I}
)
2

Thus, 7°(Yo,Yw) = 0 = t*(Yo,Yo) = T*(Yw, Yw). Hence, w = Aw = Yw, that is w is common fixed point of
Y and A. To prove the uniqueness of w, suppose that there exists another common fixed point w* of Y and A;
we prove that w = w*. By (3.23), we obtain

7" (w, )| = 7" (Yo, Yw)|
< Amax{l‘r*(Aw, Aw™)| + ||T*(Aw,Ya))| — |T*(Aw*,Yw*)||,
= At (w, 0")|

|T* (Aw,Yw)|+|T*(Aw*,Yw*)|}
2
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which implies that (1 — 2)|7*(w, @*)| < 0. This is possible only when |t*(w, w*)| = 0, since 1 < 1. Hence,
7" (w, w*) = 0 and then,

T(w,w*) =17"(w,w) =17 (0" ,w*)

By (1), we have w = w”. Consequently, Y and A have a unique common fixed point w.

Example 3.14 If we take YO = %,v 6 ecand Al = g,v 6 € ¢ in Example 3.7. Then, for all 8,9 € C with 6 >

Yand A = % conditions (3.21) and (3.23) are satisfied. In view of Theorem 3.11 and 3.13, Y and A have a
unique common fixed point 0.
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